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Special Edition – Shear and Punching – Editorial 
The design of structural concrete elements under bending and shear is a 
subject of research, and intense debate since the pioneering works of Ritter 
and Mörsch in the early 1900s. In recent decades, significant developments 
in shear and punching shear design of reinforced concrete beams and slabs 
have been achieved, with the emergence of new theories that received wide 
acceptance amongst the scientific and technical community. This effort and 
interest are motivated by the fact that shear and punching shear are among 
the most known sources of brittle failures in structural concrete elements. 
Structural engineers and researchers must find innovative ways and methods 
to design against brittle failures safely and economically. Strengthening the 
existing infrastructure to ensure safety, resilience, and sustainability under 
more severe loading conditions is also necessary. The main objective of this 
Shear and Punching Special Edition of the IBRACON Structures and 
Materials Journal is to bring together some of the most recent research 
advances on the analysis and design of reinforced concrete beams and slabs 
subjected to shear and punching, as well as in masonry structures under in-
plane shear forces. This special edition contains two keynote articles and ten 
original research papers focusing on these subjects.  

The Critical Shear Crack Theory (CSCT) is being developed since 1985 to 
assess the shear resistance of members without shear reinforcement and the 
punching shear resistance of reinforced concrete slabs in a rational manner. 
In this special edition, the article by Muttoni and Simões provides the 
historical framework of the development of the theory, followed by a 
presentation of its most up-to-date refined models. 

Although masonry structures have long been built, work is yet to be 
developed to fully understand the behavior of a masonry wall subjected to 
in-plane shear, particularly in the case partially grouted concrete masonry. 
The factors that are known to affect the strength of this type of masonry are 
discussed in the article by Zhu and Shrive. 

Experimental studies are most often the basis for the development of new 
design calculation methods. The study by Debella et al. evaluates the 
contribution of aggregate interlock throughout the critical crack formation 
process up to the ultimate load by performing bending tests on small-scale 
rectangular RC and SFRC beams without considering the effect of transverse 
reinforcement. A novel type of stud for punching shear reinforcement, 
containing an additional element designated as anti-cracking pin, is 
investigated through experimental tests in the paper by Ferreira et al. The 
main objective of the research is to find the optimal spacing between these 
pins so as to achieve a failure mode and a failure load similar to the reference 
slabs with conventional studs. 

The finite element method (FEM) can be used to provide accurate 
simulations of the behavior of reinforced concrete structural elements once 
the models are properly calibrated and validated. Using FEM, it is possible 
to extrapolate laboratory data and simulate realistic geometric arrangements, 
boundary and loading conditions without the costs and limitations of 
experimental investigations. The use of construction waste as aggregate in 
concrete production is becoming a more frequent alternative due to the 
advantages associated with sustainability. The work by Siqueira et al. 
proposes a numerical approach to predict and understand the structural  

 



 

behavior and failure patterns of reinforced recycled aggregate concrete slabs 
with and without steel fibers. The paper by Soares et al. demonstrates the 
viability of computational simulation for reproducing the behavior of 
reinforced concrete beams shear strengthened with CFRP. Finally, the study 
by Araújo et al. presents computational models that represent the shear 
behavior of concrete beams without transverse reinforcement described in 
the literature, with or without steel fibers. Smeared and discrete crack models 
are compared, and their performance is discussed. 

A good design standard must have safe, economical, and simple design 
recommendations. The design requirements of the Brazilian standard NBR-
6118 are the object of study of many articles of this edition. The paper by 
Araujo de Sá et al. evaluates the behavior of the combined bending and shear 
loads in reinforced concrete beams. The verification presented in ABNT 
NBR 6118 was used and compared to the more detailed Modified 
Compression Field Theory (MCFT). Size effects are known to be relevant in 
the behaviour of quasi-brittle materials like concrete whenever failure is 
governed by localized facture. In Brazil, recent publications identified non-
conservative trends in predictions of ABNT NBR 6118:2014 for larger beam 
depths. The Brazilian code never considered size effects because they are 
suppressed by transverse reinforcement. Considering this background, the 
paper by Ribeiro et al. presents a comprehensive analysis of NBR 6118:2014 
shear strength predictions using data from the ACI-ASCE DatStb 445-D 
database as a reference. The study by Sousa et al. describes a set of 
recommendations to improve the accuracy of shear and punching shear 
capacity predictions for one-way slabs under concentrated loads, regardless 
of the governing failure mechanism, using the ABNT NBR 6118:2014 code 
provisions. The paper by Souza et al. proposes a numerical procedure for 
determining the asymmetrical plastic shear diagrams in punching control 
perimeters. Asymmetrical diagrams occur for edge, corner, and internal 
columns with unbalanced biaxial moments. The procedure intends to support 
the use of the NBR 6118, which covers asymmetrical shear distributions due 
to internal moments of edge and corner columns. Finally, the possibility of 
the occurrence of a second punching shear failure and of a Progressive 
Collapse after a punching shear failure had occurred in one flat slab column 
connection is investigated by Galdino and Melo in two building structures, 
using numerical analyses, the Yield Line Method, and the American, 
European, and Brazilian codes. 

This Special Edition will interest designers often faced with shear and 
punching-related design requirements that fall outside of traditional research 
areas and existing code provisions, as well as researchers performing 
research in related areas.  

Editors Dr. Leandro Mouta Trautwein, Dr. Mario Pimentel, and Dr. Mauro 
de Vasconcellos Real are grateful for the contributions of the authors and 
sincerely value the time and effort of the authors in preparing the papers in 
this Special Edition. Acknowledgment is also due to the reviewers of the 
manuscripts. 
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Aims and Scope 
The IBRACON Structures and Materials Journal (in Portuguese: 
Revista IBRACON de Estruturas e Materiais) is a technical and 
scientific divulgation vehicle of IBRACON (Brazilian 
Concrete Institute), published every two months. Each issue has 
12 to 15 articles and, possibly, a technical note and/or a technical 
discussion regarding a previously published paper. All 
contributions are reviewed and approved by professionals with 
recognized scientific competence in the area. The IBRACON 
Structures and Materials Journal is an open access Journal, free 
of charges for authors and readers. 

Objectives 
The IBRACON Structures and Materials Journal´s main objectives 
are: 
• Present current developments and advances in concrete structures 

and materials. 
• Make possible the better understanding of structural concrete 

behavior, supplying subsidies for a continuous interaction among 
researchers, producers, and users. 

• Stimulate the development of scientific and technological 
research in the areas of concrete structures and materials, 
through papers peer-reviewed by a qualified Editorial Board. 

• Promote the interaction among researchers, constructors and 
users of concrete structures and materials and the development 
of Civil Construction. 

• Provide a vehicle of communication of high technical level for 
researchers and designers in the areas of concrete structures and 
materials. 

Submission Procedure 
The procedure to submit and revise the contributions, as well as 
the formats, are detailed in the Journal Website (ismj.org). 
The papers and the technical notes are revised by at least two 
reviewers indicated by the editors. Discussions and replies are 
accepted for publication after a review by the editors and at least 
one member of the Editorial Board. In case of disagreement 
between the reviewer and the authors, the contribution will be sent 
to a specialist in the area, not necessarily linked to the Editorial 
Board. Conflict of interests is carefully handled by the Editors. 

Contribution Types 
The Journal will publish original papers, short technical notes, 
and paper discussions. Original papers will be accepted if they 
are in accordance with the objectives of the Journal and present 
quality of information and presentation. A technical note is a brief 
manuscript. It may present a new feature of research, development, 
or technological application in the areas of Concrete Structures 
and Materials, and Civil Construction. This is an opportunity to 
be used by industries, companies, universities, institutions of 
research, researchers, and professionals willing to promote their 
works and products under development. 
A discussion is received no later than 3 months after the 
publication of the paper or technical note. The discussion must 
be limited to the topic addressed in the published paper and must 
not be offensive. The right of reply is granted to the Authors. 
The discussions and the replies are published in the subsequent 
issues of the Journal. 

 
The submission file should be in accordance with the paper 
template available at the Journal Website. It is recommended 
that the length of the papers does not exceed 25 pages. Where 
available, URLs for the references should be provided. 
The IBRACON Structures and Materials Journal will conduct 
the review process for manuscripts submitted in English. Titles, 
abstracts, and keywords are presented in English, and in Portuguese 
or Spanish. Articles and technical notes are peer-reviewed and 
only published after approval of the reviewers and the Editorial 
Board. 
Once accepted, an article is typeset according to the journal layout. 
The author will be required to review and approve the galleys 
before publishing. At this stage only typesetting errors will be 
considered. 

Internet Access 
The IBRACON Structures and Materials Journal Webpage is 
available at http://ismj.org. 

Sponsors 
The funds for the maintenance of the Journal are currently 
obtained from the IBRACON. The Journal is not supposed to be 
maintained with funds from private sponsorship, which could 
diminish the credit of the publications. 

Photocopying 
Photocopying in Brazil. Brazilian Copyright Law is applicable to 
users in Brazil. IBRACON holds the copyright of contributions 
in the journal unless stated otherwise at the bottom of the first 
page of any contribution. Where IBRACON holds the copyright, 
authorization to photocopy items for internal or personal use, or 
the internal or personal use of specific clients, is granted for 
libraries and other users registered at IBRACON. 

Copyright 
All rights, including translation, reserved. Under the Brazilian 
Copyright Law No. 9610 of 19th February 1998, apart from any 
fair dealing for the purpose of research or private study, or 
criticism or review, no part of this publication may be reproduced, 
stored in a retrieval system, or transmitted in any form or by any 
means, electronic, mechanical, photocopying, recording or 
otherwise, without the prior written permission of IBRACON. 
Requests should be directed to IBRACON: 

IBRACON 
Av. Queiroz Filho, 1700 – sala 407/408 – Torre D 
Villa Lobos Office Park 
05319-000 – Vila Hamburguesa 
São Paulo – SP 
Phone: +55 (11) 3735-0202 
E-mail: riem@ibracon.org.br 

Disclaimer 
Papers and other contributions and the statements made, or 
opinions expressed therein are published on the understanding 
that the authors of the contribution are the only responsible for 
the opinions expressed in them and that their publication does 
not necessarily reflect the views of IBRACON or of the Journal 
Editorial Board. 
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Abstract: Although structures have been built from masonry for many years, little is still known about the 
behaviour of a wall subject to in-plane shear. This is particularly true of partially grouted concrete masonry. 
The factors that are known to affect the strength of this type of masonry are discussed with the varying results 
and interpretations highlighted. There is consensus that increasing axial stress increases the shear strength and 
reduces the ductility of the masonry. However, whether reinforcement (both horizontal and vertical) 
contributes to strength remains an issue of debate, as is the effect of aspect ratio. Most codes and standards do 
not differentiate fully grouted from partially grouted masonry, often over predicting the shear strength of the 
latter. Wall versus panel failure is not considered. Much work needs to be done to improve our understanding 
of this material subject to in-plane shear. 

Keywords: concrete masonry, partially grouted, in-plane shear, strength, failure mode. 

Resumo: Embora as estruturas sejam construídas em alvenaria há muitos anos, pouco ainda se sabe sobre o 
comportamento de uma parede sujeita a cisalhamento no plano. Isto é particularmente verdadeiro para 
alvenaria de concreto parcialmente grauteado. Os fatores que sabidamente afetam a resistência deste tipo de 
alvenaria são discutidos destacando as variações de resultados e interpretações. É consenso que o aumento da 
tensão axial aumenta a resistência ao cisalhamento e reduz a ductilidade da alvenaria. No entanto, se a armação 
(horizontal e vertical) contribui para a resistência permanece uma questão de debate, assim como o efeito da 
relação de aspecto. A maioria dos códigos e normas não diferencia alvenaria totalmente grauteada de alvenaria 
parcialmente grauteada, muitas vezes superestimando a resistência ao cisalhamento desta última. A ruptura de 
parede versus painel não é considerada. Muito trabalho precisa ser feito para melhorar a compreensão deste 
material sujeito a cisalhamento no plano. 

Palavras-chave: alvenaria de concreto, parcialmente rebocada, cisalhamento no plano, resistência, modo de falha. 
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1 INTRODUCTION 
Although masonry has been used for centuries, the structural behaviour of masonry is still not understood thoroughly 

by researchers and engineers. Within a building, shear walls are structural components that resist in-plane lateral load. 
Concrete masonry shear walls can be categorized according to different grouting and reinforcement conditions: 
unreinforced masonry (URM), partially grouted masonry (PGM), and fully grouted masonry (FGM). PGM shear walls 
are the focus of this review, including the modes of failure, parameters that can impact the masonry shear capacity, and 
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equations for estimating that shear capacity. In addition, brief discussions on the scaling effect and ductility of masonry 
are provided. 

2 MODES OF FAILURE 
There are three commonly recognized independent failure modes for masonry shear walls, namely sliding failure, 

diagonal shear failure, and flexural / rocking failure [1], as in Figure 1. These failure modes can happen independently 
or in combinations of any of the two modes, or even all three modes together [2]. The transition points from one failure 
mode to another are not yet understood, but some parameters have been found to influence the transition or combination 
of failure modes, such as reinforcement, axial load, and wall aspect ratio [3], [4], [5], [6]. 

 
Figure 1. Modes of failure: (a) sliding; (b) diagonal shear; (c) flexural / rocking. 

Sliding failure normally occurs along horizontal bed joints, and thus the part of wall above the horizontal crack slides 
relative to the part below [1]. Gao and Zhai [7] reported that the compressive strength of the mortar and the applied axial 
load could impact the shear strength of sliding failure, and that the higher these two components were, the higher the shear 
strength, which could be higher than the strength of the wall in the diagonal failure mode. Diagonal shear failure refers to 
the step-like cracking pattern that runs diagonally across a wall, with the cracking typically in the head and bed mortar 
joints but sometimes through the masonry units [1]. Voon and Ingham [3] observed that diagonal cracking started with 
tension splitting cracks in the compression strut in the wall, so major cracks would develop along the diagonal. The 
flexural / rocking failure mode is characterized by crushing of the toe and lifting of the heel of the shear wall [1], and this 
mode can also be accompanied by yielding of steel reinforcement in the wall. Therefore, the flexural failure mode has 
higher deformation capacity, and can be considered as more ductile than when a wall fails in the diagonal shear mode [4]. 

When there is an outer frame or confinement, such as reinforced concrete confinement or grouted cores and bond 
beams, the wall could be seen as a larger wall system consisting of multiple panels in the wall frame [8]. In realistic 
engineering designs, there could be multiple bays and stories of walls in a structure. Such a shear wall can fail in either 
wall action, in which the cracks propagate through panel to panel continuously, or in panel action, where the cracks 
only exist in individual panels separately, as in Figure 2. 

 
Figure 2. Panel failure and wall failure. 

A unique failure mode was reported by Gao and Zhai [7]. They subjected a 2000 x 1300 x 240 mm brick wall with 
two reinforced bond beams to cyclic loading and observed failure in the lowest panel only, which had very low panel 
aspect ratio. A combined sliding and diagonal shear failure was observed in their experiment, as in Figure 3. Their other 
wall specimens failed at the bond beam and panel interfaces or had more vertically angled cracks from the upper panel 
to the lower panel. 
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Figure 3. Failure of plain wall with reinforced concrete beams [7]. 

3 PARAMETERS THAT INFLUENCE SHEAR STRENGTH OF MASONRY WALLS 
There are many parameters that have been observed to influence the shear strength of masonry walls. These 

parameters can be grouped into two categories: material variables such as grouting, mortar, reinforcement; and 
structural variables such as aspect ratio, axial load, detailing [5], [9], [10], [11]. The variability in masonry causes 
difficulty in determining whether there is a correlation between the parameter and shear strength or whether the apparent 
effect was just a random coincidence. In addition, many of the early studies did not have enough experimental group 
repetitions to validate conclusions statistically, and/or variables were not isolated – for example, changing the horizontal 
and vertical reinforcement ratios simultaneously, or changing one of these and not accounting for the additional grout 
so one doesn’t know if it was the additional grout that made the difference or the additional steel. The lack of rigour in 
many studies thus means that the prediction of masonry shear wall performance often has many limitations. 

Much of the prediction of masonry shear wall behaviour started from masonry beams [12], which were assumed to 
have some similarities with reinforced concrete beams. Some early studies had the shear load applied vertically on beams, 
and walls were thought of as beams rotated through 90 degrees, so the shear load was equivalently applied horizontally. If 
masonry were homogeneous and isotropic, this assumption might be correct, if shear walls were deep beams. However, 
masonry is heterogenous and anisotropic, so the analogy of simply rotating from a beam to a wall may not be accurate. 

3.1 Mortar Joints 
Mortar plays a critical role in masonry as it binds units together. Mortar normally consists of cement, lime, sand, 

and water, so different proportions of each component create mortar pastes with different properties which in turn 
influence the performance of masonry. For example, the more coarse the sand, the higher the compressive strength and 
tensile bond strength [13]. Curing mortar by covering the masonry with sheets could increase its strength, but this is not 
very applicable in actual construction. 

Whether or not the mortar joints contribute to the ultimate shear strength of masonry, either for small specimen tests 
or grouted walls, remains controversial. Some researchers found that there was no correlation between the compressive 
strength of the mortar and the shear strength of the masonry [6], [14], [15], while others found that while higher mortar 
strength increased the masonry shear strength, the increase was not very significant [7], [16], [17]. 

3.2 Grouting 
Grouting is used in conjunction with reinforcement to connect the reinforcement to the masonry. The impacts of the 

two materials on shear capacity was not examined separately in some cases, so the researcher might change the 
reinforcement ratio whilst also changing the grouted area [3]. The strength of the grout, size of aggregate and area of 
grouting can affect grout performance. Numerical modelling shows the spacing of vertical and horizontal grout has a non-
linear relationship with the shear capacity of a wall [18]. As for the net area of PGM, the TMS 402/602-22 standard [19] 
specifies that the web of a concrete masonry unit and the void space between two units should be accounted for [10]. 
However, there is not always grout on the web, so a slightly larger net area could result in a lower shear stress. 

Since grout strength can be lower, equal to, or higher than the masonry unit strength, results from each case can be 
quite different. If the grout strength is higher than the strength of the masonry unit, the resulting compressive strength 
of the grouted masonry can be much higher than that of the ungrouted masonry [20]. If the grout strength is lower or 
equal to the unit strength, the maximum shear load of PGM can be higher than the maximum load for the equivalent 
URM, but the shear stress is lower [3], [21], [22]. Cracks normally start where the effective width is reduced, such as 
in the ungrouted cores or in the mortar joints between the ungrouted and grouted cores. 
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3.3 Masonry Compressive Strength 
Research on concrete beams showed the ultimate shear strength of a reinforced concrete beam is positively related 

to the square root of the compressive strength of the concrete [23]. The same was deemed to apply to masonry. 
Drysdale et al. [14] were one of the earliest to normalize the shear strength of brick masonry by its compressive strength. 
A non-linear increasing trend between the compressive strength and shear strength of masonry was observed by 
Mastumura [24], [25], and a linear trend was developed between the square root of compressive strength and shear 
strength by Janaraj and Dhanasekar [8]. Others found that the increasing trend has certain limits: for example, shear 
load capacity increased by 15% with a 40% increase in compressive strength of PGM walls (from 14.75 MPa), but a 
further increase in the masonry compressive strength did not affect the load capacity [11]. 

3.4 Reinforcement 
Horizontal and/or vertical steel reinforcement is often used in masonry shear walls to increase their ductility. It is still 

controversial as to whether these reinforcements contribute to the shear strength of a masonry wall. Some researchers claim 
that the reinforcement did not yield [25] or did not contribute to wall stiffness until cracking [6], while others reported that 
the reinforcement yielded before cracking [4]. One of the common findings from the literature is that researchers tended 
only to compare walls with various type of vertical reinforcement embedded in grout, or horizontal reinforcement together 
with vertical reinforcement, but neglected to compare their results to walls with grout only or without any reinforcement. 
Therefore, the impact of each component was unclear, i.e., the variables were not controlled effectively. Discussion is 
included separately for horizontal and vertical reinforcement in the following sections. 

3.4.1 Horizontal reinforcement 
Horizontal reinforcement could be in various forms. Continuous steel bars can be placed in the masonry courses 

with grout to form a bond beam, and the ends of the horizontal steel could be bent to 90-degree or 180-degree hooks. 
Joint reinforcement, another type of horizontal reinforcement, is normally thinner ladder steel or straight bars placed in 
the mortar or on top of the mortar between courses. Joint reinforcement can be mounted easily and has better 
performance in crack control, ductility, and energy dissipation than continuous steel bars [26], [27], [28]. Oan [9] tested 
66 squat walls with repetitive specimens in each group. Statistical analysis of the results showed that changing the type 
of horizontal reinforcement did not have significant impact on shear strength or energy dissipation. 

The ratio of horizontal reinforcement to the area is one of the key factors examined. Some studies showed that 
increasing the reinforcement ratio could increase the ultimate shear capacity [3], [24], [25], [29], while others claimed 
that there was a threshold for the impact [20]. Researchers mostly examined the performance of horizontal 
reinforcement on squat or square walls, seldom considering the effect on walls with aspect ratio greater than 1. On the 
other hand, several researchers have reported that horizontal reinforcement can only be activated after cracking, and 
thus such reinforcement improved the post cracking performance and ductility of walls, which could cause change from 
the brittle failure mode to a more ductile failure [4], [5], [6], [16], [20], [30], [31]. It is only the steel in the middle third 
or so of a square wall that can contribute to ductility as it is only that steel which will have sufficient embedment in the 
wall to develop tension: bars at the top and bottom of the wall where the cracking is towards the corner will have 
insufficient development length on the short side of the masonry post-cracking. A statistical analysis showed that neither 
strength nor area of horizontal reinforcement had impact on masonry shear wall capacity [17]. Some researchers claimed 
that masonry and horizontal reinforcement had a changing proportion and rate of contribution at different phases in the 
load-displacement relationship [2], [32]: cracking could decrease the capacity of masonry to carry load, so tension could 
build up in the steel. The concept of energy dissipation, which is the area under load-displacement curve during cyclic-
loading, was used to compare the effect of different levels of horizontal reinforcement: changing the reinforcement ratio 
did not have significant impact on energy dissipation in shear walls [30]. 

Since reinforcement can be of different sizes, for the same reinforcement ratio, the choice can be a few bars of large 
diameter or more bars with smaller diameter. The latter was found to result in smoother strength degradation and thinner 
but a larger number of cracks than the former [3], [31]. The distribution or spacing of horizontal reinforcement was also 
an important factor. As the grouted bond beams with horizontal reinforcement could be considered to separate the wall 
into multiple panels, the angle of a diagonal crack varies with the spacing [22]. 

3.4.2 Vertical reinforcement 
The impact of using vertical reinforcement on the shear strength of a masonry wall is also controversial. Early studies 

showed that increasing the ratio of vertical reinforcement could increase the ultimate shear capacity [6], [33], [34], but some 
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researchers did not differentiate the effects of the additional grout vis-a-vis the reinforcement. Others therefore claimed that 
there was no correlation between vertical reinforcement and the shear strength of masonry walls [2], [5]. Oan and Shrive [5] 
also explained that the material and structural contribution of reinforcement should be examined separately. When the vertical 
reinforcement was embedded into the foundation of wall, dowel action would occur during a sliding or diagonal failure, so 
the steel would bend near the base. Some studies reported that, similar to horizontal reinforcement, vertical reinforcement was 
also only activated after cracking, and therefore, the ductility of the wall increased [5], [34], [35]. The use of vertical 
reinforcement could also shift the failure mode from wall failure to panel failure, as the grout and vertical reinforcement could 
be considered as a frame to the panels [20]. 

Changing the horizontal spacing of vertical reinforcement did not have a significant effect on the peak load or initial 
stiffness [20], [35], [34]. A smaller spacing could result in a larger number of narrower cracks [20], [26]. Widely spaced 
reinforced masonry shear walls are defined differently for various standards. For example, the Canadian standard allows 
up to 2.4 m spacing [36] and the American standard up to 2.44 m spacing [19], whereas the Australian code specifies that 
“wide” spacing should be within the range of 0.8 m to 2.4 m [37]. Current standards used literature sources primarily of 
FGM to determine the masonry shear strength, and the equations were simply factored to obtain an estimation for PGM, 
but the shear strength and distribution of FGM and PGM was different [10]. Therefore, those clauses should be updated. 

3.5 Axial stress 
It is commonly reported and agreed that increasing the level of applied axial stress in a masonry shear wall 

increases its ultimate shear strength, aggregate interlocking forces or friction force, and delays crack 
initiation [3], [5], [6], [9], [38]. A linear relationship, or the Mohr-Coulomb criterion, was observed by many 
researchers until a certain limit [4], [6], [7], [9], [14], [24], [25], [39], [40], and then the rate of increase changed 
or the relationship became more curved [14]. Numerical modelling can present the distribution of stress over the 
wall, and it was found that increasing the axial load changed the principal stresses of the diagonal compression 
strut, in which the principal compressive stress increased and principal tensile stress decreased [41], [42]. 
Increasing the axial stress can also result in changing the failure mode from a more ductile failure to a more brittle 
failure [3], [5], [6], [33], [34], and cause a smoother degradation in stiffness. With low axial load and high shear 
load, sliding was the dominant mode of failure; whereas high axial load and low shear load on the other hand 
could create more vertically angled diagonal cracks [9], [15]. For those specimens with intermediate compressive 
and shear stress, a mix of the two failure modes occurred. When a wall was reinforced with some vertical steel 
bars, low or zero axial load could result in partial pull-out of vertical reinforcement, so the tensile straining and 
strain hardening of steel was lowered, and the contribution of the vertical reinforcement to the ultimate shear 
capacity was also lowered [6]. 

3.6 Aspect Ratio 
The aspect ratio of a wall is the ratio between the wall height and length and was generally found to correlate negatively 

with the shear strength of masonry walls [3], [7], [8], [24], [25], [40], [42]. The well-understood range of aspect ratio is 
from 0.5 to 2.0: shear walls with higher aspect ratios have not been studied thoroughly. Matsumura [24], [25] reported a 
decreasing hyperbolic relationship, while Hamedzadeh [40] concluded a logarithmic equation of shear stress normalized 
with the compressive strength of masonry represented the effect more accurately. Schultz et al. [30] were the only 
exception, finding a positive relationship between aspect ratio and nominal shear stress. They tested 6 fixed brick walls 
under cyclic loading, with aspect ratios of 0.5, 0.7, and 1.0 with the walls having the same height but changing length. A 
significant increase in shear strength was found when increasing the aspect ratio from 0.5 to 0.7, but no change was found 
from 0.7 to 1.0. However, they used the same size and number of vertical reinforcing bars in the outermost cells of the 
walls, so it was unclear that the impact on peak shear load was caused by the aspect ratio or the different ratios and moments 
of resistance of the vertical reinforcement. 

Increasing the aspect ratio creates a larger moment arm for the horizontal load at the top of a wall and thus a larger 
moment reaction at the bottom of the wall. Increasing the aspect ratio also causes a narrower compression strut at more 
a vertically oriented slope [41], [42], [43]. Pan [42] modelled the effect of a circular void lying in the compression strut 
of a shear wall numerically and explained that the wall could experience higher surface stress, so a crack would be very 
likely to be initiated at the high tensile stress zone at the void. 

The aspect ratios of the wall and the panels within it can be examined separately if there are multiple bays and 
stories [8]. Hamedzadeh [40] examined the performance of half-scale concrete block walls with various aspect ratios. 
The walls had vertical reinforcement welded to the foundation to create multiple panels. He reported that with high 
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axial load on square and squat walls, major diagonal cracks occurred across the middle vertical reinforcement. If there 
were three panels, the first and second panels (closest to the point of application of the lateral shear load (top left in 
Figure 4) tended to fail together while the third panel cracked individually. 

 
Figure 4. Cracking pattern of multi-panel walls [40]. 

3.7 Shear Span Ratio 

Shear span ratio is a concept that was imported from reinforced concrete beams and applied to masonry beams, and 
eventually to masonry shear walls. In the beam context, the shear span ratio refers to the ratio of the shear span to the 
effective depth, shown as 𝑎𝑎/𝑑𝑑 [12], as in Figure 5a. In the wall context the concept was rotated 90 degrees from the 
beam, so the ratio becomes the ratio of the vertical height from the base to the inflection point of the wall to the length 
of the wall in the shear direction [10]. In some standards, the ratio is often represented as 𝑀𝑀/𝑉𝑉𝑑𝑑, which is the external 
moment versus shear load times the effective depth, as in Figure 5b. Dillon and Fonseca [10] claimed that this ratio 
varied with the boundary conditions of tested specimens and that some researchers had mistakenly used the incorrect 
ratio. However, using the external loads estimated for design to predict strength appears to violate the fundamental 
concepts of limit states design [44]. Many researchers have tried to prove that there is a relationship between shear span 
ratio and masonry shear strength. For example, Okamoto et al. [4] reported that increasing shear span ratio could 
decrease the maximum shear stress but increase the ultimate drift angle of the masonry wall. 

 
Figure 5. Shear span to depth ratio of: (a) a beam [45]; (b) a wall [46]. 

3.8 Loading Pattern 

Commonly used loading patterns include monotonic, cyclic, and seismic loading [32], as in Figure 6. Monotonic 
loading is simply a constant rate of increasing load until the specimen fails. Cyclic loading refers to repeated loading at 
different (typically increasing) amplitudes. Seismic loading is the simulation of past or synthetic seismic activity and could 
be considered as a type of cyclic loading. The loading pattern and rate will have some influence on the shear capacity, 
ductility, and strength degradation of a masonry wall [6], [10], [32]. Walls subjected to monotonic loading could have a 
higher peak shear load than those subjected to cyclic load, since the latter could experience closing and opening of cracks, 
and the strength of the wall can drop quite significantly after the first loading cycle [10], [33]. Different types of cyclic 
loading did not result in significant differences in peak load or energy absorption. Therefore, using values obtained from 
experimental tests should be factored down based on their loading type in the equations for prediction. 
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Figure 6. Loading patterns: (a) monotonic; (b) amplified cyclic; (c) sequential-phase cyclic; (d) simulated seismic [10]. 

Most of the existing studies used one or two actuators on the top of the wall to apply axial load and one actuator on 
one side of the wall for lateral shear load. Application of a point or distributed load can also create different cracking 
patterns in the wall [40]. As shown in Figure 7, applying a distributed load can cause the major crack to appear along 
the diagonal of the shear wall with some minor parallel cracks, but applying a concentrated load can shift the major 
crack down a couple of courses and cause a slight increase in peak shear load. However, numerical models of the 
different load applications did not present a distinct change in the compression strut, but the area of extreme 
compression was slightly wider for those subjected to distributed load [42]. 

 
Figure 7. Cracking pattern of (a) concentrated load and (b) distributed load [40]. 

3.9 Openings 
Perforated walls, or walls with window or door openings, have gained more and more attention from researchers [47]. 

Several studies have considered the effect of the size and location of openings on the behaviour of a shear wall. The 
presence of an opening can lower the peak load and increase wall deflection [18], [39], [48], [49], [50]. Increasing the size 
of the opening did not have significant impact on peak load, but could increase the height of the piers, which impacts the 
wall stiffness and cracking pattern [11], [18], [48], [49], [50], [51]. Increasing the number of stories can also limit the effect 
caused by openings [18]. Other parameters such as axial load and horizontal reinforcement below the opening can not only 
increase shear strength, but also alter the cracking pattern of perforated walls [39], [47], [48]. 

3.10 Confinement 
Confined masonry refers to masonry walls with both an infill panel and an outer “frame”, such as grouted outermost 

cores or a reinforced concrete frame. The former is more convenient and economical to construct but the latter had 
better performance [52]. The confinement can maintain the integrity of a masonry wall, and thus increase the shear 
capacity, ductility, and energy dissipation [7], [28], [50]. The level of influence of confinement on the peak shear 



J. Zhu, and N. Shrive 

Rev. IBRACON Estrut. Mater., vol. 16, no. 3, e16301, 2023 8/17 

capacity is still controversial, with some researchers reporting that confinement can only contribute after cracking. 
Thus, this would not have a significant impact in terms of shear strength if net area is taken into consideration [52]. The 
stiffness ratio between the confinement and the infill panel could alter the failure mode of the wall. For example, similar 
moduli of elasticity of the frame and infill or high cohesion between them can result in wall action and higher 
mechanical interlocking forces: in contrast, with frames much stiffer than the panels, panel action or local failure could 
be observed [31], [34], [42], [53], [54]. 

4 SCALING 
Laboratory experiments are often constrained by space, budget, and testing equipment. Therefore, many researchers 

have explored the possibility to scale down the size of the specimens tested. For instance, 1/2 scale specimens have 
been used commonly, and sometimes 1/3, 1/4, or 1/6 scale specimens have been considered. The scaling effect of the 
material properties is of importance as masonry is an anisotropic and heterogenous material. Researchers have found 
that with similar density, a similar percentage of the cross-section being solid, and similar absorption rate of the bricks 
and blocks, reducing the size and volume could result in equal or higher compressive strength of the masonry unit and 
prism [55], [56], [57], [58], [59]. Some explained that smaller sizes of the masonry units could have a lower possibility 
and distribution of flaws during the manufacturing processes, and smaller-scale prisms had thinner mortar joints. Other 
properties such as tensile strength, shear strength and initial stiffness were not different based on size effect. However, 
one major concern was that the experiments have normally been done with only one type of masonry unit, mortar, or 
grouting, so the effect of different masonry combinations should be examined. Another issue raised was to relate the 
properties of prisms to those of walls of various sizes. Changing the overall geometry of the wall or adding vertical 
constraints to the top of the wall could change the peak shear capacity or stiffness [58], [60]. Reports in the literature 
generally conclude that using reduced size masonry was mostly in agreement with full scale masonry but results should 
be given careful consideration. 

5 DUCTILITY 
The ductility of a masonry wall does not have a strict definition, but ductility is normally used to describe the 

deformation of wall at different loading stages. Tomaževič and Žarnić [16] extracted a bi-linear load-displacement 
relationship from the backbone curves using the theorem of energy conservation, and this relationship has been used in 
many studies and standards. The commonly used ductility index is the ratio of ultimate displacement to the effective 
yielding displacement [61], but the definition for the displacements is varied. For example, the effective yielding 
displacement has been defined as 40% of the displacement at peak load [62], or the displacement at the intercept of the 
initial stiffness line with a horizontal line through the peak load [61]. The ultimate displacement could be taken as the 
displacement of the wall corresponding to the load dropping to 80% of the peak load [61], or 67% [27] or 75% [30]. 
Except for the bi-linear models, the tri-linear approach is also considered by some researchers [34], which accounts for 
yielding, peak, and post-peak performance, as shown in Figure 8. These methods are all idealized load-displacement 
responses of masonry shear walls, so researchers could choose the approach that best represents their experimental 
results for further analysis or numerical modelling. 

 
Figure 8. Bi-linear and tri-linear methods [34]. 
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6 STANDARDS AND CODES OF PRACTICE 
The estimation of in-plane shear capacity of masonry walls varies for different countries or regions. In this section, 

some published standards are included and compared with each other. 

6.1 Canadian CSA S304-14 
The Canadian Standard CSA S304-14 [36] defines the in-plane shear capacity separately for diagonal shear, as 

Equation 2, and sliding shear failure, as Equation 3. For the diagonal shear equation, three components are considered: 
masonry shear strength, axial load, and the contribution from the reinforcement. In addition, the term 𝛾𝛾𝑔𝑔 is a factor to 
account for the grouting condition. The shear span term was included to determine the shear strength of the masonry, 
as Equation 1, but including factored loads in the resistance side of a limit state is contradictory to the principle of 
ultimate limit states design [44]. Many researchers who have examined their own experimental results and other results 
reported in the literature found that the value predicted by the standard had large variation [8], [9], [18], [40], [43], [63], 
and that the factor 0.25 for applied axial load could be unconservative at very high or very low axial loads [8]. Some 
researchers have argued that the standard was developed from FGM, so cannot predict the capacity of PGM accurately, 
especially with all the different possibilities for PGM (grout and bar spacing, panel failure, etc.) [10], [18]. 

𝑣𝑣𝑚𝑚 = 0.16 �2 − 𝑀𝑀𝑓𝑓

𝑉𝑉𝑓𝑓𝑑𝑑𝑣𝑣
��𝑓𝑓′𝑚𝑚 and 0.25 < 𝑀𝑀𝑓𝑓

𝑉𝑉𝑓𝑓𝑑𝑑𝑣𝑣
< 1 (1) 

𝑉𝑉𝑟𝑟 = 𝜙𝜙𝑚𝑚(𝑣𝑣𝑚𝑚𝑏𝑏𝑤𝑤𝑑𝑑𝑣𝑣 + 0.25𝑃𝑃𝑑𝑑)𝛾𝛾𝑔𝑔 + �0.60𝜙𝜙𝑠𝑠𝐴𝐴𝑣𝑣𝑓𝑓𝑦𝑦
𝑑𝑑𝑣𝑣
𝑠𝑠
� ≤ 0.4𝜙𝜙𝑚𝑚�𝑓𝑓′𝑚𝑚𝑏𝑏𝑤𝑤𝑑𝑑𝑤𝑤𝛾𝛾𝑔𝑔 (2) 

𝑉𝑉𝑟𝑟 = 𝜙𝜙𝑚𝑚𝜇𝜇𝜇𝜇 (3) 

6.2 American TMS 402/602-22 
There are similar components in the American TMS 402/602-22 [19] as in the Canadian standard, but there is only 

one equation for all failure modes, as Equation 4. Although in TMS 402/602-22 there is no stand-alone clause for 
masonry shear strength, a similar shear span term is included in the shear capacity equation. This standard is developed 
from the MSJC standards [64], for which the only difference is that the coefficient for masonry contribution changed 
from 0.083 to 0.042. Studies have found that the MSJC clause significantly overestimates the contribution of horizontal 
reinforcement and the nominal shear load, especially for PGM and walls with openings [8], [18], [20], [43], [63]. 

𝐹𝐹𝑣𝑣 = �0.042 ��4.0 − 1.75 � 𝑀𝑀
𝑉𝑉𝑑𝑑𝑣𝑣

��𝑓𝑓′𝑚𝑚�� + 0.25 𝑃𝑃
𝐴𝐴𝑛𝑛

+ 0.5 �𝐴𝐴𝑣𝑣𝐹𝐹𝑠𝑠𝑑𝑑𝑣𝑣
𝐴𝐴𝑛𝑛𝑣𝑣𝑠𝑠

�� 𝛾𝛾𝑔𝑔 (4) 

6.3 Australian AS 3700:2018 
Unlike the American and Canadian standards, the Australian standard AS 3700:2018 [37] has separate clauses for 

plain and reinforced walls. For unreinforced shear walls, Equation 5 includes the shear bond strength and friction 
strength of the masonry. The shear strength of unreinforced masonry is defined as a factor times the tensile bond strength 
of the masonry, which are both associated with cohesion: the correlation was verified and considered generally 
conservative [65]. The default value 0.2 MPa for tensile bond strength could overestimate some masonry combinations. 
For reinforced masonry, walls with aspect ratios above and below 2.3 are defined differently, and the terms include 
masonry shear strength and vertical reinforcement, see Equation 6. The clauses were reported to overestimate PGM or 
multi-panel wall strength significantly [8], [43]. 

𝑉𝑉𝑑𝑑 ≤ 𝑉𝑉𝑜𝑜 + 𝑉𝑉𝑙𝑙 = 𝜙𝜙𝑓𝑓′𝑚𝑚𝑠𝑠𝐴𝐴𝑑𝑑 + 𝑘𝑘𝑣𝑣𝑓𝑓𝑑𝑑𝐴𝐴𝑑𝑑 (5) 

𝑉𝑉𝑑𝑑 ≤ 𝜙𝜙�𝑓𝑓𝑣𝑣𝑟𝑟𝐴𝐴𝑑𝑑 + 0.8𝑓𝑓𝑠𝑠𝑦𝑦𝐴𝐴𝑠𝑠� 𝑓𝑓𝑓𝑓𝑓𝑓 𝐻𝐻/𝐿𝐿 ≤ 2.3 (6) 
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6.4 Brazilian ABNT NBR 16868-1 
In the equation to determine shear wall capacity in the Brazilian standard [66], contributions from the masonry and 

the horizontal reinforcement are included, as in Equation 7. 

𝑉𝑉𝑑𝑑𝑑𝑑𝑠𝑠𝑑𝑑𝑔𝑔𝑑𝑑 ≤ 𝑉𝑉𝑎𝑎 + 𝑉𝑉𝑠𝑠 = 𝑓𝑓𝑣𝑣𝑑𝑑𝑏𝑏𝑑𝑑 + 0.75𝑓𝑓𝑦𝑦𝑑𝑑𝑏𝑏𝑑𝑑
𝐴𝐴𝑠𝑠𝑠𝑠
𝑠𝑠

 (7) 

The design shear strength, 𝑓𝑓𝑣𝑣𝑑𝑑 , should be half of 𝑓𝑓𝑣𝑣𝑣𝑣 , which for unreinforced masonry includes axial load. For 
reinforced masonry 𝑓𝑓𝑣𝑣𝑣𝑣 includes the reinforcement ratio. 
● 𝑓𝑓𝑣𝑣𝑣𝑣 = 0.10 + 0.5𝜎𝜎 ≤ 1.0, for mortar strength from 1.5 to 3.4 MPa 
● 𝑓𝑓𝑣𝑣𝑣𝑣 = 0.15 + 0.5𝜎𝜎 ≤ 1.4, for mortar strength from 3.5 to 7.0 MPa 
● 𝑓𝑓𝑣𝑣𝑣𝑣 = 0.35 + 0.5𝜎𝜎 ≤ 1.7, for mortar strength above 7.0 MPa 
● 𝑓𝑓𝑣𝑣𝑣𝑣 = 0.35 + 17.5𝜌𝜌 ≤ 0.7 

6.5 Chinese GB50003-2011 
The Chinese standard GB5003-2011 [67] not only specifies equations for unreinforced and reinforced walls, as 

Equation 8, but also uses two equations for reinforced shear walls subjected to eccentric compression or tension, 
Equations 9 and 10, respectively. For the unreinforced walls, terms for the masonry contribution and the applied axial 
load are included. For reinforced walls, the masonry contribution, the axial load, and the horizontal reinforcement are 
considered. There are different ways to determine the masonry shear strength in the Chinese standard. For unreinforced 
masonry, values can be found in a table according to the masonry type and mortar grade. For reinforced masonry with 
concrete units, values depend on the masonry compressive strength. 

𝑉𝑉 ≤ (𝑓𝑓𝑣𝑣 + 𝛼𝛼𝜇𝜇𝜎𝜎0)𝐴𝐴 (8) 

𝑉𝑉 ≤ 1
𝜆𝜆−0.5

�0.6𝑓𝑓𝑣𝑣𝑔𝑔𝑏𝑏ℎ0 + 0.12𝑁𝑁 𝐴𝐴𝑠𝑠
𝐴𝐴
� + 0.9𝑓𝑓𝑦𝑦ℎ

𝐴𝐴𝑠𝑠ℎ
𝑠𝑠
ℎ0 (9) 

𝑉𝑉 ≤ 1
𝜆𝜆−0.5

�0.6𝑓𝑓𝑣𝑣𝑔𝑔𝑏𝑏ℎ0 − 0.22𝑁𝑁 𝐴𝐴𝑠𝑠
𝐴𝐴
� + 0.9𝑓𝑓𝑦𝑦ℎ

𝐴𝐴𝑠𝑠ℎ
𝑠𝑠
ℎ0 (10) 

6.6 European Eurocode 2005 
The Eurocode [68] also uses different equations for the shear strength of unreinforced and reinforced masonry walls, 

Equations 11 and 12, respectively. For the unreinforced masonry, the shear capacity of a masonry wall is deemed solely 
dependent on the masonry contribution, while for the reinforced masonry, the capacity includes contributions from both 
the masonry and the horizontal reinforcement, and a factor is applied to account for different grouting conditions. The 
masonry shear strength can be either determined from sample testing, such as the triplet test [69], or using the Mohr-
Coulomb criterion with the initial shear strength to determine the characteristic strength. The Eurocode is quite 
conservative, with an experimental to predicted shear capacity ratio of 2.62 and a 56% COV, but the code can also 
overestimate some walls in some circumstances [9]. 

𝑉𝑉𝑅𝑅𝑑𝑑 = 𝑓𝑓𝑣𝑣𝑑𝑑𝑡𝑡𝑙𝑙𝑐𝑐 (11) 

𝑉𝑉𝑅𝑅𝑑𝑑1 + 𝑉𝑉𝑅𝑅𝑑𝑑2 = 𝑓𝑓𝑣𝑣𝑑𝑑𝑡𝑡𝑙𝑙 + 0.9𝐴𝐴𝑠𝑠𝑤𝑤𝑓𝑓𝑦𝑦𝑑𝑑 (12) 

7 SHEAR MODELS 
As there have been many studies of masonry shear wall capacity completed since the 1970s. Researchers have 

developed various equations to estimate the in-plane shear capacity of masonry walls with different conditions. Some 
of the models are included in this section. Some more recently proposed models have not yet been studied by other 
researchers, so the accuracy and precision of these latter models could be questionable. 
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7.1 Matsumura (1987, 1988) 

Matsumura [24], [25] tested 60 reinforced concrete masonry walls and 30 brick walls and concluded with the 
following Equation 13 for ultimate shear capacity, including terms for the masonry contribution, aspect ratio, horizontal 
reinforcement, and axial load. Factors also include the grouting condition and vertical reinforcement. Matsumura was 
one of the earliest to include the square root of the masonry compressive strength and the horizontal reinforcement in 
the prediction, and thus influenced many later standards and other models. The ratio of predicted value to experimental 
value showed both overestimation and underestimation with different grouting conditions, and the horizontal 
reinforcement term could greatly impact the accuracy [2], [18], [40], [63]. 

𝑉𝑉𝑢𝑢 = �𝐾𝐾𝑢𝑢𝐾𝐾𝑝𝑝 �
0.76

ℎ/𝑑𝑑+0.7
+ 0.012��𝑓𝑓′𝑚𝑚 + 0.18𝛾𝛾𝛾𝛾�𝜌𝜌ℎ𝜎𝜎ℎ𝑦𝑦𝑓𝑓′𝑚𝑚 + 0.2𝜎𝜎𝑜𝑜� 𝑡𝑡𝑡𝑡 ∙ 103 (13) 

7.2 Shing et al. (1990) 

Shing et al. [6] tested 22 reinforced masonry walls under both monotonic and cyclic loading and proposed Equation 
14 to estimate shear capacity in imperial units. There are terms representing contributions from the masonry, vertical 
reinforcement, horizontal reinforcement and axial load, as well as the square root of the masonry compressive strength. 
However, Shing et al. [6] did not test replicate walls, and the accuracy of prediction was of great concern [40], [63]. 

𝑉𝑉𝑑𝑑 = �0.0018�𝜌𝜌𝑣𝑣𝑓𝑓𝑦𝑦 + 𝜎𝜎𝑐𝑐� + 2�𝐴𝐴�𝑓𝑓′𝑚𝑚 + �𝑙𝑙−2𝑑𝑑′
𝑠𝑠

− 1� 𝐴𝐴ℎ𝑓𝑓𝑦𝑦 (14) 

7.3 Anderson and Priestley (1992) 

Anderson and Priestley [2] summarized the results of the testing of 69 walls from three sources. All the walls had 
aspect ratio greater or equal to one, while some had fixed-fixed boundary conditions and others were cantilever wall type 
tests. The Anderson and Priestly equation (Equation 15) again included terms of the masonry contribution, axial load, and 
horizontal reinforcement. It was reported that this equation significantly overestimates the capacity of PGM walls [63]. 

𝑉𝑉𝑢𝑢 = 0.24�𝑓𝑓′𝑚𝑚𝑤𝑤𝑡𝑡 + 0.25𝑃𝑃 + 0.50𝐴𝐴ℎ𝑓𝑓𝑦𝑦ℎ
𝑑𝑑
𝑠𝑠
 (15) 

7.4 Voon and Ingham (2007) 

Voon and Ingham [70] summarized their experimental results from 10 cantilever walls [3] and the same literature 
resources as Anderson and Priestley [2]. They suggested Equation 16 which includes terms for the masonry 
contribution, axial load, and horizontal reinforcement. Similar factors as the CSA [36] and TMS [19] standards to 
account for the shear span ratio were included as 𝜇𝜇𝑏𝑏 = 0.083[4 − 1.75(𝑀𝑀/𝑉𝑉𝐿𝐿)]. In addition, there were also factors of 
vertical reinforcement and ductility included in the equation, in which 𝜇𝜇𝑎𝑎 = 0.022𝜌𝜌𝑣𝑣𝑓𝑓𝑦𝑦𝑣𝑣  and the ductility factor, 𝑘𝑘, 
decreased with increasing ductility, as in Figure 9a. Other than the previously mentioned issues of various boundary 
conditions from the literature, the determination of angle 𝛼𝛼 in the equation was primarily from experimental results for 
reinforced concrete columns [71], which have much higher aspect ratios than regular masonry shear walls. The 
definition also varied with single or double curvature, which might be confusing in some cases, as in Figure 9b. 

𝑉𝑉𝑑𝑑 = 0.8𝑘𝑘(𝜇𝜇𝑎𝑎 + 𝜇𝜇𝑏𝑏)𝐴𝐴𝑑𝑑�𝑓𝑓′𝑚𝑚 + 0.9𝑁𝑁∗ tan𝛼𝛼 + 𝐴𝐴ℎ𝑓𝑓𝑦𝑦ℎ
𝐷𝐷𝑒𝑒𝑓𝑓𝑓𝑓
𝑠𝑠ℎ

≤ 0.33𝐴𝐴𝑑𝑑�𝑓𝑓′𝑚𝑚 (16) 
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Figure 9. (a) Relationship between ductility and reduction factor; (b) Contribution of axial load to masonry shear strength [70]. 

7.5 Oan and Shrive (2014) 
Oan and Shrive [72] tested 66 masonry walls and used the results of 130 walls from various literature sources to 

propose a revision to the CSA S304-14 [36] equation for masonry shear capacity. They stated that their proposed 
equation showed relatively good accuracy and precision to their experimental and the literature results [18]. Their 
equation including terms accounting for masonry strength, axial load, and vertical reinforcement, as Equation 17. 
However, they did not change the definition for masonry shear strength, and it was still dependent on masonry 
compressive strength and the shear span ratio. 

𝑉𝑉𝑟𝑟 = 𝜙𝜙𝑚𝑚�𝑣𝑣𝑚𝑚𝑑𝑑𝑣𝑣𝑏𝑏𝑤𝑤𝛾𝛾𝑔𝑔� + 0.27𝑃𝑃 + 𝜙𝜙𝑠𝑠(0.05𝐴𝐴𝑠𝑠𝑣𝑣𝑓𝑓𝑦𝑦𝑣𝑣) (17) 

7.6 Dillon and Fonseca (2015) 
Dillon and Fonseca [10] completed a meta-analysis of 340 walls from 47 research projects from 1968 to 2010 and 

concluded that the MSJC equation had acceptable accuracy for FGM but overestimated PGM. The walls tested in the 
different sources were also subject to various boundary conditions, aspect ratio, axial load, etc. However, the weighting 
assigned to each study was still based on the terms included in the equation, with the inclusion of some being 
controversial. Dillon and Fonseca [10] further examined the grouting factor for PGM and confirmed that the current 
adjustment factor of 0.75 was acceptable, but that a factor of 0.73 would be better [73]. They also confirmed that the 
strengths of FGM and PGM had different statistical distributions, so it might not be accurate simply to apply a single 
factor to account for the wall capacity. 

7.7 Janaraj and Dhanasekar (2016) 
One major difference in the Janaraj and Dhanasekar [8] equation and others was that they ignored the contribution 

of steel reinforcement and introduced separate terms for panel aspect ratio and wall confinement, as Equation 18. The 
number of bays was included as 𝑛𝑛, and number of stories was included as 𝑚𝑚. The confinement efficiency 𝜂𝜂 was 
dependent on panel aspect ratio and the type of material in the masonry wall. They used their experimental results of 
confined masonry walls and literature values from various sources. 

𝑉𝑉𝑑𝑑 = �0.17�2 − 0.9𝜆𝜆𝑝𝑝��𝑓𝑓′𝑚𝑚𝐴𝐴𝑑𝑑 + 0.25𝑃𝑃� × (0.9)𝑚𝑚−1 × 𝜂𝜂 (18) 

7.8 Bolhassani et al. (2016) 
Bolhassani et al. [63] proposed a shear capacity equation for PGM with or without a frame, as Equation 19. They 

used their experimental results and some existing studies. They claimed that this equation predicted the shear capacity 
more accurately if the spacing of the reinforcement was larger than 1.2 m. 

𝑉𝑉𝑑𝑑 = (𝑛𝑛 − 1) �𝑤𝑤𝑡𝑡𝑑𝑑𝑒𝑒𝑒𝑒�𝑓𝑓′𝑚𝑚 cos𝜃𝜃 + 𝜇𝜇𝑃𝑃𝑑𝑑𝑑𝑑𝑒𝑒𝑑𝑑𝑙𝑙𝑙𝑙 + 4𝑀𝑀𝑝𝑝

ℎ
� (19) 
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7.9 Izquierdo et al. (2021) 

Izquierdo et al. [17] randomly selected 25% of 292 PGM walls from 27 existing studies as their dataset. They used 
stepwise regression and examined several equations to predict masonry shear capacity from the statistical analysis. 
Some of their equations showed that the compressive strength of the mortar had a positive impact on masonry shear 
capacity, but they omitted those equations because they claimed that it was “unconventional”. Izquierdo et al. [17] 
confirmed that neither the strength nor the area of horizontal reinforcement contributed to the shear strength of a wall. 
Out of several equations, they selected Equation 20 as their optimal model, which includes wall length, the compressive 
strength of the grouted masonry, the area and spacing of vertical reinforcement, and the axial load. 

𝑉𝑉𝑑𝑑 = 0.0538𝐿𝐿 + 4.83𝑓𝑓′𝑚𝑚𝑔𝑔 + 0.067𝐴𝐴𝑣𝑣𝑒𝑒 − 0.0553𝑠𝑠𝑣𝑣,𝑎𝑎𝑣𝑣𝑑𝑑 + 0.245𝑃𝑃 (20) 

7.10 Medeiros et al. (2022) 

Medeiros et al. [18] summarized their numerical modelling results of multi-panel walls with openings and 
experimental results from various sources and proposed Equation 21, which includes terms of masonry contribution 
with grouting factors, axial load, and horizontal and vertical reinforcements. For the dataset they utilized, their equation 
gave the best predictive results, being slightly more consistent than the equations of Oan and Shrive [72], Dillon and 
Fonseca [10], and Izquierdo et al. [17]. 

𝑉𝑉𝑑𝑑 = 𝑘𝑘𝑔𝑔𝑣𝑣𝑘𝑘𝑔𝑔ℎ𝛽𝛽𝐴𝐴𝑑𝑑ℎ�𝑓𝑓′𝑚𝑚 + 0.4𝑃𝑃𝑑𝑑 tan 𝜃𝜃 + 0.02𝐴𝐴𝑣𝑣𝑓𝑓𝑦𝑦𝑣𝑣�𝑓𝑓′𝑚𝑚 + 0.02𝜌𝜌ℎ𝐴𝐴𝑑𝑑𝑣𝑣𝑓𝑓𝑦𝑦𝑣𝑣�𝑓𝑓′𝑚𝑚 (21) 

8 METHOD OF TESTING 

Experimental testing and numerical modeling are both commonly used methods found in existing studies of masonry 
shear walls. These approaches have both advantages and disadvantages. Testing a wall is normally used to determine 
the performance, ultimate load and displacement, but construction and handling is very time and budget consuming. 
Small specimens can be used to reflect some properties, but the properties measured might not represent the actual ones 
of the wall (because of different boundary conditions, material proportions, construction etc.). On the other hand, 
numerical modeling can be applied to assess various aspects, but without the input of actual experimental results, the 
output may not be trustworthy. In this section, some testing methods are discussed. 

8.1 Tests for Shear Strength 

The triplet test is widely used in Europe to determine the shear strength of masonry [69]. As in Figure 10a, the assembly 
of a triplet specimen is relatively easy as only three masonry units are required. By supporting the outer units and loading 
only the middle unit, the mortar joints can experience close to a pure shear load. It is also possible to apply pre-compression 
to the specimen. The results of many studies involving clay brick specimens generally demonstrate that precompression 
and shear strength followed a linear Mohr-coulomb relationship [14], [33], [74], [75], [76], [77], but only a few studies 
have been performed on concrete block specimens (hollow, partially and fully grouted) [78], [79]. 

The diagonal tension test, as defined by ASTM C1006 [80], is another test to determine the diagonal shear strength 
of masonry. The specimen is a square wall with dimensions of 1.2 m x 1.2 m: steel loading shoes are placed at each end 
of the diagonal compression strut, as in Figure 10b and displaced towards each other. The stress distribution induced 
by the test is different from a typical shear wall in practice, because the specimens can only fail in the diagonal failure 
mode and suffer from compressive stress concentration around the loading shoes [44], [52], [56], [81], [82]. Moreover, 
the diagonal tension test is similar to the Brazilian splitting tensile strength test for determining tensile strength of rock 
samples [83], so the results from this diagonal test may need adjustment before being used as the shear strength of a 
masonry wall. 
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Figure 10. (a) Triplet test; (b) diagonal tension test. 

8.2 Numerical Modelling 
Numerical modelling is an important and powerful tool to assess structural performance, as it can save time and 

budget compared to experimental testing. There are three common methods of modelling for masonry structures, 
namely macro-modelling, simplified micro-modelling, and detailed micro-modelling [40], [41], [42], [84]. Macro-
modelling refers to using homogenous material properties and element mesh for the structure, while micro-modelling 
includes the different properties for each masonry component, i.e., separate sets of properties and elements for unit, 
mortar, grout, steel, and their interfaces. Simplified micro-modeling treats the mortar and mortar-unit interface as 
discontinuous elements with units as continuous elements - detailed micro-modelling has only the interface properties 
as discontinuous elements. There are pros and cons for each method, so researchers should consider which would be 
more suitable for their project. For example, micro-modelling is helpful to examine local failure of a structure, but 
macro-modelling could be more applicable for the holistic view of a complex structure. To simulate crack propagation, 
researchers often use either the discrete or the smeared crack approach [11], [18], [34], [85]. The discrete crack approach 
allows crack or joint opening from using interface elements, whereas the smeared crack approach displays damaged 
areas with the distortion or deformation of continuum elements [85]. Researchers should also carefully study mesh 
sensitivity to make sure that the output is stable and reliable. 

9 CONCLUSIONS 
Partially grouted masonry (PGM) walls have gained more and more interest worldwide. In this review, parameters 

influencing the shear strength and capacity of PGM walls that were examined by many researchers were discussed. A few 
of them have a commonly agreed impact on the strength and stiffness of PGM walls, such as axial load, aspect ratio and 
loading pattern, but the effects of many parameters remain controversial, such as grouting, reinforcement, and confinement. 
Standards in different regions have different clauses to estimate the peak shear capacity, and many researchers summarized 
their findings into their equations. This all shows that a commonly acceptable understanding of the shear behaviour of 
masonry is deficient. A lot more needs to be learned about the fundamentals of this subject. In terms of experimental 
testing, reduced sized units are often used due to many constraints, and results are mostly in agreement with full-scale 
units. A ductility index is a good measurement for the wall performance after peak load. However, the question remains 
as to how to predict masonry shear strength accurately and precisely, and to convert strength into the masonry contribution 
component of the shear capacity estimation of PGM. The controversy of the impact of different parameters should be 
resolved, or at least updated, in the estimation. Furthermore, the transition point of different failure modes or equations to 
estimate the peak shear load for different failure types should be identified. 
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Abstract: The Critical Shear Crack Theory (CSCT) has been developed since 1985 to assess the shear 
resistance of members without shear reinforcement and the punching shear resistance of reinforced concrete 
slabs in a rational manner. The main idea of the CSCT is that the shear resistance is governed by the 
development of a critical shear crack, its geometry and its kinematics. Recent shear tests with detailed 
measurements have confirmed that the shear force can be carried through the critical shear crack by a 
combination of aggregate interlocking, residual tensile strength of concrete, dowel action of the longitudinal 
reinforcement, inclination of the compression zone and activation of the shear reinforcement crossed by the 
critical shear crack if present. On the basis of advanced constitute laws, all these contributions can be 
calculated as a function of the crack geometry and its kinematic. Simplifications of the resulting general 
formulations have been implemented in several standards including the fib Model Code 2010 and, in its recent 
closed-form format, in the second generation of the European Standard for Concrete Structures. The generality 
of the models allows accounting for several materials and cases, as for instance the presence of axial forces, 
fiber reinforced concrete, non-metallic reinforcements and designing strengthening using several techniques. 
This document presents the historical framework of the development of the theory, followed by a short 
presentation of its most up-to-date refined models. The derivation of closed-form solutions based on the CSCT 
and how it leads to expressions in a format similar to the current European Standard for Concrete Structures 
is also discussed. Eventually, for the case of punching, some recent developments are shown in what refers 
the capability of the refined mechanical model to capture the relationship between the acting punching load, 
the rotation and the shear deformation during loading and at failure. 

Keywords: shear, punching shear, mechanical model, codes, levels-of-approximation. 

Resumo: A Teoria da Fissura de Corte Crítica (CSCT, referindo-se à sua definição Critical Shear Crack Theory 
na língua Inglesa) tem sido desenvolvida desde 1985 para avaliar a resistência ao corte de elementos de betão 
armado sem armadura de esforço transverso assim como a resistência ao punçoamento de lajes e fundações de 
betão armado. A principal ideia desta teoria é a de que a resistência é condicionada pelo desenvolvimento de uma 
fissura de corte crítica, nomeadamente pela sua geometria e cinemática. Ensaios experimentais realizados 
recentemente demonstram que o esforço transverso pode ser transmitido através da fissura de corte crítica devido 
à soma de várias contribuições, nomeadamente: engrenamento dos agregados, resistência à tração residual do 
betão, efeito de ferrolho das armaduras longitudinais, contribuição da zona comprimida e activação da armadura 
de esforço transverso atravessada pela fissura crítica (nos casos em que esta exista). Todas estas contribuições 
podem ser devidamente quantificadas em função da geometria e cinemática da fissura de corte crítica, usando 
para o efeito relações constitutivas adequadas. Versões simplificadas das formulações mais refinadas e gerais dos 
modelos mecânicos da CSCT foram introduzidas em diversos documentos normativos, tais como o Código 
Modelo 2010 da fib ou, mais recentemente, a segunda geração da Norma Europeia para Estruturas de Betão 
Armado. A generalidade dos modelos da teoria permite utilizá-los para outros casos particulares, tais como seja 
a presença de esforço normal, o caso de elementos de betão com fibras, armaduras não metálicas ou o 
dimensionamento de soluções de reforço estrutural. Este documento apresenta um enquadramento histórico do 
desenvolvimento da teoria, seguido de uma apresentação muito sucinta dos seus modelos refinados mais atuais. 
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É ainda discutida a derivação de expressões de forma fechada baseada na CSCT, o que conduz a expressões com 
um formato idêntico às que constam no atual Eurocódigo 2. Finalmente, para o caso de punçoamento, alguns dos 
desenvolvimentos mais recentes da teoria são apresentados, nomeadamente no que se refere à capacidade do 
modelo refinado de relacionar a carga, a rotação e a deformação por corte, não somente na rotura mas também 
durante o carregamento. 

Palavras-chave: corte, punçoamento, modelo mecânico, normas, níveis de aproximação. 
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1 INTRODUCTION 
The need for a safe and sound design against brittle failures is a well-established design principle to ensure robust 

structures. Shear or punching shear are among the most known sources of brittle failures in reinforced concrete 
structures. In concrete slabs, a major difference between shear and punching is the principal shear force direction with 
respect to the support [1]. In “one-way shear” (as for instance in the slab supported on two walls with a distributed load 
as shown in Figure 1b), the shear principal directions are parallel between them and normally perpendicular to the linear 
supports. In punching shear, or “two-way shear”, the shear principal directions predominantly converge to the support 
(or propagate from a concentrated load) in a radial manner (see red shear trajectories in Figure 1a). The shear resistance 
can be the governing design criterion in linear members with shear reinforcement or in planar members without shear 
reinforcement where linear supports are provided, such as slabs with significant distributed loads (Figure 1b), slabs 
with discontinuities, shells, retaining walls or slabs with concentrated loads in the vicinity of linear supports (Figure 1c). 
Punching shear is the common governing design criterion in flat slabs near to columns, wall ends and wall corners, or 
when concentrated loads are applied to planar members, such as slabs, shells and column bases. 

 
Figure 1. Examples of structural reinforced concrete members where shear or punching shear can be the governing design criterion. 

Whitin the group of reinforced concrete members potentially failing in shear, a difference has to be made between 
members with shear reinforcement (such as beams, columns or transition walls) and members without shear 
reinforcement (typically slabs, shells and retaining walls). In the former case, if more than minimum shear 
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reinforcement is provided, the shear failure will occur by yielding of the shear reinforcement or/and crushing of concrete 
carrying the inclined compression field, thus being associated with a given deformation capacity (distributed cracking, 
see for instance [2]). On the contrary, shear failures in members without shear reinforcement take place by strain 
localization along a critical shear crack associated with a very limited deformation capacity [1], [3]. This fundamental 
difference has led to the development of different design methods for each one of the cases. 

For members with shear reinforcement, two different models have been proposed and implemented in standards: (1) 
the so called “variable truss angle model” based on [2], [4] (implemented for instance in the European 
Standard for Structural Concrete 5,6]; which is in fact a compression field model where the concrete tensile strength is 
neglected) and (2) the approaches where the compression field contribution is combined with the contributions which can 
be observed in members without shear reinforcement [5] (implemented for instance in North American Standards [6]). 

For members without shear reinforcement, the behavior and the failure mechanism are complex so that the design 
has been historically based on methods with a strong empirical basis (see for instance [7], [8] for shear in one-way 
members and [9]–[12] for punching shear). Mechanical considerations and mechanical models have also been proposed 
in the last century (see for instance [3], [13]–[19] for shear in one-way members and [20]–[23] for punching shear). 
Some of them were strain-based  [3],  [18], [20], [22], allowing to explicitly calculate the shear resistance on the basis 
of the deformations in the localization zone. Nevertheless, until 1993 [24], the size effect was considered in standards 
only on an empirical basis and mechanically based strain-based models have been implemented for the first time in a 
standard only in 2003 [25]. 

It was in this context that the Critical Shear Crack Theory (CSCT) has been proposed some decades ago to account for 
strain and size effect in a rational manner and allowing to implement for the first time these effects in standards [24], [25]. 
Since then, the theory has evolved, being nowadays well consolidated for both research and design purposes. 

This keynote article presents an overview of the CSCT, starting with the background including an historical 
overview followed by the recent developments. It discusses not only the advances on the level of the theoretical model 
(with the development of refined mechanical formulations), but also its implementation in codes of practice. 

2 HISTORICAL BACKGROUNDS OF THE CRITICAL SHEAR CRACK THEORY 

2.1 Main ideas 
The CSCT has been developed since 1985 to assess the shear resistance of members without shear reinforcement 

and the punching shear resistance of reinforced concrete slabs in a rational manner. The research started with a design 
proposal for punching [26] and an experimental work on concrete beams without shear reinforcement which has shown 
that the shear resistance is typically governed by the development of a Critical Shear Crack (CSC) and its 
kinematics [27], [28]. The CSCs typically develop starting from the tensile zone as flexural cracks, slightly inclined in 
presence of a shear force. For low load levels, the crack opens mainly in mode I (Figure 2) due to the elongation of the 
flexural reinforcement. For higher load levels, the crack becomes flatter, the center of rotation follows the tip of the 
crack so that the crack opens in combined mode I-II with an increasing sliding component (Figure 2). 

 
Figure 2. Research on the development of the critical shear crack and associated kinematics: (a) original measurements [27], [28] 

and (b) recent measurements with refined techniques [29]. 

The original cardboard model shown in Figures 3a has been prepared at the beginnings of the CSCT to explain the 
failure process in an intuitive manner: the shear resistance is reached when the opening of the CSC due to bending 
(Figure 3a1) reduces the capacity to carry shear stresses through the crack by aggregate interlocking. The CSC can thus 
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almost freely develop in the compression zone (only the activation of the dowel action in the flexural reinforcement 
and the residual tensile strength in the sub-horizontal branch of the CSC oppose to its development) leading finally to 
the shear failure (Figure 3a2). 

 
Figure 3. First conceptual ideas and experimental evidence grounding the CSCT for shear in beams and slabs without shear 

reinforcement: (a) original cardboard model from 1985 with (a1) flexural crack in Mode I and (a2) flexural crack in combined 
mode I-II; (b) figure from reference [28] presenting the experimental results by Mörsch [30], whose interpretation supports the 
idea that the location and shape of the CSC influences the failure load (theoretical direct struts carrying shear shown in blue). 

In addition, a systematic interpretation of test results described in the literature has also shown that the location of 
the CSC with respect to loads and supports can have a significant influence on the shear resistance. This is mainly due 
to the fact that if the CSC is not located in a region where a direct strut can develop between load and support, a 
significant shear force can be carried without activating the aggregate interlocking across the CSC. This is shown for 
instance in Figure 3b from [28]: in the case of Figure 3b1, the crack developed without interaction with the theoretical 
direct strut due to poor bond conditions (plain bars were used) and the beam failed eventually due to insufficient 
anchorage at the support; in the tapered beam of Figure 3b2, the CSC developed in a unfavorable manner reducing 
significantly the capacity of the direct strut, leading to a strength reduction of 27% compared to previous case; on the 
contrary, in a very similar beam shown in Figure 3b3, the top reinforcement of the beam ends was sufficiently long to 
reach the theoretical strut, thus controlling the opening of the CSC, and eventually allowing for an increased shear 
resistance (134%). This matter of fact explains the significant influence of the load location with respect to the support 
(loads applied at a distance < 3d from the support) on the shear resistance [13], [14], [28], [31]–[33] and the scatter of 
the experimental results which can be observed in members without shear reinforcement (as a small deviation of the 
shape and position of the CSC can have a significant influence on the shear resistance). 

2.2 Development of the mechanical model for punching shear and applications 

The considerations presented above have been implemented in a mechanical model to calculate the punching shear 
resistance of slabs without shear reinforcement with the initial aim of quantifying the size effect in a rationally sound 
manner for the revision of the Swiss Code for concrete structures SIA 162 of 1993 [24]. The main ideas at that time 
were (see reference [32]): 
▪ The opening in Mode I of the CSC which develops near to the column with an inclination of about 45° is 

proportional to the product ψ∙d, where d is the effective depth of the slab and ψ is the slab rotation outside the slab-
column connection (see blue arrows in Figure 4a); 

▪ The rotation ψ can be calculated as a function of the acting load (and thus of the shear force) assuming an elastic-
plastic flexural behavior of the slab as proposed by Kinnunen and Nylander [20]; 
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▪ The shear stresses which are activated in the CSC due to crack sliding (combined Mode I-II) can be estimated for 
the adopted kinematics with the model by Walraven [35]. Their integration provides the shear resistance which is a 
function of the crack opening (Mode I, and therefore of the product ψ∙d) leading to the so-called failure criterion. 
The failure criterion has been calibrated on the basis of the experimental results available in the literature at that 

time (Figure 4b) allowing to calculate the punching shear resistance in a reliable manner on the basis of the main 
parameters. Figure 4c, presented in reference [32] in 1991, depicts for instance the normalized punching shear resistance 
as a function of the effective depth, showing clearly the size effect which depends also on the flexural reinforcement 
ratio (with higher detrimental size effects for slabs with higher flexural reinforcement ratios and brittler behavior). With 
this mechanical model, it was possible to design also tailored solutions as for instance the punching shear resistance in 
presence of steel shear heads where the contribution of the embedded steel structure and its influence on the deformation 
could be considered in a rational manner [36]. 

 
Figure 4. CSCT for punching shear between 1985 to 1991, with: (a) assumptions on the shape and kinematics of the CSC to 

calculate the interlocking stresses between crack lips (opening in Mode I due to flexure shown in blue, combined Mode I-II due to 
shear shown in red); (b) adoption of an analytical failure criterion calibrated on the basis of experimental results; (c) calculated 

normalized punching resistance with the proposed model for different flexural reinforcement ratios as a function of the effective 
depth (figures (a) adapted from [34], (b) and (c) adapted from [32]). 

Since 2000, the principles of the CSCT for punching shear have been improved and applied to several situations and cases: 
▪ Improvement of the load-rotation relationship accounting for tension stiffening and for the uncracked zones; 

improvement of the failure criterion accounting for the aggregate size in a physical sound manner [37]–[39]; 
▪ Experimental validation for different slabs thicknesses, columns sizes and flexural reinforcements ratios [40]–[43]; 
▪ Punching of slabs with shear reinforcement [44]–[49]; 
▪ Extension of the CSCT to steel fiber reinforced concrete [50]; 
▪ Investigation of retrofitting methods with post-installed shear reinforcement [51], [52], using externally bonded 

fiber reinforced polymers [53] or other techniques [54]; 
▪ Investigation of edge and corner connections, internal slab-column connections with non-symmetric reinforcement 

or rectangular columns [55]–[57]; 
▪ Experimental validation for different aggregate sizes, improvement of the analytical definition of the failure criterion, 

investigation of the effect of significant axial forces in the columns in case of multi-story buildings [58], [59]; 
▪ Experimental and theoretical investigation of post-tensioned slabs and slabs with axial forces [60]–[62]; 
▪ Internal slab-column connections with unbalanced moments, deformation capacity of flat slabs with imposed 

horizontal displacements, monotonic and cyclic loading [63]–[66]; 
▪ General considerations on the size effect [67]; 
▪ Experimental and theoretical investigation of foundation rafts and column bases [68]–[70]; 
▪ Experimental and theoretical investigation of the residual load-carrying capacity after punching and on the 

efficiency of integrity reinforcement to prevent progressive collapse [71]; 
▪ Investigation of the influence of compressive membrane actions in flat slabs and redistribution between hogging 

and sagging moments in continuous slabs [72], [73]; 
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▪ Verification of actual slabs combining the failure criterion of the CSCT with the rotation calculated on the basis of 
NLFEA [74]–[81]; 

▪ Punching of slabs in case of impact loading [82], [83]; 
▪ Detailed measurements to better assess the failure process [84]; 
▪ Improvement of the mechanical model to better account for the actual failure mechanism [70], [85], see also 

subsection 3.2.2 below; 
▪ Development of closed-form solutions to be implemented in standards following current Eurocode 2 format [86]–[88], see 

also subsection 3.2.3 below; 
▪ Investigation of internal slab-column connections with openings [89]; 
▪ Investigation of the serviceability limit state of flat slabs on the basis of the CSCT [90]; 
▪ Investigation of the influence of corroded reinforcement on the punching shear resistance and deformation capacity 

of flat slabs [91]; 
▪ Investigation of lightweight aggregate concrete flat slabs with ultra-high fiber reinforced concrete in the 

compression zone [92]. 

2.3 Development of the mechanical model for shear in one-way members and applications 
With respect to the shear resistance of one-way members without shear reinforcement, the opening of the CSC can 

be assumed to be proportional to the product of the longitudinal strain and the effective depth (further details will be 
given in subsection 3.1 below). Since the reinforcement is usually in the elastic range, the governing longitudinal strain 
can be easily calculated with a sectional analysis. The mechanical model has been presented in 2003 [37], [93] (see [33] 
for an English translation) and implemented in the Swiss code for concrete structures SIA 262:2003 [25]. Also in this 
case, based on a failure criterion calibrated on experimental results (Figure 5a), it was possible to calculate the shear 
resistance on the basis of the main geometrical and mechanical parameters. Figure 5b shows for instance the size effect 
on the shear resistance. It is interesting to note that, since the normalized shear resistance becomes smaller for deeper 
members, also the longitudinal reinformed required for bending becomes smaller. This means that for a member 
designed both for shear and bending, the combined size and strain effect (descending failure criterion in Figure 5a) 
leads to a more pronounced reduction of the shear resistance for deeper members (see the steeper curve in Figure 5b, 
see also [94] for further details). 

 
Figure 5. Critical shear crack theory for shear in one-way members between 2000 to 2003, with: (a) adoption of an analytical 

failure criterion calibrated on the basis of experimental results (adapted from [37], [93]); (b) calculated shear resistance varying the 
value of the effective depth (according to [37], [93]). 

It is also interesting to mention that already in its original form [33], [37], [93], the CSCT allowed to account for 
the presence of an axial force (which has a direct influence on the reference longitudinal strain, see also subsection 
3.1.3 below), lightweight aggregate concrete (reduced aggregate interlocking) and a non-metallic reinforcement 
(increased longitudinal strain due to the lower elastic modulus, and therefore reduced shear resistance). 

Since 2003, the principles CSCT for shear in one-way members without shear reinforcement has been improved 
and applied to different situations and cases: 
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▪ Reduction of the shear resistance in case of yielding of longitudinal reinforcement and calculation of rotation 
capacity as a function of the shear force in members without shear reinforcement [95], [96]; 

▪ Shear force distribution in slabs with concentrated loads near linear supports [97]–[99]; 
▪ Detailed analysis of shear-transfer actions in RC members based on measured cracking pattern and failure 

kinematics [29], [100]–[105]; 
▪ Theoretical considerations on the shear transfer actions and implications to size effects [67], [94], [102], [106]; 
▪ Influence of distributed loads [102], [103], [107], [108]; 
▪ Shear resistance of T-beams [109], tapered [107] and curved members [110]; 
▪ Detailed quantification of the shear transfer actions and improvement of the mechanical model [102], [103], [108], 

see also subsections 3.1.1 and 3.1.2 below; 
▪ Development of closed-form solutions to be implemented in standards [102], [105], [106], see also subsection 3.1.3 below; 
▪ Influence of fatigue loading on shear failures of reinforced concrete members without shear reinforcement [111], [112]; 
▪ Development of the model for fiber reinforced concrete and low amounts of shear reinforcement [103]; 
▪ Characterization of shear deformations and implications for the shear force redistribution in slabs [113]. 

Most of the above-mentioned references resulted directly or indirectly from researches performed at École 
Polytechnique Fédérale de Lausanne, Switzerland, but a large number of other works performed by different research 
groups have also contributed to further validate and extend the theory (some references are already presented above, 
without the ambition to be exhaustive). 

2.4 Implementation of the CSCT in Standards 
The CSCT and its ideas have been implemented in following standards: 

▪ Swiss code for concrete structures SIA 162:1989 [114]: punching provisions including minimum flexural 
resistances required to limit the rotation [26]; 

▪ CEB-FIP MC1990 [115]: implementation of the minimum flexural resistances from [26] in the punching shear 
provisions; 

▪ Swiss code for concrete structures SIA 162, revision 1993 [24]: implementation of the size effect according to the 
CSCT [32]; 

▪ Swiss code for concrete structures SIA 262:2003 [25]: full implementation of the CSCT for shear in slabs without 
shear reinforcement [33], [37], [93], and for punching shear [37], [39]; 

▪ fib Model Code 2010 [116]: implementation of the CSCT in the punching shear provisions [117] and new provision 
to avoid progressive collapse of flat slabs [71]; 

▪ draft for the second generation of Eurocode 2 FprEN 1992-1-1:2023 [118]: 
- closed-form expression of the CSCT for shear in one-way slabs without shear reinforcement based on the 

development presented in [102], [105], [106] (further details are presented in section 3.1.3 below); 
- closed-form expression of the CSCT for punching without and with shear reinforcement based on the 

development presented in [34], [86], [87], [88] with further improvements according to [49] (further details are 
presented in section 3.2.4 below); 

- strain-based approach adapted from [33],[ [37], [93] for a detailed assessment of the shear resistance of existing 
slabs (Annex for existing structures); 

- strain-based approach adapted from [37], [39], [117] for a detailed assessment of the punching shear resistance 
of existing slabs (Annex for existing structures); 

- provisions adapted from [71] to avoid progressive collapse of flat slab. 

3 RECENT DEVELOPMENTS OF THE CRITICAL SHEAR CRACK THEORY 

3.1 Shear in beams and slabs without shear reinforcement 

3.1.1 Recent experimental evidence 
The generalization of the use of Digital Image Correlation (DIC) to follow in detail the behavior of reinforced 

concrete members is allowing steps forward in the understanding of complex phenomena (e.g. [29], [119]). With respect 
to the shear response of beams and slabs without shear reinforcement, a number of relevant experimental evidence has 
been presented in recent years (see references [29], [101]–[103], [106] for further details): 
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▪ The DIC allows identifying and tracking quasi-continuously the development of the CSC, see Figure 6a. By 
dividing the actual CSC into a finite number of segments with its measured geometry and kinematics (Figure 
6b), the relative contribution of the different shear-transfer actions can be calculated with advanced constitutive 
laws (Figure 6c). Such procedure applied to different load levels, different specimens with varying boundary and 
loading conditions, as well as geometrical and mechanical properties, allowed concluding that the sum of all 
shear-transfer actions contributing to carry shear across the critical section corresponds fairly well with the 
experimentally acting shear load (during loading and at failure), see Figure 6d for an example. If such a procedure 
was already possible with conventional techniques [100], DIC allows to conduct the measurement just before 
and after reaching the maximum load. 

▪ The relative contribution of each shear-transfer action depends on the location and shape of the CSC. When the tip 
of the CSC is close to the load introduction, the contribution of the compression chord is higher than in the cases 
where the tip of the CSC is far from the load. In this latter case, shear is mainly carried by aggregate interlocking, 
residual tensile strength and dowel action. 

▪ DIC also allows to investigate in a systematic manner the geometry of the CSC. As identified long ago by various 
researchers [18], the CSC for shear in beams and slabs without shear reinforcement can be simplified by a bi-linear 
shape with a stepper branch on the tension side and a flatter one close to the compression side. 

▪ With respect to the kinematics of the CSC, the crack opening along the height of the CSC shows a linear profile if 
the crack opening of different secondary flexural crack (associated with bond) is summed in a tributary length. 
More details can be found in reference [102] which presents a summarized overview on recent findings [29], [101], 

[103], [106]. 

 
Figure 6. Application of DIC to investigate the cracking development and associated kinematics in specimen SC70 by 

Cavagnis et al. [101]: (a) crack pattern at Vmax; (b) measured crack lips displacements and compressive strains in the shear critical 
region at Vmax; (c) acting forces in the critical shear crack at Vmax; (d) evolution of relative contribution of each shear-transfer action 

during loading. Figure adapted from [102]. 

3.1.2 Refined formulation of the mechanical model 
Based on the principles of the CSCT (development of flexural shear cracks reducing the shear-carrying capacity), 

with an assumed bi-linear shape of the CSC (as already considered by [18], see Figure 7a-7b), the crack kinematics can 
be derived assuming the rotation between rigid bodies (Figure 7c-7e). Using advanced constitutive laws as described 
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by Cavagnis et al. [102], [108], all different shear transfer actions shown in Figure 7f can be calculated: aggregate 
interlocking Vagg, residual tensile strength after cracking Vtens, dowel action of the longitudinal reinforcement Vdow and 
shear carried by the compression zone Vcom. The sum of all these contributions provides the failure criterion (Figure 7g) 
and the shear resistance for a given cross-section can be calculated intersecting the load-deformation relationship from 
equilibrium and stress-strain relationship of the longitudinal reinforcement. 

The shear resistance of the member can be calculated for the different sections along the length of the beam 
(corresponding to different load-strain relationships and shapes of the CSC), eventually allowing to search for the 
section that yields the minimum resistance (governing section, see Figure 7h). 

 

Figure 7. Mechanical model based on the development of a critical shear crack according to [102], [108].  
Figure adapted from [102]. 

3.1.3 Closed-form expressions and Integration to codes of practice 

The refinement of the mechanical model by Cavagnis et al. [102], [108] presented above can be used to establish a 
generalized failure criterion which describes the normalized shear resistance as a function of the normalized crack 
width. The latter is represented by the ratio εs∙d/ddg (see Figure 7g), where εs is the strain of the tensile flexural 
reinforcement and ddg is the reference value of the crack roughness ddg = 16 mm + dg ≤ 40 mm, with dg being the 
maximum aggregate size (to be reduced for high strength concretes [120]; value of ddg with upper limit in accordance 
with [121]). Eventually, as a simplification for practical purposes (see Figure 8 and reference [102] for validation 
through a systematic parametric study), the analytical failure criterion (Vc) of Equation 1 can be assumed: 
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𝑉𝑉𝑐𝑐 = 0.015 ⋅ 𝑘𝑘𝑐𝑐 ⋅ 𝑘𝑘𝛽𝛽 ⋅ �
𝑑𝑑𝑑𝑑𝑑𝑑
𝜀𝜀𝑠𝑠⋅𝑑𝑑

�
1
2 ⋅ �𝑓𝑓𝑐𝑐 ⋅ 𝑏𝑏 ⋅ 𝑑𝑑 (1) 

where fc refers to the cylinder compressive concrete strength; b and d to the width and effective depth; kc and kβ account 
respectively for the location and shape of the CSC (see reference [102] for details). 

 
Figure 8. Failure criterion calculated with the refined formulation of the mechanical model of the CSCT obtained varying (a) ρ or 
(b) d and comparison with the analytical power-law failure criterion (values when not varied: d=0.55 m; fc=40 MPa; dg=16 mm). 

Figure adapted from [102]. 

Considering that the longitudinal reinforcement remains elastic, the load-deformation relationship can be easily 
derived from a sectional analysis with the bending moment VE∙acs: 

𝜀𝜀𝑠𝑠 = 𝑉𝑉𝐸𝐸⋅𝑎𝑎𝑐𝑐𝑠𝑠
𝑧𝑧⋅𝜌𝜌⋅𝑏𝑏⋅𝑑𝑑⋅𝐸𝐸𝑠𝑠

 (2) 

where VE is the acting shear load; acs is the moment-to-shear ratio at the control section; z is the lever arm; Es is the 
modulus of elasticity and ρ is the flexural reinforcement ratio. A closed-form equation can then be obtained for the 
shear resistance as follows (considering VE=Vc=VR) [102]: 

𝑉𝑉𝑅𝑅
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�
1
3 (3) 

Equation 3 can be further simplified to (considering a constant value for kc and a value for kβ as a function of acs, whose 
values depend on the adopted control section) [102]: 

𝑉𝑉𝑅𝑅
𝑏𝑏⋅𝑑𝑑

= 0.75 ⋅ �100 ⋅ 𝜌𝜌 ⋅ 𝑓𝑓𝑐𝑐
𝑑𝑑𝑑𝑑𝑑𝑑

�𝑑𝑑⋅𝑎𝑎𝑐𝑐𝑠𝑠
�
1
3
 (4) 

This expression is similar to the one in current Eurocode 2 – Concrete Structures [122] (which has completely 
empirical origin [8]), but accounts for the strain and size effect in a rational manner. In addition, it also acknowledges 
the influence of the type of concrete (by means of parameter ddg) and the moment-to-shear ratio acs on the shear 
resistance of members without shear reinforcement. As discussed above (see also references [102] and [123]), 
Equation 4 has been integrated in section 8 (Ultimate Limit States) of the second generation of Eurocode 2 – Concrete 
Structures [118], while the original format of the CSCT (intersection of load-deformation relationship and failure 
criterion [33], which is more general) has been integrated in Annex I dedicated to a more refined assessment of 
existing structures. 
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Since Equation 4 was analytically derived from a mechanical model, the required adaptions to deal with other effects 
can be easily derived on a rational manner. This is for instance the case of axial or prestressing forces, whose effects 
can be dealt with in a suitably and straight forward manner in the frame of the CSCT by considering them in the 
evaluation of the strain in the reinforcement as suggested in reference [105]. Equation 2 can thus be adapted to calculate 
the reinforcement strain accounting for the presence of axial or prestressing forces. For example, in the case of a 
centered axial force, Equation 2 becomes (see Figure 9a; see also [105], [123]): 

𝜀𝜀𝑠𝑠 =
𝑉𝑉⋅𝑎𝑎′+𝑁𝑁⋅�𝑧𝑧−�𝑑𝑑−ℎ2��
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3
��������

𝑎𝑎𝑐𝑐𝑠𝑠

 (5) 

An effective shear span acs considering the effect of a centered axial force which can be used directly in Equation 4 
can thus be established from an analytical (Equation 5) and a graphical manner (Figure 9) (approach valid for both 
compression and tension axial forces). As shown in Figure 9b, an effective shear span can also be calculated for the 
cases of prestressing. This approach shows that a case with an external compressive axial force acting on the 
compression side (Figure 9c) would not lead to an increase of the shear resistance, contradicting the provisions of 
current standards. 

 
Figure 9. Considering the effects of (a) centered axial forces, (b) prestressing forces and (c) eccentric normal forces on the 

calculation of the effective shear span. Figure adapted from [105]. 

3.2 Punching shear 

3.2.1 Recent experimental evidence and associated challenges 
Beyond the differences between one-way shear and punching shear from a theoretical point of view, there is also 

an important difference from an experimental point of view. The behavior of one-way slabs without shear 
reinforcement is typically investigated experimentally on beams with a rectangular cross section with a limited 
width [99]. This allows tracking and observing the development of cracking over the depth of the members during 
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loading in an almost instantaneous manner (e.g. [29], [119]). In punching shear tests, with the available measuring 
techniques today available, it is only possible to follow the development of cracking and strains in bottom and top 
surfaces and attempts to follow the development of crack inside the slabs in a detailed manner are at the 
beginning [84]. This lack of insight information makes it difficult to fully validate some of the assumptions of a 
mechanical model for punching. An additional level of uncertainty with respect to shear results therefore in the 
interpretation of the phenomena governing the failures. Notwithstanding, a number of interesting experimental 
evidence are reported in literature, allowing to ground the most relevant hypotheses of a mechanical model. For that 
purpose, some analogies with the experimental evidence resulting from the shear tests can also be used. This is what 
has been done by Simões et al. [85], who combined experimental observations with the main principles of the CSCT 
to develop a more refined mechanical model. 

3.2.2 Refined formulation of the mechanical model for punching 
As previously discussed, the CSCT for punching considers that the propagation of an inclined tangential flexural 

crack towards the compression zone governs the capacity to transfer shear forces from the slab to the 
column [32], [37], [39]. The location, shape and kinematics of this crack are therefore instrumental to calculate the 
punching shear resistance and the associated deformation capacity [85]. 

Simões et al. [85] presented a refinement of the mechanical model consisting of an advanced formulation to 
calculate the failure criterion. Such model is grounded on experimental evidence and theoretical considerations. 

The CSC is an inclined surface presenting two regions with distinct behaviors [34] (see Figure 10a): a localized 
cracking on the tension side and a smeared cracking on the compression side. On the localized cracking region, a crack 
is formed, and the transmission of forces occurs by aggregate interlocking [35], [58], [108] and residual tensile 
strength [124]. On the smeared cracking region, a shear band behavior is adopted (inspired on the work by Jensen [125], 
but adopting a strain-stress relationship for concrete [59] accounting for strain softening [3] and biaxial 
compression [126]), consisting on the consideration of a distributed cracking (eventually with coalescence at failure) 
over a given width (corresponding to the width of the band). The location of the CSC at the level of the flexural 
reinforcement (see the parameter r0 in Figure 10a-10b) is governed by the formation of the outermost tangential flexural 
cracks. Its kinematics is composed by the vector sum of a flexural (in blue in Figure 10c) and a shear deformation (in 
red in Figure 10c), as originally idealized in references [28], [32], considered in [58], [60] and supported from an 
experimental point-of-view by the work of Clément [60]). On the basis of the calculated displacements between the 
two crack lips, the shear-transfer forces developing along the CSC can be evaluated based on advanced constitutive 
laws (see Simões et al. [85] for their description). For a given rotation and the corresponding shear deformation at 
maximum load, the punching resistance is obtained by summing the contributions of the different shear-transfer actions 
(Figure 10d). References [85], [86] can be consulted for further details. 

The results of the refinement of the mechanical model of the CSCT [85] show a decreasing punching resistance with 
increasing rotation in accordance with previous failure criteria [32], [37], [39], which is explained by the reduction of the 
different shear-transfer contributions. Larger rotations mean wider cracks which [85]: (1) reduce the aggregate interlocking 
stresses in the localizing cracking region; (2) reduce the strength in the smeared cracking region and (3) are normally 
associated with yielding of radial flexural reinforcement, reducing or even disabling the contribution of dowel-action. 

The calculations [70], [85] which reproduce the behavior of tests on slab and footing specimens (databases 
from [34]) are plotted in Figure 11a in terms of normalized punching shear resistance as a function of a normalized 
rotation and in Figure 11b in terms of crack opening (at a height d/2 from the intrados) as a function of the normalized 
rotation. Figure 11a shows that: (1) the calculated values fall within a band which can be approximated by a single 
analytical function (the hyperbolic failure criterion of reference [39] represents a good approximation of such 
function) [85]; (2) while the simulation of slab specimens are distributed along a wide range of normalized rotations, 
the results for isolated footings show that these members fail for limited values of the normalized rotation; (3) even if 
the calculation for the isolated footings are within the ones observed for slender slabs, it seems possible to observe a 
trend of a more pronounced decrease of the punching resistance with the increase of the normalized rotation for isolated 
footings than for slender slabs (this could be justified by the rather small values of the column size-to-effective depth 
ratio occurring in footings, see also Figure 12a for parametric study on the influence of the column size). Figure 11b 
shows that: (1) a linear correlation between the crack opening and the multiplication of the rotation by the effective 
depth 𝑤𝑤𝑇𝑇 ∝ 𝜓𝜓 ⋅ 𝑑𝑑 as originally idealized in references [32], [37], [39] to determine the bending related crack opening 
is a fair approximation of the calculated behavior for medium to large flexural deformations; (2) for limited flexural 
deformations (low rotations), the shear deformation becomes the governing contribution to the crack opening; (3) the 
isolated footings are mainly in this regime; (4) these results are in-line with the adoption of power-law failure 
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criterion [34], [87] with an upper limit corresponding to the maximum achievable punching shear resistance (again, 
associated to a failure mechanism rather governed by the shear deformations [34]). 

 
Figure 10. Mechanical model of Simões et al. [85]: (a) main assumptions; (b) different regions of the slab;  

(c) kinematics; (d) geometry, displacements normal and parallel to the CSC, normal and shear stresses and integration of 
stresses along the CSC. Figure adapted from [85], [86]. 

 
Figure 11. Results of the refined mechanical model of the CSCT for punching [85]: (a) normalized punching resistance calculated for 
selected tests (databases from [34]) as a function of the calculated normalized rotation; (b) calculated normalized crack opening at d/2 

from the soffit of the slab as a function of the normalized rotation. Figure adapted from Simões et al. [85]. 

Another possible interesting application of the CSCT is the calculation of the shear deformation not only at failure, 
but also during loading. Such a deformation is for instance interesting to investigate (1) the activation of the shear 
reinforcement, and (2) the redistributions of the shear forces due to nonlinear shear deformation around non-axis-
symmetric supports like edge and corner columns or columns with unbalanced moments. 

According to the refined mechanical model presented by Simões et al. [85], the shear deformation associated to 
a given punching load can be calculated with the following iterative procedure: (1) assume a rotation ψ; (2) calculate 
the associated acting load based on the load-rotation relationship; (3) assume an initial shear deformation and 
increase it incrementally until the calculated shear force which can be activated across the CSC corresponds to the 
load of step (2). The results of such approach are for instance presented in Figure 13 for two slab specimens tested 
by Einpaul et al. [42] and Einpaul [127]: for the sake of comparison, the calculated vertical displacement at the root 
of the column (associated to the shear deformation) is compared against the maximum measured deviation from a 
conical shape deformation of the slab. The calculated and measured values are in excellent agreement, indicating 
that the refined mechanical model is not only capable of predicting the shear deformation at failure, but can also 
estimate the shear and flexural deformations for lower load levels. A parametric study relating the rotation-shear 
deformation-punching load during loading up to failure is shown in Figure 14. 



A. Muttoni and J. T. Simões 

Rev. IBRACON Estrut. Mater., vol. 16, no. 3, e16302, 2023 14/26 

 
Figure 12. Normalized punching resistance as a function of the normalized rotation calculated with the refined mechanical 

model [85] and comparison with simplified power-law failure criterion [34], [104] for different: (a) column size-to-effective 
depth ratios; (b) slenderness-to-effective depth ratios. Figure adapted from [86]. 

 
Figure 13. Comparison of the results of the refined mechanical model of the CSCT for punching [85] against experimental results 

(from [127]) in terms of shear and flexural deformations. 

 
Figure 14. Results of the refined mechanical model of the CSCT for punching [85]: relationship between load, rotation and shear 

deformation during loading and at failure. 
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3.2.3 Closed-form expressions and integration to codes of practice 
As discussed in Section 2, the strain-based version of the CSCT for punching shear has been integrated in codes of 

practice since 2003 (Swiss Code SIA 262:2003 [25], see [37], [39], [93]. From a practical point of view, the application 
of this theory to punching shear design or assessment has been normally performed calculating the resistance associated 
with the rotation calculated based on the applied design load (considering the appropriate partial safety factor and 
characteristics values). This methodology is simple to use for the design of new structures, as it consists on a simple 
comparison of a design resistance to a design load. An iterative procedure is nevertheless required to calculate the load 
where the design resistance equals the design load, thus corresponding to the punching resistance. 

In the scope of the review of the design expressions for the punching shear provisions in the new generation of the 
Eurocode for reinforced concrete structures [118], one of the objectives was to improve the ease-of-use. Considering 
that Eurocode 2 provides in its current version an expression for the calculation of the punching resistance that, although 
empirical (based on Zsutty's work for shear [8]), is closed-form and relatively easy to use, a reformulation of the CSCT 
expressions has been seen as suitable. It thus resulted in the need to develop analytical closed-form expression for the 
punching shear design in the framework of the CSCT. As the hyperbolic failure criterion does not allow for the 
analytical derivation of such expressions, it was necessary to approximate it with a function that could allow it. 
A power-law failure criterion was considered to be a justified choice as follows [34], [104]: 

𝑉𝑉𝑅𝑅,𝑐𝑐
𝑏𝑏0.5⋅𝑑𝑑𝑣𝑣⋅�𝑓𝑓𝑐𝑐
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�
2
3 ≤ 𝑘𝑘𝐹𝐹 (6) 

where dv is the shear-resisting effective depth, b0.5 is the length of the control perimeter at a distance 0.5dv for the column 
face (see subsection 3.2.5 below) and kF is the upper limit of the failure criterion (maximum achievable punching shear 
resistance for small rotations; a value between 0.45 and 0.65 can be considered [34]) being associated to a failure mostly 
governed by shear deformations (refer to Figure 11b; see [34] for further discussion on this topic). Figure 12 shows a 
comparison between a parametric study performed with the refined mechanical model of the CSCT [85] and the power-
law failure criterion of Equation 6. These results, as others previously presented [34], [85], [86], show that the 
consideration of an analytical power-law failure criterion is a reasonable compromise between the results of the refined 
mechanical model and the simplicity required for the derivation of a closed-form solution for the punching resistance of 
reinforced concrete members to be implemented in a standard. 

The load-rotation relationship according to [39], [117] was already a power-law and has been slightly adapted with 
respect to the influence of ap to better approximate the results of the refined mechanical model: 
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where 𝑎𝑎𝑝𝑝𝑑𝑑 = �𝑎𝑎𝑝𝑝 ⋅
𝑑𝑑
8
 , where ap refers to the distance between the center of the support area and the point of 

contraflexure. 
Based on Equations 6-7, simple expressions for punching shear design can be analytically derived (as already shown 

in references [34], [87], [88], [128]). For the sake of simplicity, the derivation will be quickly revisited below 
considering the case of interior columns, without unbalanced moment and without any column penetration (dv=d 
considered in the following, i.e. an equal flexural and shear-resisting effective depth). 

Introducing Equation 7 into the failure criterion of Equation 6 and solving for V=VRc, the punching shear resistance 
can be calculated in a closed-form format as follows [87]: 
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Equation 8 allows calculating the punching resistance without any iteration as a function of the different parameters which 
can be calculated on a mechanical basis (concrete type, reinforcement properties, column size, slab flexural resistance of the 
slab and slab slenderness). Equation 8 can further be simplified obtaining a direct function of only geometrical and mechanical 
parameters. For that purpose, it can be assumed that Vflex=a∙mR, mR≈0.75d2(ρfy)0.9fc0.1 [34], [87], Es=200 000 MPa (applicable 
only for steel reinforcement), kF=0.5 and km=1.2 thus eventually yielding the following expression (simplifying exponents 
with minor influences, refer to [34] for further details on these simplifications): 
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where the parameter 𝑘𝑘𝑝𝑝𝑏𝑏 = � 8
(1.2)2 

⋅ 𝑎𝑎 ⋅ 𝑑𝑑
𝑏𝑏0.5

 (for the adopted assumptions, i.e. case without any concentration of shear 

forces along the control perimeter and dv=d). Equation 9 presents a similar format as in current Eurocode 2 [118], but 
differs by: (a) considering a control perimeter located closer to the supporting area (see discussion in section 3.2.5 for 
further details); (b) considering the concrete type (by means of the factor ddg); (c) including strain and size effects [67] 
by means of the factor (ddg/apd)1/3. 

In addition to the punching shear resistance, the rotation at failure (ψRc as represented in Figure 15a) can also be 
calculated in a closed-form format by introducing Equation 8 into Equation 7 as follows: 
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Equation 10 can be further simplified following the same considerations adopted to simplify Equation 8 to Equation 9 
(considering steel reinforcement, rounding exponents and canceling parameter with minor influence), eventually yielding: 
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where C1 and C2 are constants cumulating the multiplication of other constants or parameters with minor impact 
(parameter with exponents smaller than 0.35 are canceled). It is important to note that the left and right sides of the 
inequalities (Equations 10-11) refer respectively to the situation where the load-rotation relationship intersects the 
failure criterion in the power-law descending branch and the upper limit of the failure criterion (plateau). 

For members with shear reinforcement, failure can occur by (1) crushing of the inclined concrete struts (maximum 
punching resistance); (2) within the shear-reinforcement zone; and (3) outside the shear-reinforced zone [44]. Other failure 
modes are also possible if current widely accepted detailing rules related to anchorage and spacing of the shear reinforcement 
are not respected. Within the framework of the CSCT, the punching resistance related to crushing of the concrete struts is 
normally determined by multiplying the failure criterion by an enhancement factor which depends on the type and detailing 
rules of the shear reinforcement [44], [49]. The punching resistance outside the shear-reinforce zone is calculated considering 
the corresponding control section and a reduced effective depth (function of the type of shear reinforcement) [44]. 

The derivation of closed-form expressions for the cases of failures due to crushing of concrete struts or outside the 
shear-reinforced region can be performed in a similar manner as shown above for the case of members without shear 
reinforcement (see [128] for further details). For failures within the shear reinforced region, the calculation of the 
punching resistance can be simplified as described in the following. According to reference [44], and as introduced in 
fib Model Code 2010 [116], the punching resistance in this case (VR,cs) can be calculated considering the sum of the 
concrete and shear reinforcement contributions as follows (again, for an axisymmetric case, i.e. without concentration 
of shear forces along the control perimeter) [44]: 

𝑉𝑉𝑅𝑅,𝑐𝑐𝑠𝑠 = 𝑉𝑉𝑅𝑅,𝑐𝑐,𝐸𝐸 + 𝑉𝑉𝑅𝑅,𝑠𝑠,𝐸𝐸 ≥ 𝐴𝐴𝑠𝑠𝑠𝑠 ⋅ 𝑓𝑓𝑦𝑦𝑠𝑠 (12) 

where VR,c,E and VR,s,E refer respectively to the concrete and shear reinforcement contributions at failure, which are a 
function of the state of deformations (described by the slab rotation ψE associated to the acting punching load VE). 

A relationship between the rotation ψE associated to the acting punching load VE and the rotation at failure of the 
slab without shear reinforcement (associated to the punching resistance VRc) can be established based on the load-
rotation relationship of Equation 7 as follows: 
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The concrete contribution associated to the slab rotation ψE can be obtained in a simplified manner using the 
relationship of Equation 13 together with the failure criterion of Equation 6 as (neglecting in addition the upper-limit 
of the failure criterion): 

𝑉𝑉𝑅𝑅,𝑐𝑐,𝐸𝐸 = 𝑉𝑉𝑅𝑅,𝑐𝑐 �
𝜓𝜓𝑅𝑅,𝑐𝑐
𝜓𝜓𝐸𝐸
�
2
3 = 𝑉𝑉𝑅𝑅,𝑐𝑐 ⋅

𝑉𝑉𝑅𝑅,𝑐𝑐
𝑉𝑉𝐸𝐸

= 𝑉𝑉𝑅𝑅,𝑐𝑐 ⋅ 𝜂𝜂𝑐𝑐 (14) 

where ηc = VR,c/VE ≤ 1 is the analytically derived reduction factor that accounts for the decrease of the concrete 
contribution with the increased acting shear force allowed by the use of shear reinforcement. 

With respect to the shear reinforcement contribution, it can be calculated (again, for an axisymmetric case, i.e. 
without concentration of shear forces along the control perimeter) multiplying the stress in the shear reinforcement (σsw) 
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by the total area of shear reinforcement that can be activated (ΣAsw; located between 0.35d and d from the column face 
according to [116]): 

𝑉𝑉𝑅𝑅,𝑠𝑠 = ∑𝐴𝐴𝑠𝑠𝑠𝑠 ⋅ 𝜎𝜎𝑠𝑠𝑠𝑠 (15) 

The activable stress in the shear reinforcement in Equation 15 can be estimated based on the following expression 
(see [44] for further details on its derivation; second term of the left side of the inequality referring to the increase in 
the shear reinforcement stress due to bond; see Figure 15b for graphical representation): 

𝜎𝜎𝑠𝑠𝑠𝑠 = 𝐸𝐸𝑠𝑠𝑠𝑠
6
⋅ 𝜓𝜓 + 𝜏𝜏𝑏𝑏 ⋅

𝑑𝑑
𝜙𝜙𝑠𝑠

≤ 𝑓𝑓𝑦𝑦𝑠𝑠 (16) 

where Esw is the modulus of elasticity, τb is the average bond stress and ϕw is the diameter of the shear reinforcement 
bars. It should be noted that Equation 16 was derived in 2009 [44] neglecting the contribution of shear deformations to 
the crack opening (see line in Figure 11b), and thus to the shear reinforcement activation. This Equation provides 
nevertheless reasonable results when compared to the experimental tests. 

Considering the relationship of Equation 13 and that ηc=VR,c/VE, the rotation ψE associated to the acting shear force can 
be written as a function of the rotation at failure of a member without shear reinforcement and the acting shear force as: 

𝜓𝜓𝐸𝐸 = 𝜓𝜓𝑅𝑅,𝑐𝑐 �
1
𝜂𝜂𝑐𝑐
�
3/2

 (17) 

The shear reinforcement stress at failure can be calculated introducing ψE according to Equation 17 in Equation 16: 

𝜎𝜎𝑠𝑠𝑠𝑠 = 𝐸𝐸𝑠𝑠𝑠𝑠
6
𝜓𝜓𝑅𝑅,𝑐𝑐 �

1
𝜂𝜂𝑐𝑐
�
3/2

+ 𝜏𝜏𝑏𝑏 ⋅
𝑑𝑑
𝜙𝜙𝑠𝑠

≤ 𝑓𝑓𝑦𝑦𝑠𝑠 (18) 

Equation 18 can eventually be simplified (to be a direct function of geometrical and mechanical parameters) 
introducing ψR,c according to Equation 11 (considering in addition that the intersection with the power-law function is 
governing, i.e., the rotation is given by the left side of the inequality) as: 

𝜎𝜎𝑠𝑠𝑠𝑠 = 𝐸𝐸𝑠𝑠𝑠𝑠
6

 𝐶𝐶1 �
𝑎𝑎𝑝𝑝
𝑑𝑑
�
1/4

 (𝑓𝑓𝑐𝑐)1/3 �1
𝜌𝜌
�
2/3 

� 1
𝑘𝑘𝑝𝑝𝑝𝑝⋅𝜂𝜂𝑐𝑐

�
3/2

�𝑑𝑑𝑑𝑑𝑑𝑑
𝑑𝑑
�
1/2

+ 𝜏𝜏𝑏𝑏 ⋅
𝑑𝑑
𝜙𝜙𝑠𝑠

≤ 𝑓𝑓𝑦𝑦𝑠𝑠 (19) 

From a practical point-of-view, the parameters (ap/d and fc) with the least influence on the shear reinforcement stress 
can be cancelled considering realistic, yet unfavorable values. The influence of the flexural reinforcement ratio can also 
be cancelled based on the assumption that a rather large value of this parameter is normally used in the case of members 
with shear reinforcement (to avoid the flexural resistance to be the governing criterion). With such reasonings, Equation 
19 can eventually be simplified as follows for slabs with steel shear reinforcement (constant value of Esw): 

𝜎𝜎𝑠𝑠𝑠𝑠 = 𝐶𝐶3 �
1

𝑘𝑘𝑝𝑝𝑝𝑝⋅𝜂𝜂𝑐𝑐
�
3/2

�𝑑𝑑𝑑𝑑𝑑𝑑
𝑑𝑑
�
1/2

+ 𝜏𝜏𝑏𝑏 ⋅
𝑑𝑑
𝜙𝜙𝑠𝑠

≤ 𝑓𝑓𝑦𝑦𝑠𝑠 (20) 

where C3 is a constant absorbing the multiplication of other constant value as well as the constants resulting from the 
cancelling of the previously mentioned parameters. 

Using Equations 14 and 20, Equation 12 can be rewritten in a simpler format as: 

𝑉𝑉𝑅𝑅,𝑐𝑐𝑠𝑠 = 𝜂𝜂𝑐𝑐 ⋅ 𝑉𝑉𝑅𝑅,𝑐𝑐 + 𝜂𝜂𝑠𝑠 ⋅ 𝜌𝜌𝑠𝑠𝑠𝑠 ⋅ 𝑏𝑏0.5 ⋅ 𝑑𝑑 ⋅ 𝑓𝑓𝑦𝑦𝑠𝑠 ≥ 𝜌𝜌𝑠𝑠𝑠𝑠 ⋅ 𝑏𝑏0.5 ⋅ 𝑑𝑑 ⋅ 𝑓𝑓𝑦𝑦𝑠𝑠 (21) 

where 𝜂𝜂𝑠𝑠 is a factor accounting (1) for the activation of the shear reinforcement and (2) for the fact that a total area of shear 
reinforcement (ΣAsw) smaller than ρsw∙b0.5∙d based on the principle of fib Model Code 2010 (where the only the units of 
shear reinforcement between 0.35d and d from the face of the supporting area can be activated; this consideration is slightly 
relaxed for the lower limit of Equation 21 [128]). This factor is calculated according to Equation 22: 

𝜂𝜂𝑠𝑠 = 𝜎𝜎𝑠𝑠𝑠𝑠
𝑓𝑓𝑦𝑦𝑠𝑠

⋅ ∑𝐴𝐴𝑠𝑠𝑠𝑠
𝜌𝜌𝑠𝑠𝑠𝑠⋅𝑏𝑏0.5⋅𝑑𝑑

≤ ∑𝐴𝐴𝑠𝑠𝑠𝑠
𝜌𝜌𝑠𝑠𝑠𝑠⋅𝑏𝑏0.5⋅𝑑𝑑

 (22) 

which yields an equation of the following type: 

𝜂𝜂𝑠𝑠 = 𝐶𝐶3
𝑓𝑓𝑦𝑦𝑠𝑠
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�
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�
1/2
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𝐶𝐶5⋅𝐶𝐶6
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≤ ∑𝐴𝐴𝑠𝑠𝑠𝑠
𝜌𝜌𝑠𝑠𝑠𝑠⋅𝑏𝑏0.5⋅𝑑𝑑�����

𝐶𝐶6

 (23) 

where the values of C4 to C6 can be assumed to be constant without a significant loss of generality. 
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Figure 15. Graphical representation of the analytical derivation of simplified punching shear design formulae for  

FprEN 1992-1-1:2023 [118] based on the CSCT: (a) closed-form for members without shear reinforcement; (b) activation of shear 
reinforcement; (c) members with shear reinforcement. 

Equations 9 and 21 (together with Equations 14 and 23), formulated in an appropriate safety format [129], are the basis 
for the punching shear design of the next generation of the European Standards for Concrete Structures [118]. They are 
derived from the mechanical model, which allows to understand the limitations that result from the process of simplification 
to enhance their easiness of use. Figure 16 presents for instance the principles of the application of these equations to different 
control sections, having as objective to reduce the required area of shear reinforcement in the outer perimeters. 

The derivation of design expressions from advanced physically sound models ensures also the possibility to have 
simple design expressions which are consistent with higher Levels-of-Approximation [130]. This is for instance the 
case of Annex I of FprEN 1992-1-1:2023 [118], dedicated to a refined assessment of critical existing structures, where 
the application of the original rotation-based formulation of the CSCT for punching (identical to the one included in 
the fib Model Code 2010 [116]) is allowed. 

 
Figure 16. Investigation of the required amount of shear reinforcement by varying the location of the control section as allowed in 

FprEN 1992-1-1:2023 [118]. 

3.2.4 Considerations on the control perimeter and the actual level of the support area 
Different control perimeters to verify a flat slab for punching have been adopted in standards (see Figure 17a): 

▪ located at a distance d/2 from the support area as adopted by several standards (see for instance the ACI 318 [131] and 
the CEB-FIP Model Code 1978 [132]); 

▪ located at a larger distance from the support area (2d according to CEB-FIP Model Code 1990 [115] and EN 1992-
1-1:2004 [122]). 
The choice of a larger distance (2d) was intended to allow for an assessment of the resistance independently from the 

column size, but presents several drawbacks (does not represent the reality; is valid only for flat slabs without shear 
reinforcement and requires to be adapted for slabs with shear reinforcement and for foundations; leads to unsafe predictions 
for small columns requiring an additional verification nearer to the column) [128]. 

For the CSCT, since it is a mechanical model, the distance d/2, which reproduces more accurately the actual failure 
mechanism, has been adopted. A theoretical investigation has shown that this choice provides reasonable results for all 
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combinations of column sizes, slab depths and soil reactions in case of foundations. Since for larger columns, the length 
of the control perimeter increases, also the total punching shear resistance increases. This has a as consequence an increase 
of the flexural deformation ψ at failure, and thus, a decrease of the punching shear stress resistance (decreasing slope of 
the failure criteria, see Figures 11a and 12). This effect is explicitly accounted for in the rotation-based approach of the 
CSCT (and in the fib Model Code 2010 [116], since the rotation ψ at failure is explicitly considered), whereas in the 
analytical derivation of the closed-form approach implemented in the second generation of Eurocode 2 FprEN 1992-1-
1:2023 [118], the same effect is accounted for with the coefficient kpb in Equation 9. Interestingly, the choice of a control 
perimeter located at 2d from the column face according to EN 1992-1-1:2004 [122] provides similar results as shown in 
Figure 17b for circular columns. The same effect is accounted for also in ACI 318 [131], where for large columns, a 
strength reduction is considered based on empirical observations [133]. 

For large square and rectangular columns, an additional detrimental effect needs to be considered. In these cases, the slab 
tends to lean on the column corners and even to lift from the intermediate parts [57]. Due to the brittleness of the failure mode, 
only a limited redistribution of the internal forces can take place and punching can occur before significant slab shear forces 
can be activated at the intermediate parts. For these reasons, the length of straight segment of the control perimeter according 
to fib Model Code 2010 [116] and FprEN 1992-1-1:2023 [118] is limited to 3d (1.5d at both sides of the corners, see Figure 
18a). This reduction of the length of the control perimeter (see Figure 17d) has a consequence on the punching shear resistance 
(see Figure 17c), although the effect is mitigated by the nonlinearity of the relationship between length of the control perimeter 
and punching shear resistance (see for instance coefficient kpb in Equation 9). 

The phenomenon of the shear force concentrations can be observed also at wall corners and wall ends. In these cases, 
the punching shear verification should be conducted for the force carried by the end and corner zones with the related 
control perimeters (Figure 18b-18c). 

In some cases, the construction joint between column and slab is higher than the slab intrados (Figure 18d). Since the 
casted faces of the columns are usually too smooth to carry shear stresses between the column and the slab, it is reasonable 
to assume that the shear force in the slab must be transferred to the column at the level of the construction joint. For this 
reason, the punching shear verification should be conducted on the basis of the shear carrying effective depth dv defined 
in Figure 18d instead of d [118], [25], [116]. 

 
Figure 17. Considerations on the control perimeter: (a) location according to different codes of practice [122], [118], [116], [131]; 
influence of the column size-to-effective depth ratio on the punching resistance for (b) round and (c) square columns (accounting 

for stresses concentrations); (d) reduction of control perimeter in square stiff support areas due to stresses concentrations 
considered in [116] and [118]. 
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Figure 18. Definition of control perimeter according to [118]: (a) large stiff square support area; (b) corner of wall; (c) wall end; 

(d) interior column with column penetration. 

3.2.5 Models with different levels of refinement and Levels of Approximation Approach 
As shown along this document, different levels of refinement can be used in the framework of the CSCT. These 

different approaches are schematically presented in Figure 19, together with the indication of the cases for which the 
use of each of them is more interesting (see also [86] for a wider discussion on this topic). 

 
Figure 19. Overview of the framework of the mechanical model of the CSCT for punching. 



A. Muttoni and J. T. Simões 

Rev. IBRACON Estrut. Mater., vol. 16, no. 3, e16302, 2023 21/26 

4 CONCLUSIONS 
This document presents a general overview of the Critical Shear Crack Theory for shear in one-way slabs without 

shear reinforcement and punching of slabs without and with shear reinforcement: 
• The first ideas of this theory date back to 1985. Since then, the theory has strongly evolved, notably in the last 20 

years. A large number of researchers from a wide range of countries from all over the world have participated in its 
development and validation and different research groups worldwide are using it for research purposes and to 
develop practical applications. 

• The theory is nowadays well-established and offers the theoretical grounds for the Swiss Code for Concrete Structures 
since 2003, fib Model Code 2010 and the second generation the European standard for Concrete Structures. 

• Since it is a mechanical model, it is possible to integrate it in codes via an approach based on the Levels-of-
Approximation. It thus allows using closed-form expressions for simple cases, while remaining in a consistent 
framework which allows applying more advanced approaches for the assessment of critical existing structures and 
to design strengthening solutions. 

• The work performed in the last years allowed the development of refined formulations for both shear and punching 
which can be continuously improved to incorporate new experimental evidence, new materials and new 
developments of construction techniques. The analytical expressions can also be easily adapted to cover new 
practical cases. 
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Abstract: Shear strength in reinforced concrete (RC) beams, especially in steel fiber reinforced concrete 
(SFRC) beams is a subject of great interest in structural engineering. In the case of beams without transverse 
reinforcement, the failure is explained based on a predefined crack pattern and kinematics, and the transfer of 
shear force accomplished through different mechanisms. Among these mechanisms, the aggregate interlock 
is present in most of the existing shear strength mechanical models in the literature, with divergences regarding 
its performance and preponderance. Thus, this paper focuses on evaluating the contribution of aggregate 
interlock throughout the critical crack formation process up to the ultimate load by performing bending tests 
on small-scale rectangular RC and SFRC beams without considering the effect of transverse reinforcement. 
The Digital Image Correlation (DIC) technique is used to track the patterns of shear cracks and their associated 
kinematics by measuring the relative displacements of opening (w) and sliding (δ). A detailed description of 
the shear behavior of these beams is provided by quantifying the aggregate interlock using the simplified 
Walraven model. The results help to understand the level of contribution of the aggregate interlock, and the 
main differences between structural elements of concrete with and without steel fibers in the scope of the 
shear strength. 

Keywords: steel fiber reinforced concrete, aggregate interlock, shear. 

Resumo: A resistência à força cortante em vigas de concreto armado (CA), especialmente em vigas de concreto 
reforçado com fibras de aço (CRFA), é um assunto de grande interesse na engenharia estrutural. No caso de vigas sem 
armadura transversal, a falha é explicada com base em um padrão de fissura pré-definido e sua cinemática, e a 
transferência da força cortante é feita por diferentes mecanismos. Dentre esses mecanismos, o engrenamento dos 
agregados está presente na maioria dos modelos existentes na literatura, havendo divergências quanto ao seu desempenho 
e preponderância. Assim, este trabalho se concentra em avaliar a contribuição do engrenamento dos agregados ao longo 
do processo de formação das fissuras críticas até a carga última, realizando ensaios de flexão em vigas retangulares de 
CA e CRFA de pequena escala sem levar em consideração o efeito da armadura transversal. A técnica de Correlação de 
Imagem Digital (CID) é usada para rastrear os padrões de fissuras de cisalhamento e suas cinemáticas associadas, 
medindo os deslocamentos relativos de abertura (w) e deslizamento (δ). Uma descrição detalhada do comportamento à 
força cortante dessas vigas é fornecida pela quantificação do engrenamento dos agregados, usando o modelo simplificado 
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de Walraven. Os resultados ajudam a entender o nível de contribuição do engrenamento dos agregados e as principais 
diferenças entre elementos estruturais de concreto com e sem fibras de aço no âmbito da força cortante 

Palavras-chave: concreto reforçado com fibras de aço, engrenamento dos agregados, cisalhamento. 
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1 INTRODUCTION 
The shear strength of reinforced concrete (RC) elements without transverse reinforcement may be resisted by 

different shear transfer actions that depend directly on the cracking pattern and its kinematics at the failure load [1]. 
During the shear failure process in beams without major arching effects, the shear transfer mechanisms that act are the 
residual stress; the dowel action; the height of the compressed zone; and the aggregate interlock [2]. 

Studies conducted by [3] and [4] have shown that the direct shear transfer capacity of cracked concrete in steel fiber 
reinforced concrete (SFRC) beams is significant with the use of fibers. However, there is currently no consensus among 
researchers regarding the development of critical cracks and activation of failure mechanisms during the process of 
crack formation leading up to the failure load for both traditional RC and SFRC [4], [5]. 

The aggregate interlock is one of the most controversial and debated shear transfer actions. Yang et al. [6] proposed 
a model where the aggregate interlock is the primary shear failure mechanism in conventional RC beams without 
transverse reinforcement. Other authors [7]–[11] have also suggested that the aggregate interlock plays a significant 
role in shear transfer. These authors have demonstrated that the mechanism represents a high percentage of shear in the 
failure process of RC elements, although its contribution may be variable. 

In recent years, there have been differences among authors regarding the influence of aggregate interlock on the 
shear strength of SFRC. For example, in [4] and [12], the authors consider that aggregate interlock has an insignificant 
contribution to the shear strength. However, in [13] and [14] the authors state that the aggregate interlock is one of the 
most preponderant mechanisms in the failure of SFRC elements. The authors of [15] and [16] proposed a model that 
combines the aggregate interlock and pullout equations of steel fibers, claiming that it represents SFRC elements 
mechanically. Additionally, [17] demonstrates the influence of adding steel fibers to some aggregate interlock models. 

This paper aims to evaluate the contribution of aggregate interlock in the process of critical crack formation up to 
failure load in both traditional RC and RC-SFRC beams. Flexural tests were conducted on small-scale rectangular 
beams without stirrups. Digital Image Correlation (DIC) technique was used to track critical shear cracking patterns 
and their associated kinematics throughout the experiment. Geometric characteristics, such as the shape and origin of 
the cracks, were identified [8]. The simplified Walraven’s model [18] was employed to describe the behavior of 
aggregate interlock during the experimental test. The study provides a detailed understanding of the contribution of 
steel fibers in the behavior and mechanisms of shear transfer in SFRC structural elements. 

2 SHEAR TRANSFER ACTIONS ON CONCRETE ELEMENTS 
ACI-ASCE Committee 426 [19] identifies several mechanisms that may transmit internal forces between cracked 

sections in RC structures subjected to shear stresses. Figure 1 illustrates the main shear transfer actions: the vertical 
components of the residual stress (VR); the uncracked compression zone (VC); the aggregate interlock (Vagg); the dowel 
action (VD); and, in the case of SFRC, the contribution of the steel fibers (VF). Additionally, Figure 1 shows the arch 
action (VARC), which is related to the theoretical strut of the beam [20]. 

 
Figure 1. Shear transfer mechanisms in an SFRC beam 



L. C. Debella, L. A. Montoya-Coronado, T. L. Resende, and R. Pieralisi 

Rev. IBRACON Estrut. Mater., vol. 16, no. 3, e16303, 2023 3/16 

In SFRC beams, fibers provide additional tensile capacity along the crack [4], [13], [16]. In the compression zone 
of the cross-section, uncracked concrete provides shear strength. The residual stress capability comes from the 
aggregates, which allow the stress to be carried across the crack when the crack width opening (w) is small and there is 
no sliding (δ). The dowel action is the result of the interaction between the longitudinal rebars and the concrete that 
surrounds them, generating a sliding displacement (δ) in the fractured plane of the concrete [17]. The arch action of the 
theoretical strut assumes that no load is transferred through the cracks, and an inclined tension tie balances that shear 
forces. When the tensile strength of the concrete is reached in the tie, the bending crack propagates and the contribution 
of the strut is reduced [8], [9]. 

The aggregate interlock is a result of the contact forces between the aggregates that cross the critical shear crack, 
allowing the development of shear stresses due to the roughness of the cracked concrete [21]. In the case of the addition 
of steel fibers, the stress transfer bridge they provide may result in higher values of crack opening (w) and sliding (δ) 
compared to conventional concrete. This fact may lead to the overestimation of the level of contribution of aggregate 
interlock [15]–[17]. 

Walraven [18] proposed a theoretical model for the aggregate interlock shear transfer mechanism. The author 
approached the physical context of the aggregate interlock, which allowed for the relationship between the opening (w) 
and sliding (δ) between the cracked surfaces to the normal (σ) and tangential (τ) stresses transferred along critical cracks. 
The two-phase model (TPM) is mathematically complex, and its formulation makes it difficult to solve without numerical 
procedures. Therefore, Reinhardt and Walraven [22] proposed a simplified solution with linear equations as follows: 

𝜎𝜎 = −𝑓𝑓𝑐𝑐𝑐𝑐
20

+ [1.35𝑤𝑤−0.63 + (0.19𝑤𝑤−0.552 − 0.15)𝑓𝑓𝑐𝑐𝑐𝑐]δ (1) 

𝜏𝜏 = −𝑓𝑓𝑐𝑐𝑐𝑐
30

+ [1.8𝑤𝑤−0.8 + (0.234𝑤𝑤−0.707 − 0.12)𝑓𝑓𝑐𝑐𝑐𝑐]δ (2) 

where fcu is the average compressive strength of cubic specimens (MPa), w is the crack width (mm) and δ is the crack 
sliding (mm). 

The linear model equations were obtained by adapting the original model. This simplified model is limited by a 
maximum aggregate diameter (Dmax) less than 32 mm and a compressive strength (fcu) less than or equal to 59 MPa, both 
of which are met in the present study. In general, the original TPM model produces more stable results [15]–[17], [22] 
compared to the linear model, although the values are similar. Figure 2 shows the comparison between the two models, 
reiterating that, despite being more stable, the original TPM provides values close to the linear TPM. It should be noted 
that the work of Montoya-Coronado et al. [23] demonstrates that for low longitudinal reinforcement ratios (less than 
ρ = 0.92), the Walraven model overestimate the contribution of Vagg. This aspect was considered in this experimental 
campaign to ensure the accuracy of the results. 

 
Figure 2. Sliding and opening obtained with the linear simplify TPM and the original TPM 

3 CRITICAL SHEAR CRACKS KINEMATICS 
Cavagnis et al. [8] employed Digital Image Correlation (DIC) to evaluate the shear transfer mechanisms in 

traditional RC beams without transverse reinforcement. The authors observed that the failure of the structural 
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components is closely related to kinematics of cracks, such as the appearance and propagation of critical cracks. 
Furthermore, Cavagnis et al. [8] noted that critical shear failure may be governed by different mechanisms for 
beams with similar characteristics, such as concrete dosage and beam geometry. These observations confirmed 
the conflicting ideas about the existing shear models, particularly the influence of the aggregate interlock 
contribution on shear strength. This mechanism is more affected by cracks kinematics than any other material 
characteristic or specificity [8]. 

Figure 3 illustrates the types of cracks that may appear during shear failure in RC beams under flexure test conditions [8], 
which can be categorized as follows: 

 
Figure 3. Types of cracks: (a) primary and secondary bending cracks; and (b) cracks caused by shear transfer actions. Source: 

Cavagnis et al. [8] 

• Type A (Figure 2a): primary flexural cracks. These cracks arise from bending moments and typically one of them 
becomes the critical crack as the load increases. 

• Type B (Figure 2a): secondary flexural cracks. These cracks occur between two primary flexural cracks or near the 
beam supports. 

• Type C (Figure 2a): secondary or primary flexural cracks that merge with another primary flexural crack. 
• Type D (Figure 2b): dowel cracks that develop at the same level of the flexural reinforcement. They typically join 

an inclined crack from the surface of the specimen to a primary flexural crack (type A) and often originate at low 
load levels. 

• Type E (2-b): aggregate interlock induced cracks. These cracks form on either side of an existing crack and usually 
stem from primary or secondary bending cracks that transfer shear by aggregate interlock. 

• Type F (Figure 2b): Propagation of a primary flexural crack within the compression zone. This occurs with a flat 
crack originating from a primary flexural crack, and usually happens at load levels near to failure. 

• Type G (Figure 2b): Development of a crack within the compression zone not originating from a primary flexural 
crack. These cracks develop perpendicularly to the beam edge (G') due to the local bending of the compression 
chord, or at plane angles near to the load introduction region (G”) due to the large shear forces in the compression 
zone and /or crushing of the compression chord. 

4 EXPERIMENTAL PROGRAM 

4.1 Specimens 
Nine rectangular (10 x 20 cm) beams were produced, each with a length of 100 cm, resulting in an effective span 

of 90 cm. The beams were reinforced with rebars and steel fibers, except for three control beams that were only 
reinforced with rebars. The conventional reinforcement consisted of 2 bars with a diameter of 12.5 mm at the bottom 
(ρ = 1.25%) and 2 bars with a diameter of 8.0 mm at the top (ρ = 0.5%) of the section, all 4 arranged longitudinally. 
Additionally, 5.0 mm diameter stirrups were used every 60 mm in the transversal direction in the unmonitored half of 
the beam to ensure shear failure at other side of the beam (see Figure 4). The nominal concrete cover for the longitudinal 
and transversal reinforcement was 15 mm. 
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Figure 4. Conventional reinforcement of the beams (units in mm). 

4.2 Materials and concrete compositions 
A conventional concrete composition (C0) was prepared as a control for the RC beams, along with two SFRC 

compositions that varied in fiber content. Slightly adjustments were made to the proportion of material and super-
plasticizer content to maintain consistency (slump of 100±10) in the fresh state mixes. The experimental program 
employed Cement type CPII F, natural sand, and basaltic coarse aggregate, with maximum diameter (Dmax) of 12.7mm. 
The water-to-cement (w/c) was kept constant to ensure similar compressive strength. Hooked-end steel fiber contents 
of 0.5% (C0.5) and 1.0% (C1.0) in volume (40 kg/m3 and 80 kg/m3, respectively) were tested, and the primary fiber 
characteristics are shown in Table 1. In addition, super-plasticizer of type Muraplast FK 25 from MC-Bauchemie was 
used to reduce variations in the fresh-state properties of the concrete during the casting process. Table 2 summarizes 
the compositions used, along with the reference name assigned to each mix. 

Table 1. Steel fiber characteristics 

Dramix ® 3D 45/30 BL 
Length lf (mm) 30 

Diameter df (mm) 0.62 
Aspect ratio (lf/df) 45 

Tensile strength fy (MPa) 1100 
Nominal Young's modulus (GPa) 210 

Nominal unit weight (g/cm3) 7.85 

Table 2. Characteristics of the concrete 

Material C0 C0.5 C1.0 
Cement (kg/m3) 468 468 468 

Sand (kg/m3) 684.9 684.9 684.9 
Coarse aggregate (kg/m3) 1013.9 1007.3 1000.6 

w/c 0.45 0.45 0.45 
Superplasticizer (kg/m3) 0 1.04 1.08 

Fiber volume (%) 0 0.5 1 

The beams were cast by pouring concrete in accordance with EN 14651 [24], with the central increment being twice 
the lateral increments. Additionally, also following EN 14651 [24], the molds were filled up to 90% of the volume, and 
the remaining 10% were filled during vibration. The molds, filled with concrete, were vibrated externally to ensure 
uniform distribution. The beams were removed from the molds within 24 hours of casting, cured under a plastic sheet 
for 28 days, and then kept under laboratory conditions until the testing date. Prior to conducting the tests, the side face 
of the beam dimensioned to fail by shear was painted with a set of randomly spaced points (speckles) with adequate 
contrast to the surface. This painting is necessary to monitor the occurrence and propagation of cracks using the Digital 
Image Correlation (DIC) technique (for further details, refer to Section 4.3). 

Moreover, for each composition, 8 cylindric samples (Φ100 x 200 mm) and 5 prismatic samples (150 x 150 x 550 mm) 
were cast to characterize the compressive (fcm) (in accordance with NBR 5739: 2018 [25]) and flexural tensile strength (ft,fl) 
(in accordance with NBR 16940:2021 [26]), respectively. The results of this characterization are presented in Table 3, with 
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the coefficient of variation of the tests in parentheses. Also in Table 3, fR1, fR2, fR3, fR4 are the residual flexural strength referring 
to the crack openings of 0.5 mm, 1.5 mm, 2.5 mm, and 3.5 mm, respectively. 

Table 3. Results of the characterization of concrete 

  C0 C0.5 C1.0 

Flexural Strength 

ftfl (MPa) 3.39 (10.7%) 4.02 (7.9%) 4.87 (12.5%) 
fR1 (MPa) 1.19 (22.3%) 3.29 (16.0%) 4.82 (13.1%) 
fR2 (MPa) [-] 3.11 (17.8%) 4.25 (12.7%) 
fR3 (MPa) [-] 2.72 (20.2%) 3.68 (10.3%) 
fR4 (MPa) [-] 2.27 (18.2%) 3.03 (7.9%) 

Compressive Strength fcm (MPa) 31.14 (4.3%) 35.56 (1.4%) 39.75 (4.3%) 

4.3 Test setup 

Flexural tests were conducted using an EMIC 23-300 Universal Testing System (from INSTRON®), which has a 
maximum capacity of 300 kN. The beams were simply supported by two steel roller supports, resulting in a theoretical 
shear span of 450 mm and the shear span to depth ratio (a/d) of 2.58. During the loading procedure, deflection at the 
center of the span was measured using a displacement transducer. The test was performed with displacement control at 
a rate of 0.02 mm/min, enabling a clear observation of crack development and propagation. 

In addition, a Canon DSLR EOS Rebel SL3 camera equipped with an EF-S 40mm lens was used to record the test. 
The camera was placed perpendicular to the surface of the beam. The video was captured at 4 frames per second for 
each specimen, and a white light reflector was used during image capture to prevent shadows (see Figure 5). 
Boulekbache et al. [27] provide detailed information on the specimen preparation and DIC measurement technique for 
the test. The deformation and displacement fields were obtained using GOM Correlate software [28]. 

 
Figure 5. DIC test procedure. a) simply supported beam tested, b) Canon camera, c) light reflector, d) INSTRON press, e) LVDT 

Figure 6 illustrates the crack discretization process used for measuring relative displacements (opening w and 
sliding δ) along the cracks (Figure 6a). Initially, each crack was divided into approximately 8 straight lines (Figure 6b). 
Each straight line was further subdivided into a set of segments with a length limited to the maximum diameter of the 
aggregate, as suggested by Cavagnis [9] (Figure 6c). The appropriate trigonometric manipulations of the horizontal and 
vertical measurements between the control points obtained throughout the experimental test were used to determine the 
relative displacements of crack opening (w) and sliding (δ). Figure 6 illustrates the crack discretization and the control 
points on both sides of the opening. Recently, Košćak et al. [29] and Assis et al. [30] presented a similar methodology 
and concluded that it was effective in measuring relative displacements. 
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Figure 6. a) shear crack shown as major deformation in DIC, b) crack discretization and c) distance between segments limited by 

Dmax 

The values of w and δ were used in the Walraven aggregate interlock simplify model (Equation 1 and 2), and 
transformed into shear force (Vagg), as follows: 

𝑉𝑉agg = 𝑏𝑏𝑤𝑤 �∫ 𝜏𝜏𝜏𝜏𝜏𝜏𝜏𝜏(𝛼𝛼)𝑑𝑑𝑑𝑑 − ∫ 𝜎𝜎 cos(𝛼𝛼)𝑑𝑑𝑑𝑑𝑙𝑙𝑐𝑐𝑙𝑙
0

𝑙𝑙𝑐𝑐𝑙𝑙
0 � (3) 

where bw is the width of the beam, lcr is the total length of the analyzed critical crack, dl is the length for each segment, 
τ and σ are the tangential and normal stresses, respectively, from the Walraven equation (Equation 1 and 2), and α is 
the angle between the segment and the horizontal axis. 

5 RESULTS AND DISCUSSIONS 
The analysis of the results is organized in four subsections. The first three subsections describe the particularities 

observed during the initiation and propagation of cracks in individual tests carried out on RC beams without fiber 
reinforcement (C0), with a volume of 0.5% of fibers (C0.5) and with a volume of 1.0% of fibers (C1.0), respectively. 
The final subsection presents a comparison between all the results obtained. 

5.1 Conventional concrete (C0) 
Figure 7 shows the shear forces versus mid-span deflection curve with the identification of the moments where 

cracks arose and the maximum load. The cracks are presented based on the description provided in section 3, with the 
flexural cracks indicated by the abbreviation FC. 

 
Figure 7. a) Shear force vs displacement curve, and cracking development of C0 in b) 0.77Vmax, c) 0.97Vmax, d) 0.98Vmax, e) 

0.99Vmax, and f) Vmax 

During the experimental test, at 77% of the maximum shear (Figure 7b), the first shear crack A1 appeared. From 
that moment on, the relative displacements of opening (w) and sliding (δ) were measured at A1. Later, at another point 
in time (Figure 7c), another inclined crack (A2) appeared at the longitudinal reinforcement height, and the relative 
displacements of opening (w) and sliding (δ) for the A2 crack were subsequently measured. 

To understand the influence of the aggregate interlock on the cracking process, Figure 8 shows the development of 
this mechanism throughout the experimental test, measured for the two main critical shear cracks (A1 and A2). It is 
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important to note that the coordinate axis in Figure 8 represents the amount of the aggregate interlock expressed in 
terms of shear force for each instant of time in the experimental test. The abscissa axis represents the rate between the 
shear force at a given point and its maximum value, from beginning of the test to the failure load. The solid grey line 
represents the experimental shear force applied to the simply supported beams, presented as the applied force (V) 
divided by the maximum force resisted by the beam (Vmax). In Figure 8, V represents the punctual shear, Vagg represents 
the shear force attributed to the aggregate interlock, and Vcrit represents the shear force at which crack opening occurs. 

 
Figure 8. Aggregate interlock through the experimental test for cracks A1 and A2 

In Figure 8, the blue curve represents the quantification of aggregate interlock on the critical crack (A2) throughout the 
experimental test. The A2 curve shows a significant increase in the contribution of aggregate interlock soon after its appearance, 
already at 97% of the maximum load Vmax. The connection of a crack type D' with the critical crack triggers a larger opening w 
in this region, but there is no loss of the aggregate interlock mechanism due to the concomitant development of the crack towards 
the top of the beam, where the sliding (δ) continues to develop and transfer the aggregate interlock. Figure 9a shows the opening 
w, and Figure 9b shows the sliding (δ) at different times as a percentage of the maximum load Vmax. An increase in sliding (δ) 
was observed in the steepest parts of the A2 crack, as mentioned, keeping the aggregate interlock contribution high. For a better 
understanding of the aggregate interlock curves, Figure 9 shows the opening and sliding of the two cracks (A1 and A2) 
throughout the evolution of the applied shear force, until the rupture in Vmax. 

 
Figure 9. a) opening (w), b) sliding (δ) and c) relative displacements as a function of load variation for beam C0 

Concerning the first crack A1, the contribution of aggregate interlock showed a constant decline shortly after its 
appearance. Figure 9 depicts that the crack widened significantly more than the sliding throughout all the experimental 
test while the load increased up to failure. The primary reason for this is that the crack A1 remained nearly vertical. 

It is important to note that opening (w) and sliding (δ) do not exhibit a fully ascending curve of values (Figure 9c). 
As cracks propagate, certain sections of these cracks may increase, decrease, or stabilize relative displacements. 
Depending on the current opening (w) and sliding (δ) combination, the aggregate interlock equation may transmit this 
phenomenon, oscillating between increasing and decreasing sections of the mechanism. Additionally, cracks initiate at 
one point and propagate towards the top surface of the beam. Thus, as the load progress, the crack propagates further, 
and more opening (w) and sliding (δ) measurements are taken. The variations in the aggregate interlock curves are a 
result of this variation since one section of the crack may have increasing opening development while another section 
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is still in its initial stages. The contribution of the aggregate interlock near the tensile reinforcement differs from that of 
the crack tip. Also, this variation may be due to redistribution and activation of other shear force transfer mechanisms. 

The moment when the opening (w) of the critical crack A2 at 97% of the maximum load (Figure 7c) and the 
negligible contribution of the aggregate interlock of the crack A1 at practically the same instant indicate that another 
shear mechanism is responsible for transmitting the shear force on the beam. The works of Cavagnis et al. [8], and [30] 
suggest that, in shear failure, the load is initially resisted by mechanisms other than aggregate interlock. When the load 
application region is near the support, a secondary physical phenomenon, known as the arching action, can contribute 
to the direct transmission of loads to the support. For small values of a/d, cracks do not propagate through the inclined 
strut, and other shear modes such as shear-compression failure and arch action are observed. For larger values of a/d, 
flexure-shear cracks develop through the inclined struts, and a diagonal tension failure is observed. The shear span to 
depth ratio (a/d) influences the failure mode, as known from Kani’s valley [32] and [33]. According to Kani [32], the 
limiting relationship can be a/d = 2.5. However, the author emphasizes that the a/d limit is not entirely decisive, and 
the mechanical behavior depends on other factors, such as the longitudinal reinforcement ratio. 

When the theoretical compressed strut may develop undisturbed by the presence of a shear crack, the plastic shear 
strength solution may be applied. In such case, direct transmission occurs between the point of application and the support 
of the specimen. Figure 10 illustrates this phenomenon, where all the shear cracks emerge and propagate below a straight 
line connecting the load application point and the support, indicating that the theoretical strut has not been disturbed. 

 
Figure 10. Theoretical strut developed without crack disturbances 

Failure occurs when the critical crack crosses the theoretical strut (Figure 6e). In other words, the failure did not 
occur due to the loss of aggregate interlock linked to a larger crack opening, but rather due to the interruption of 
transmission by the compressed strut. 

5.2 Concrete with 0.5% of steel fiber (C0.5) 
Figure 11 illustrates the shear force versus mid-span deflection curve and the development of the cracking process 

for the beam made of concrete with a steel fiber content of 0.5% in volume (C0.5). Additionally, the flexural cracks 
that emerged in the middle of the beam span are identified as FC. 

 
Figure 11. a) Shear force vs mid-span deflection curve, and cracking development of C0.5 in b) 0.71Vmax, c) 0.79Vmax, d) 

0.85Vmax, e) 0.86Vmax, f) 0.9Vmax, g) 0.95Vmax, h) 0.99Vmax, i) Vmax 
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Figure 11 illustrates the relative displacements measured for crack A1 from 71% of the maximum load Vmax and for 
crack A2 from 79% of Vmax, while Figure 12 shows the contribution of the aggregate interlock throughout the 
experimental test for both critical shear cracks. 

 
Figure 12. Aggregate interlock throughout the experimental test for the cracks A1 and A2 

A D-type crack starts in the vicinity of A2 at 85% de Vmax (Figure 11d), and soon after, at 86% de Vmax (Figure 11e), 
joins A2. This union between D1 and A2 causes an increase in crack opening (w), resulting in a small drop in the 
contribution of the aggregate interlock, as shown in Figure 13b. This decrease in the contribution of the aggregate interlock 
due to the union between a type A and a type D crack was also observed in [8] and [31]. The phenomenon is repeated with 
the union of a new crack, D2, which joins A2 at 95% of Vmax, again causing a sharp increase in opening (w) and 
consequently, loss of aggregate interlock. This drop can also be observed in Figure 13b, where the moment before and 
after the union of cracks A2 and D2 is detailed. 

 
Figure 13. Decrease in the contribution of aggregate interlock due to the union of the crack D1 (0.82 and 0.86 of Vmax) and D2 

(0.89 and 0.93 of Vmax) with A2 

In Figure 11f, the almost horizontal portion develops in the A2 crack develops into a critical crack. The almost 
horizontal portion activates the residual stress mechanism of the concrete, which is characterized by pure tension 
without sliding (mode I), according to Yang et al. [6]. Figure 14b confirms that the sliding in the almost horizontal 
region of the A2 crack is very low, which is consistent with the literature. At this point, the residual stress becomes the 
main mechanism responsible for the transfer of shear force, with aggregate interlock present only in the steepest part 
of the crack where there is more sliding, as shown in Figure 14. These observations are consistent with those reported 
by Cavagnis et al. [8]. 

The variation of the aggregate interlock between higher and lower values, as shown in the Figure 12, follows the 
same reasoning presented for concrete C0. In other words, there is variation in both specific opening (w) and sliding 
(δ) measurements along the crack, where, as the load increases, more parts of the crack are activated. 
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Figure 14. a) opening (w) b) sliding (δ) and c) relative displacements as a function of load variation for beam C0.5 

The propagation of critical cracks is accompanied by the action of steel fibers, which act as a transfer bridge and 
regulate the crack opening, preventing brittle failure. This can be justified by observing the failure mechanism in the 
beams without fibers (C0) in the present work. With the predominant arching action, the shear cracks did not affect the 
compressed strut. Failure of the beams without fibers occurred when the compressed zone was crossed by the 
propagation of one of the main critical cracks, preventing the development of other shear transfer mechanisms due to 
the absence of large slidings (δ) and openings (w) associated with crack propagation. 

After the union of crack D2 to A2, the aggregate interlock increases again from the steepest parts of the crack up to 
0.99 of Vmax. In fact, Figure 14 shows that even in the failure, there were significant values of crack opening (w), but 
there was also sliding (δ). 

At 99% of failure (Figure 12h), a type G crack begins to propagate along the theoretical compressed strut due to the 
large shear forces in the compressed zone. At 99.9% of Vmax, crack G merges with the critical crack leading to collapse. 
Figure 15 illustrates in detail the development of this crack G and its union with the critical crack. 

 
Figure 15. Type G crack developing in the compressed zone 

At the tip of the critical crack between the initiation of the type G crack and the failure moment, the crack opening 
suddenly increased by approximately 30%, leading to a loss of the ability to transfer shear force through aggregate 
interlock. The specimen reached its maximum capacity when the aggregate interlock decreases due to the union of the 
critical crack A2 with the crack G of the compressed zone. 

5.3 Concrete with 1.0% of steel fiber (C1.0) 
For the beam with concrete containing 1.0% steel fibers (C1.0), the evolution of the cracking process, as well as its 

relationship with the shear force versus mid-span deflection curve, can be observed in Figure 16. 
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Figure 16. a) Shear force versus mid-span deflection, and cracking development of C1.0 in b) 0.51Vmax, c) 0.73Vmax, d) 0.83Vmax, 

e) 0.9Vmax, f) 0.95Vmax, and g) Vmax 

The first two shear cracks (A1 and A2) appear at 51% of the maximum load. At 73% of Vmax (Figure 16c), two 
doweling cracks (D1 and D2) appear and quickly join A2, causing a sharp increase in opening (w). A third flexural 
shear crack, A3, also appears. At 83% of Vmax (Figure 16d), it can be observed that the A2 crack has developed to the 
point of being the critical shear crack, with its propagation going towards the upper surface of the beam. At 90% of the 
total loading (Figure 16e), in addition to the 3 shear cracks (A1, A2 and A3), type B secondary flexural cracks are also 
observed. In general, at this loading stage, a significant number of secondary bending cracks such as type B and C [8] 
can be seen appearing in the lower region of the beam, as shown in Figure 17. This fact is justified by the higher dosage 
of steel fibers in the composition, causing a constant redistribution of stresses in the specimen. 

 
Figure 17. Secondary cracks in the C1.0 beam 

At 95% of the maximum load (Figure 16f), a type E crack appears as a branch of the critical crack A2. This type of 
crack originates from the aggregate interlock, as presented in section 3. To understand the development of aggregate 
interlock in this beam, Figure 18 shows the simplified Walraven’s model equation applied to the three cracks (A1, A2 
and A3) during the experimental test. 

 
Figure 18. Aggregate interlock throughout the experimental test for cracks A1, A2 and A3 
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In Figure 18, it can be noted that the main crack (A2) shows a decreasing contribution from its appearance. The small 
contribution of the aggregate interlock in the main critical shear crack is mainly due to the predominance of the action of 
steel fibers. According to [15] and [16], the opening (w) in beams with fibers is usually larger than in conventional concrete, 
which reduces the friction within the crack, and consequently, the performance of the aggregate interlock. 

In addition, the contribution of the aggregate interlock on shear strength could be overestimated when there is a no 
brittle failure as it is shown in Figure 18. This phenomenon can be explained due to high slippage to maintain 
equilibrium while cracks are forming. Furthermore, the steel fibers, which in this example have the highest dosage in 
the present experimental campaign, help to reduce the opening of cracks compared to the C0 reference beam. Thus, 
this issue is related to the sensitivity of the minimum crack opening accounted for in aggregate blocking contribution 
shear models at the beginning of the critical crack [23]. 

Figure 19 shows the opening w (Figure 19a) and sliding δ (Figure 19b) at the main test instants. The relative 
displacements of cracks A1 and A2 are also presented as a function of the load evolution (Figure 19c). It is clear that 
the opening (w) is greater than the sliding, supporting the hypothesis of little action of the aggregate interlock. 

 
Figure 19. a) opening (w) b) sliding (δ) and c) relative displacements as a function of load variation for beam C1.0 

Despite the larger opening in the critical crack, a type E crack emerged, theoretically designated to be the result of 
the action of the aggregate interlock [8]. In this case, the region where the crack emerged had a high sliding value δ, 
surpassing the opening w. The steeper and lower part of the crack had lost its contribution from the aggregate interlock 
due to the larger opening (w), but the crack tip region had more friction between the walls due to the high sliding (δ). 
Figure 20b shows a detailed view of the crack tip region at 95% of Vmax (Figure 16f), where it can be observed in Figure 
20a that the sliding δ was actually greater than the opening w. Failure occurred when the critical crack A2 gave rise to 
the crack E, which eventually merged with the crack A1. (Figure 16g). 

 
Figure 20. a) Opening (w) and sliding (δ) for the 88% to 95% of Vmax, from the b) crack tip region 

5.4 Comparison between the cases evaluated 
To draw a comparison between the 3 evaluated beams, Figure 21 shows the measurement of a control point at of 

failure. The point was allocated to the steepest portion of each main crack (A2) and the measured opening is referred 
to as wmax, and the sliding as δmax, as shown in Table 4. 
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Figure 21. Control points measured at the failure 

Table 4. Comparison between the beams. 

 Vmax (kN) Vcrit /Vmax wmax (mm) δmax (mm) Vagg_u /Vmax  
C0 29.9 0.97 0.152 0.09 0.78  

C0.5 43.3 0.79 0.249 0.11 0.34  
C1.0 61.3 0.51 0.967 0.346 0.124  

Table 4 provides a comparison of the shear forces resulting from the aggregate interlock at the failure (Vagg_u), as 
well as the maximum opening (wmax) and sliding (δmax) for each of the three evaluated beams. As more fibers were 
incorporated into the concrete, the final opening wmax was observed to increase, consistent with findings from previous 
studies [4], [33] and [34]. In fact, the contribution of aggregate interlock was so low for concrete C1.0 that it was 
essentially negligible at just 12.4% of Vmax. Conversely, for beam C0.5, aggregate interlock represented 34% of Vmax. 

Table 4 also displays the maximum crack opening for C1.0 concrete. Although this concrete type also experienced 
an increase in sliding, the considerably larger opening reduces the contribution of aggregate interlock. 

Table 4 presents the critical shear value (Vcrit) corresponding to the onset of the critical crack. By comparing the 
Vcrit/Vmax ratios, it is observed that the higher the fibers content in the concrete, the lower the Vmax percentage at which 
the critical crack appears. This early initiation of the critical crack suggests that the FRC is better equipped to 
redistribute stresses in these elements. Conversely, in the case of C0 concrete without fibers, the critical crack emerged 
at 97% of the maximum load (Vmax), propagating rapidly and leading to failure shortly after. 

Finally, it is worth noting that the strength of the beams increased with the addition of steel fibers. According to the 
findings in [35], the proportion and characteristics of the steel fibers can influence the dosage required to effectively 
control cracking, increase the mechanical strength, and improve the ductility of the element. Specifically, volume 
contents ranging from 0.5% to 1.0% were found to be effective. In addition, [36] reported that the increase in shear 
capacity due to an increase in fiber volume depends on the a/d ratio. Specifically. the authors notated that for a/d =1, 
the shear strength increased by 96.6% when the fiber content was increased from 0% to 1.5%, while for a/d = 6, the 
shear strength increased by 32.2%. The authors also concluded that the fiber volume is a key variable affecting the 
shear strength of the elements. Nevertheless, there is no known proportional relationship since other factors, such as 
the a/d ratio, reinforcement ratio, and fcm, can also influence the results. 

5 CONCLUSIONS 
The present study has evaluated the role of aggregate interlock in shear transfer in RC and SFRC beams using the 

simplified Walraven’s model. DIC technique was employed to measure relative displacements at the cracks opening 
(w) and sliding (δ). Based on the analysis of the experimental data, the following conclusions can be drawn: 
• The simplified Walraven’s equation was used to calculate the values of w and δ during the experimental test, up to 

failure. The results demonstrate that this equation accurately captures the phenomenon of aggregate interlock, 
although some overestimation of the calculated values was observed. Overall, the model provides a reliable 
representation of the mechanism under study. 

• The influence of steel fibers on the mechanical behavior of the concrete was found to increase with the dosage used. 
In addition to enhancing the strength of the material, steel fibers caused a shift in the cracking pattern, due to their 
ability to redistribute stresses and alter the mechanisms of fracture in comparison to conventional concrete. As the 
volume of fibers in the mixture increases, the critical crack opening (w) also increases, leading to decrease in the 
contribution of aggregate interlock. 

• The aggregate interlock plays a fundamental role in the failure process on SFRC beams. Observing the aggregate 
interlock during experimental tests helps to understand the activation of other shear resisting mechanisms. This fact 
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justifies exposing data throughout the beam failure process, rather than solely reading at the maximum load strength 
or the moment of failure. 

• The evaluation of Vcrit in the specimens indicated that the incorporation of more fibers into the concrete resulted in 
a lower relationship between Vcrit and Vmax. This observation supports the idea that fibers enable continuous stress 
redistribution, thereby promoting the development of the cracking process and activating more stress transfer 
mechanisms. In the case of C0 concrete, the critical crack occurred at a value very close to Vmax. Although the 
aggregate interlock mechanism was not well developed, it proved to be the predominant mechanism in the failure 
process due to the limited crack opening. 

• The C0 beams exhibited direct shear transmission to the support, which was primarily caused by the compressed 
strut related to Kani’s valley phenomenon. Beams with fibers demonstrated a higher incidence of crack formation, 
resulting in a greater level of aggregate interlock. 
Overall, the methodology presented herein provided to be effective in achieving its intended objectives. The test 

failure facilitated the assessment of aggregate interlock activation and development. Expanding the methodology to 
include other shear transfer mechanisms appears to be a rational approach for evaluating the individual contributions 
of each mechanism, particularly those of steel fibers. 
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Abstract: The rehabilitation and strengthening of concrete structures using carbon fiber reinforced polymers 
(CFRP) has become an interesting alternative for a series of important aspects. This material has a low specific 
weight, high tensile strength, corrosion and fatigue resistance, a high modulus of elasticity, and is a versatile 
material, with ease and speed in its application. Nevertheless, its consideration and design tend to require more 
sophisticated analyses to evaluate and predict the behavior of the strengthened structural element. For this reason, 
numerical methods, such as the Finite Element Method (FEM), can be used in such complex analyses to simulate 
to a high degree the actual performance of the structure. Thus, this work presents computer simulations of 
reinforced concrete beams shear strengthened with CFRP through the Finite Element Method in a customized 
ANSYS model. Special attention is given to the bond behavior between the CFRP sheets and the concrete surface 
of the beams through contact elements and bilinear cohesive zone models, which allowed for the identification 
of the debonding failure modes. Twenty-one reinforced concrete beams reported in the literature were simulated: 
twelve simply supported and nine continuous, with and without CFRP shear strengthening. The beams showed 
failure modes in shear, bending, concrete splitting, and debonding of the strengthening CFRP sheets. 
The numerical model developed predicted with good accuracy the beams' behavior in terms of load vs. 
displacement, load vs. strain, as well as their ultimate loads and failure modes. 

Keywords: strengthened reinforced concrete beams, carbon fiber reinforced polymers, finite element method, 
ANSYS, failures modes. 

Resumo: A crescente necessidade de reabilitar e reforçar estruturas de concreto armado, assim como 
os problemas apresentados por técnicas de reforço tradicionais, tornou a utilização de polímeros 
reforçados com fibras de carbono (PRFC) uma alternativa interessante, uma vez que este material 
apresenta propriedades como baixo peso específico, elevada resistência à tração, à corrosão e à fadiga, 
alto módulo de elasticidade, assim como versatilidade, facilidade e rapidez de execução. A fim de 
avaliar e prever o comportamento do PRFC, é necessário realizar uma análise mais aprofundada dos 
elementos estruturais reforçados com esse material. Para isso, utilizam-se métodos numéricos, como é 
o caso do método de elementos finitos (MEF), que permite analisar estruturas complexas, bem como 
realizar análises não lineares de estruturas de concreto armado. Diante disso, o objetivo deste trabalho 
é apresentar uma modelagem computacional de vigas de concreto armado, reforçadas ao cisalhamento 
com PRFC, através do método dos elementos finitos com o emprego do software ANSYS customizado. 
Especial atenção foi dada ao comportamento da aderência entre o reforço e a viga de concreto, através 
da utilização de elementos de contato e de modelos de zona coesiva bilineares, possibilitando 
identificar, durante as simulações computacionais, falhas por perda de aderência do sistema de reforço. 
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Neste estudo foram testadas vinte e uma vigas de concreto armado reportadas na literatura, doze biapoiadas e 
nove contínuas, com e sem reforço ao esforço cortante com PRFC. Estas vigas apresentaram modos de ruptura 
por cisalhamento, por flexão, por fendilhamento do concreto, assim como pelo descolamento da camada de 
reforço. Constatou-se que os modelos numéricos desenvolvidos foram capazes de prever com boa precisão o 
comportamento das vigas simuladas, tanto em termos de carga-deslocamento e carga-deformação, como a 
carga e o modo de ruptura. 

Palavras-chave: reforço estrutural de vigas de concreto armado, polímeros reforçados com fibras de carbono, 
método dos elementos finitos, ANSYS, modos de ruptura. 
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1 INTRODUCTION 
A reduction in the performance of concrete structures tends to occur along their lifespan because of many factors and, 

eventually, they may present deficient strength to resist their design forces. Several strengthening methods can be applied 
to structural elements, such as externally bonded steel plates or fiber-based composite materials. The latter consists of the 
application of composite materials known as Fiber Reinforced Polymer (FRP), which present properties of low density, 
high tensile strength, corrosion resistance, high fatigue resistance, and high-impact resistance. Among the types of 
composite materials, carbon fiber reinforced polymers (CFRP) are the most used for structural strengthening since carbon 
fibers offer the best mechanical properties. Therefore, according to Dias [1] and Mhanna et al. [2], significant increases in 
the load capacity of structural elements are obtained through a small amount of strengthening. 

The finite element method (FEM) can evaluate de actual behavior of structural elements strengthened with CFRP. 
Using FEM, it is possible to simulate various geometric arrangements, boundary and loading conditions, and analyze 
the bond between concrete and the strengthening system. 

This work aims to demonstrate the viability of computational simulations of the behavior of reinforced concrete beams 
shear-strengthened with CFRP via the Finite Element Method through the software ANSYS, version 19.2. As recommended 
by Soares [3], special attention is given to the identification of the different failure modes of the simulated beams. 

2 MATERIAL CONSTITUTIVE MODELS 
Concrete constitutive models implemented by Lazzari et al. [4], Lazzari et al. [5], and Hoffman et al. [6], were 

adopted in the ANSYS UPF (User Programmable Features) customization tool. An elastoplastic model with hardening 
represented the concrete behavior under compression, while a linear elastic model up to crack formation described the 
concrete behavior under tension, with a smeared crack model considered afterward. 

The concrete under compression model comprises a failure criterion, a plastification criterion, and a hardening rule. 
The failure surface of Ottosen [7] was adopted for the failure criterion, as recommended by the fib Model Code 2010 [8]. 
Additionally, the concrete under compression was considered to present an isotropic hardening, and the plastification 
surface had the same shape as the rupture surface. 

The movement of the plastification surfaces (loading surfaces) during the plastic deformation was given by the 
hardening rule. This rule was determined by the relation between the effective stress and the effective plastic strain, 
allowing extrapolations of simple uniaxial tests to multiaxial situations. The curve corresponding to the stress vs. strain 
diagram for the concrete under uniaxial compression proposed by the fib Model Code 2010 [8] was adopted as a 
hardening rule for those extrapolations. 

The model suggested by Hinton [9] was used to represent the behavior of the concrete under tension, with the 
concrete modeled as an elastic material with softening, i.e., behaving elastically until rupture, when a smeared cracking 
model with tension stiffening takes place. The smeared cracking model was specified by a cracking criterion, a rule for 
the concrete contribution between cracks, and a model for transferring shear stresses. 

Each local direction's stiffness was considered independently when a determined integration point cracked. Therefore, 
stress vs. strain diagrams corresponding to uniaxial internal forces were used for each of the two principal directions in the 
crack plane. The stress vs. strain diagram for concrete under compression was adopted when a shortening occurred in one 
of those directions, and the diagram for concrete under tension when an elongation was detected. 

Titello [10] introduced a new criterion to the cracked concrete model where the consideration of the tension 
stiffening would depend on the reinforcement orientation. This would provide a better result when analyzing beams 
without shear reinforcement, which happens in some cases studied herein. Thus, when no stirrups were used, the effect 
was considered only for the vertical cracks, i.e., the ones with an inclination up to 15o with the vertical direction. 
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Typically, steel rebars are considered to resist only axial forces in reinforced concrete structures. Therefore, a uniaxial 
model was adopted to describe the behavior of the steel reinforcements. According to Lazzari et al. [11], and 
Machado et al. [12], rebar products differ due to their fabrication process: there are laminated products with well-defined 
yielding plateaus, which are modeled with a perfect elastoplastic model; and cold-formed steel products, which are 
modeled with an elastoplastic model with linear hardening up from 0.85 of its yielding stress. 

Several approaches can be considered to numerically model interfaces, with the Cohesive Zone Model (CZM) as 
the typical choice when the thickness of the bonding region is negligible. This model is commonly used in analyses of 
problems that involve composite materials since it avoids singularities and can be easily implemented numerically in 
Finite Element formulations. Additionally, CZM uses relative stress-slip relation for interface analyses [13], [14]. 

Medeiros [15] mentions that most numerical simulations consider that the interface between concrete and CFRP is 
dominated by tangential slips, i.e., Mode II of separation [16]. Therefore, a Mode II behavior is considered in this work, 
with bilinear tangential stress vs. slip relation, as illustrated in Figure 1. 

 
Figure 1. Bilinear relation between bonding stress and slip [17]. 

The bilinear model by Lu et al. [18] was considered to evaluate the parameters of the formulation implemented in 
ANSYS. This model can be considered to represent the concrete-strengthening interface behavior. To accomplish that, 
the curve that governs the behavior is determined as a function of the bond stress and its corresponding slip. Therefore, 
the Equations 1-10 mathematically describe the bilinear model considered in this work: 

𝜏𝜏 = 𝜏𝜏𝑚𝑚𝑚𝑚𝑚𝑚 
𝑠𝑠
𝑠𝑠0

, 𝑠𝑠 ≤ 𝑠𝑠0 (1) 

𝜏𝜏 = 𝜏𝜏𝑚𝑚𝑚𝑚𝑚𝑚 
𝑠𝑠𝑓𝑓−𝑠𝑠

𝑠𝑠𝑓𝑓− 𝑠𝑠0
, 𝑠𝑠0 < 𝑠𝑠 ≤ 𝑠𝑠𝑓𝑓 (2) 

𝜏𝜏 = 0, 𝑠𝑠 > 𝑠𝑠𝑓𝑓 (3) 

𝑠𝑠𝑓𝑓 = 2 𝐺𝐺𝑓𝑓
𝜏𝜏𝑚𝑚𝑚𝑚𝑚𝑚

 (4) 

𝜏𝜏𝑚𝑚𝑚𝑚𝑚𝑚 = 1,5𝛽𝛽𝑤𝑤𝑓𝑓𝑡𝑡 (5) 

𝛽𝛽𝑤𝑤 = �
2,25 − 𝑏𝑏𝑓𝑓/𝑏𝑏𝑐𝑐
1,25 + 𝑏𝑏𝑓𝑓/𝑏𝑏𝑐𝑐

 (6) 

𝑓𝑓𝑡𝑡 = 0,395𝑓𝑓𝑐𝑐𝑐𝑐
0,55 (7) 

𝑓𝑓𝑐𝑐𝑐𝑐 = 
𝑓𝑓𝑐𝑐
0,76

 (8) 
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𝑠𝑠0 = 0,0195𝛽𝛽𝑤𝑤𝑓𝑓𝑡𝑡 (9) 

𝐺𝐺𝑓𝑓 = 0,308𝛽𝛽𝑤𝑤2�𝑓𝑓𝑡𝑡 (10) 

The coefficient 𝛽𝛽𝑤𝑤 is the factor that correlates the CFRP strengthening width (𝑏𝑏𝑓𝑓) and the concrete beam width (𝑏𝑏𝑐𝑐); 𝑓𝑓𝑡𝑡 
is the concrete tensile strength related to the concrete cube compressive strength (𝑓𝑓𝑐𝑐𝑐𝑐). Equation 8 correlates strength 
𝑓𝑓𝑐𝑐𝑐𝑐 with the mean compressive strength (𝑓𝑓𝑐𝑐). The measured slip when the bonding stress is at a maximum (𝑠𝑠0) is defined 
in Equation 9. Lastly, the measured slip when displacement occurs (𝑠𝑠𝑓𝑓) is calculated from the fracture energy in the 
interface (𝐺𝐺𝑓𝑓) and from the maximum bonding stress (𝜏𝜏𝑚𝑚𝑚𝑚𝑚𝑚), as shown in Equation 4. 

3 COMPUTATIONAL MODEL 

The Finite Element Method was used to carry out the numerical simulation since it is one of the most efficient ways 
to analyze the non-linear behavior of concrete and steel materials. The method also considers failures due to bonding 
loss of strengthening systems by introducing particular finite elements in the interface regions. ANSYS version 19.2 
was used to carry out these finite element analyses. It presents a library with many finite elements that can be chosen 
according to the type of problem to be analyzed. 

The 3D quadratic finite element SOLID186 was considered to represent the concrete. This element has 20 nodes 
with three degrees of freedom each, corresponding to the translations in the X, Y, and Z axes. This finite element was 
chosen because of its good answer under coarser meshes, which considerably reduces the processing time during 
structural analyses. Additionally, the element presents compatibility with the finite element REINF264, which is needed 
to represent reinforced concrete with its discretized rebars. REINF264 is a reinforcing finite element that can be used 
together with beam elements, shells, and even solid elements. This element is adequate for simulations of reinforcing 
fibers randomly oriented, with every fiber modeled individually and presenting only axial stiffness. The nodal 
coordinates, degrees of freedom, and connectivities of element REINF264 are identical to those of the base finite 
element. In this work, the element REINF264 is used to discretize the steel rebars embedded in concrete in a perfectly 
bonded incorporated approach. 

The finite element SHELL281 was used to model the strengthening CFRP sheets. This finite element presents 8 
nodes with 6 degrees of freedom each, considering membrane and bending stiffnesses. However, only the membrane 
stiffnesses were defined for the element since the CFRP sheets would develop mainly tension forces, resulting in only 
three degrees of freedom per node (translations in the X, Y, and Z axes). 

An association of a contact element and a target element was adopted to model the interface between concrete and 
the strengthening system. Thus, the finite elements CONTA174 and TARGE170 were used to represent the slip that 
may occur in the interface between the solid and the shell elements. 

Regarding the constitutive models, an elastoplastic model with cracking was implemented for the concrete in the 
USERMAT3D subroutine, which is available for customization purposes in the software through FORTRAN 
commands. This subroutine is compatible with the 3D element used to represent the concrete, i.e., SOLID186. The 
constitutive model BISO (Bilinear Isotropic Hardening), was used to represent the reinforcing bars and was already 
available in the ANSYS library. 

4 STRUCTURAL CHARACTERISTICS 

Khalifa [19] tested twenty-one full-scale reinforced concrete beams with a rectangular section and designed to 
collapse under shear. The beams were grouped into two main series called A and B. Series A comprised twelve beams 
simply supported, and series B by nine continuous beams. The A-series beams were subdivided into two main groups 
(A-SW and A-SO) depending on the existence or not of stirrups in the right half of the beam. The A-SW group consisted 
of four beams, which had steel stirrups along the entire length of the beam, and the dimensions and details of this group 
are shown in Figure 2a. The A-SO group was composed of eight beams, which did not have stirrups in the right half of 
the beam, as shown in Figure 2b. As shown in Figure 2c, all beams had the same cross-section of 150 x 305 mm, and 
upper, and bottom reinforcement was composed of two 32mm in diameter rebars. The shear reinforcement was formed 
of 10mm in diameter stirrups spaced by 80mm and 125mm, as shown in Figure 2a-2b. 
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Figure 2. Configuration and reinforcement details for Series A beams [20]. 

Series B was divided into three groups: B-CW, B-CO, and B-CF. Each group had different rates for flexural and shear 
reinforcement. The B-CW group is composed of two beams with stirrups along the entire length of the beam. Part of the 
right span had less shear reinforcement to force shear failure in this position. The dimensions and details of this group are 
shown in Figure 3a. The B-CO group consists of three beams with longitudinal reinforcement equal to group B-CW. These 
beams had no stirrups in the shear span tested, as shown in Figure 3b. The four beams of the B-CF group had no shear 
reinforcement, as can be seen in Figure 3c. Table 1 presents the properties of the materials of the beams in series A and B. 

 
Figure 3. Configuration and reinforcement details for Series B beams [21]. 
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Table 1. Material properties [21]. 

Material Specification Compressive strength 
(MPa) 

Yielding stress 
(MPa) 

Ultimate tensile strength 
(MPa) 

Modulus of elasticity 
(GPa) 

Concrete 

Group A-SW 19.3 - 2.2 20 

Group A-SO 27.5 - 2.7 25 

Group B-CW 27.5 - 2.7 25 

Group B-CO 20.5 - 2.2 22 

Group B-CF 50.0 - 4.1 33 

Steel 

φ = 32 mm - 460 730 200 

φ = 16 mm - 430 700 200 

φ = 10 mm - 350 530 200 

CFRP 
tfa = 0.165 mm - - 3790 228 

tfb = 0.165 mm - - 3500 228 

Both series SW and SO were subdivided according to their shear span to effective depth ratio (a/d), and 
since a/d ratios of 3 and 4 were considered, four subgroups were then obtained: SW3, SW4, SO3, and SO4. 
Four of the twelve tested beams were not strengthened with CFRP sheets, i.e., one in each of the subgroups, 
denominated SW3-1, SW4-1, SO3-1, and SO4-1. The eight beams that were strengthened with externally 
bonded CFRP laminates in three different configurations (see Figure 4) were denominated SW3-2, SW4-2, 
SO3-2, SO3-3, SO3-4, SO3-5, SO4-2, and SO4-3. 

 

Figure 4. Schematic representation of CFRP strengthening schemes for beam specimens of Series A [20]. 

All Series A beams were four-point bending tested by applying a load to a steel load-distribution element to 
produce two concentrated loads at certain positions. These positions are represented in Figure. 5a for the beams with 
an a/d ratio equal to 3 and, in Figure 5b, for the beams with an a/d ratio equal to 4. Four LVDTs (linear variable 
differential transformers) were used to measure the vertical displacements at specific points of the beams, as shown 
in Figure 5. Two of them were positioned at midspan on each side of the beams, while the other two were positioned 
at the supports. 
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Figure 5. Schematic representation of test set-up for Series A [20]. 

For group B, one beam from each subgroup was not strengthened with CFRP. These beams were called B-CW1, B-CO1, 
and B-CF1, as shown in Figure 6a. The other six beams were strengthened with CFRP, following four different 
configurations, as shown in Figure 6, and were called B-CW2, B-CO2, B-CO3, B-CF2, B-CF3, and B-CF4. All beams in 
Series B were tested as continuous and subjected to concentrated loads in the center of each span, as can be seen in Figure 6. 
Five LVDTs were used in each beam: two fixed at midspan and the other three at the supports. 

 
Figure 6. Strengthening schemes and test set-up for Series B beams [21]. 
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Table 2 summarizes the characteristics of the beams in Series A and B, such as dimensions and details of the 
cross-sections, shear span and effective depth ratio (a/d), concrete compressive strength, shear reinforcement, and 
CFRP strengthening configurations. 

Table 2. Summary of beam characteristics [21]. 

Nº Specimen 
designation 

Structural system and 
cross-section details a/d ratio Concrete strength 

(MPa) 

Shear reinforcement 
Steel stirrups in 
the test region CFRP 

1 A-SW3-1 

Simply supported beams 

 

3 19.3 φ 10@125mm - 

2 A-SW3-2 3 19.3 φ 10@125mm Two plies (90°/0°) 

3 A-SW4-1 4 19.3 φ 10@125mm - 

4 A-SW4-2 4 19.3 φ 10@125mm Two plies (90°/0°) 

5 A-SO3-1 3 27.5 - - 

6 A-SO3-2 3 27.5 - U-wrap strips, 50 @ 125mm 

7 A-SO3-3 3 27.5 - U-wrap strips, 75 @ 125mm 

8 A-SO3-4 3 27.5 - One-ply continuous U-wrap 

9 A-SO3-5 3 27.5 - Two plies (90°/0°) 

10 A-SO4-1 4 27.5 - - 

11 A-SO4-2 4 27.5 - U-wrap strips, 50 @ 125mm 

12 A-SO4-3 4 27.5 - One-ply continuous U-wrap 

13 B-CW1 
Continuous beams 

 

3.6 27.5 φ 10@125mm - 

14 B-CW2 3.6 27.5 φ 10@125mm Two plies (90°/0°) 

15 B-CO1 3.6 20.5 - - 

16 B-CO2 3.6 20.5 - U-wrap strips, 50 @ 125mm 

17 B-CO3 3.6 20.5 - One-ply continuous U-wrap 

18 B-CF1 Continuous beams 

 

3.6 50 - - 

19 B-CF2 3.6 50 - One-ply continuous U-wrap 

20 B-CF3 3.6 50 - Two plies (90°/0°) 

21 B-CF4 3.6 50 - One-ply totally wrapped 

5 NUMERICAL MODEL 

In the computational analysis of the beams tested by Khalifa [19], only half of the width of the beams was modeled 
since they present symmetry of geometry and load along the cross-section. Hexahedrical 20-node quadratic finite 
elements (SOLID186) were used to represent concrete. REINF264 elements discretized inside the solid elements 
represented the embedded reinforcement in the beams. Furthermore, at the loading points and supports, plates of 
SOLID186 elements, with dimensions of 10 x 2 x 7.5 cm, were included to avoid the concentration of stresses at those 
locations. 

Figure 7 presents the mesh discretization for simply supported beams. Figure 7a shows the beam without CFRP 
strengthening and with an a/d ratio equal to 4 (A-SO4-1), and Figure 7b shows the A-SW3-2 beam, which is 
strengthened with continuous CFRP and had an a/d ratio equal to 3. Figure 8 illustrates the characteristics of continuous 
beams with strengthening in bands and with total involvement. Figure 8a corresponds to the model of the B-CO2 beam, 
and Figure 8b shows the B-CF4 beam. Figure 9a-9b present the cross-sections of the beams without strengthening. 
Figure 9c-9d show the cross-sections of the beams strengthened in a U-shape and with total wrapping, respectively. 
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Figure 7. Finite element discretization of the beams: (a) A-SO4-1, and (b) A-SW3-1. 

 

Figure 8. Finite element discretization of the beams: (a) B-CO2, and (b) B-CF4. 

 

Figure 9. Cross-sections of the beams: (a) A-SW, A-SO, B-CW, and B-CO without CFRP; (b) B-CF without CFRP; (c) CFRP U-
wrap; and (d) CFRP, totally wrapped. 

The adhesive, used to bond the CFRP composite to the concrete surface, was modeled in two layers of 20-node 
quadratic hexahedral finite elements (SOLID186). One layer was modeled on the surface of the SOLID186 elements 
(concrete) and the other on the surface of the SHELL281 elements (CFRP composite), enabling the positioning of 
CONTA174 and TARGE170 elements in these adhesive layers, as can be seen in Figure 10. 
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Figure 10. CONTA174 and TARGE170 elements for modeling beam B-CW2. 

The interface properties were determined from the model and formulation proposed by Lu et al. [18]. Substituting 
the parameters of the beams tested by Khalifa [19] in the formulation presented in item 2, it was possible to determine 
the values of maximum bond stress, tangential interface stiffness, and maximum slip for each group of beams, as shown 
in Table 3. 

Table 3. Interface model parameters. 

Group Maximum bonding stress τf1 
(kN/cm2) Tangential stiffness Kt (kN/cm3) Maximum slip s0 (cm) 

A-SW 0.317 77 0.0182 
A-SO 0.366 77 0.0169 
B-CW 0.366 77 0.0169 
B-CO 0.324 77 0.0180 
B-CF 0.479 77 0.0148 

6 RESULT ANALYSIS 

This item presents a comparative analysis between the numerical and the experimental results of Khalifa [19], 
Khalifa and Nanni [20], Khalifa et al. [21], and Khalifa et al. [22] for beams in Series A and B. Load vs. displacement 
diagrams in the central section of each beam are presented, as well as stresses and strains in concrete, reinforcement, 
and CFRP strengthening. In addition, the behavior of the interface is analyzed through the results of bond stresses and 
slips obtained from the contact elements. 

The short-term behavior for all simulated beams was determined. It is essential to point out that the values presented 
in this item are net values, i.e., the values corresponding to self-weight have been discounted. Next, the results of only 
some beams analyzed according to the type of failure observed are presented. Complete results can be found in Soares [3]. 

6.1 Shear failure 

Figure 11 presents the load vs. displacement diagram for the experimental tests and the numerical analyses of the 
simply supported beams A-SW3-1, A-SO4-1, and the continuous beam B-CF1. 
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Figure 11. Load vs. displacement diagram of beams with shear failure. 

Regarding the failure mode, it was found, through the simulations, that these beams had a shear failure. It was 
observed through the stress distribution in the reinforcements, Figure 12-12b (stirrups of the shear span of interest) for 
beam A-SW3-1, that the stirrups reached the yield stress (35 kN/cm2) before yielding in the longitudinal reinforcement 
(46 kN/cm2), indicating shear failure. As for beam A-SO4-1, it was possible to observe that the concrete reached a high 
principal tensile deformation at the web, Figure 13, which indicated shear failure due to the formation of a diagonal 
crack. This failure was predictable since the analyzed beam did not have shear reinforcement in the shear span. Similar 
behavior was observed in the failure of beam B-CF1, with high elongations in its web, Figure 14, indicating failure by 
shear. These results followed what was observed in the experimental tests carried out by Khalifa [19]. Figure 15 
illustrates the failure of beams A-SW3-1 and B- CF1. 

 
Figure 12. Stress 𝜎𝜎𝑚𝑚 in the reinforcement of beam A-SW3-1 (kN/cm2). 

 
Figure 13. Principal strain 𝜀𝜀1 in the concrete of beam A-SO4-1 (cm/cm). 
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Figure 14. Principal strain 𝜀𝜀1 in the concrete of beam B-CF1 (cm/cm). 

 

Figure 15. Failure modes observed in the beam tests [19]. 

6.2 Failure by splitting 

Figure 16 presents the load vs. midspan deflection diagram, for the experimental tests and the numerical analyses, 
of beams A-SW3-2, A-SW4-2, and B-CW2. 

 

Figure 16. Load vs. midspan deflection diagram for the beams with splitting failure. 

Results from the computational analysis, Figure 17, show that the stress in the concrete in the Z-direction 
(beam width) for beam A-SW3-2 reaches very high values at failure, characterizing failure by concrete splitting. 
A similar situation occurred for beams A-SW4-2 and B-CW2, where it was verified that the concrete presented, 
in the plane of symmetry, principal tensile strains with very high values, as shown in Figure 18 and Figure 19, 
respectively. This corroborates with what was determined in the experimental tests, where the failure occurred 
due to concrete splitting, as seen in Figure 20a for beam A-SW3-2 and Figure 20b for beam B-CW2. 
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Figure 17. Stress 𝜎𝜎𝑧𝑧 in concrete for beam A-SW3-2 (kN/cm2). 

 
Figure 18. Principal strain 𝜀𝜀1 in concrete for beam A-SW4-2 (cm/cm). 

 
Figure 19. Principal strain 𝜀𝜀1 in concrete for beam B-CW2 (cm/cm). 

 
Figure 20. Failure modes observed in the experiments [19]. 

6.3 Failure by CFRP debonding 
The diagram load vs. midspan deflection in Figure 21 compares numerical and experimental results for beams A-SO3-3, 

ASO4-2, and B-CO2. Figure 22 shows the stress distribution in the lateral strengthening of beam A-SO3-3, where it is possible 
to observe that the highest stress value in the shear span occurs for a load of 188 kN, Figure 22a. As the load increases, this 
tensile stress decreases, indicating failure in the connection between the strengthening and the beam surface. At this time, a 
reduction in the stiffness of the load-displacement curve is observed. Then, an increase in stresses in the strengthening on the 
opposite side of the beam occurs when the ultimate load is reached, Figure 22b. 
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Figure 21. Load vs. midspan deflection diagram for beams with debonding failure. 

 
Figure 22. Evolution of the principal stress 𝜎𝜎1 in the CFRP strengthening for beam A-SO3-3 (kN/cm2). 

Figures 23-24 show that the concrete-strengthening interface reached the maximum bond stress (0.366 kN/cm2) and 
the maximum slip (0.0169 cm), respectively. This indicates that the debonding of the CFRP strengthening occurred in 
the shear span, reproducing the behavior observed in the experimental test carried out by Khalifa [19]. Beam A-SO4-2 
presented a similar behavior. Figure 25 shows the stress distribution in the reinforcement, and Figures 26-27 show the 
bond stress and slip at the interface, respectively. It was observed in Figure 28, for beam B-CO2, that the regions of 
maximum stress are located in the shear span and that this stress value is much lower than the ultimate stress of CFRP 
(350 kN/cm2). It was also verified, in Figures 29-30, that the beam reached the maximum bond stress (0.324 kN/cm2) 
for a load of approximately 85 kN and the maximum slip (0.0180 cm) for a load of 96 kN, respectively. This indicates 
that strengthening debonding occurs in the numerical simulation, as observed in the experimental test. Figure 31 
illustrates the failure of beams A-SO3-3 and B-CO2. 

 
Figure 23. Bond stress in the interface of beam A-SO3-3 (kN/cm2). 
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Figure 24. Slip in the interface of beam A-SO3-3 (cm). 

 
Figure 25. Evolution of the principal stress 𝜎𝜎1 in the CFRP strengthening for beam A-SO4-2 (kN/cm2). 

 
Figure 26. Bond stress in the interface of the beam A-SO4-2 (kN/cm2). 

 
Figure 27. Slip in the interface of beam A-SO4-2 (cm). 
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Figure 28. Principal stress 𝜎𝜎1 in the CFRP strengthening of beam B-CO2 (kN/cm2). 

 

Figure 29. Bond stress in the interface of beam B-CO2 (kN/cm2). 

 

Figure 30. Slip in the interface of beam B-CO2 (cm). 

 

Figure 31. Failure modes observed in the experiments [19]. 

6.4 Flexural failure 

Figure 32 presents the comparison between the experimental and numerical results obtained from the proposed 
modeling, in terms of load vs. midspan deflection for beams B-CF2 and B-CF4. 
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Figure 32. Load vs. midspan deflection diagram for beams with bending failure. 

According to the computational model, the longitudinal reinforcement yields at the ultimate condition, as shown in 
Figures 33-34 for beams B-CF2 and B-CF4, respectively. This indicates that failure occurs due to bending. Figure 35 
shows the stress distribution in the CFRP strengthening of beam B-CF2. The bottom strengthening, Figure 35b, presents 
more significant stresses than those at the lateral strengthening, Figure 35a, due to the bending failure mode of the 
structural element. 

When evaluating the bond stresses and slips at the concrete-strengthening interface, it can be observed that, at the 
rupture of beam B-CF2, the interface presents the maximum value of bond stress (0.479 kN/cm2), Figure 36, as well as 
of slip (0.0148 cm), Figure 37, indicating that the strengthening had a debonding failure. The debonding of the 
strengthening, after the failure of the beam due to bending, was also observed in the experimental test. It was observed 
for beam B-CF4 that the CFRP strengthening at the bottom face reached its ultimate stress value (350 kN/cm2), 
Figure 38c, which corroborates that the bending failure caused the strengthening to fail, which is in agreement with 
what was observed in the experimental test. Figure 39 illustrates the failure of beams B-CF2 and B- CF4. 

 
Figure 33. Stress 𝜎𝜎𝑚𝑚 in the reinforcement of beam B-CF2 (kN/cm2). 

 
Figure 34. Stress 𝜎𝜎𝑚𝑚 in the reinforcement of beam B-CF4 (kN/cm2). 
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Figure 35. Principal stress 𝜎𝜎1 in the CFRP strengthening of beam B-CF2 (kN/cm2). 

 
Figure 36. Bond stress in the interface of beam B-CF2 (kN/cm2). 

 
Figure 37. Interface slip of beam B-CF2 (cm). 

 
Figure 38. Principal stress 𝜎𝜎1 in the CFRP strengthening of beam B-CF4 (kN/cm2). 

 
Figure 39. Failure modes observed in the experiments [19]. 
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6.5 Summary of Results 
Table 4 presents the type of reinforcement for each beam, the experimental and numerical results of failure mode 

and ultimate load, and the variation of that load for the twenty-one beams. The numerical simulations identified the 
same failure mode observed in the experimental tests for all the beams in Series A. In addition, ultimate load values 
were close to those observed by Khalifa [19]. Nine beams presented a variation in the ultimate load of up to 10%, and 
three beams had a slightly higher variation, with a maximum value of 16.6%. 

For the beams in group B, the numerical simulations identified the same failure mode observed in the experimental 
tests for eight of the nine beams. The only beam that did not show the same experimental failure mode was beam B-CO3. 
In this case, it was found that, at the ultimate condition, the maximum bond stress and slip values were lower than the 
values established for this group of beams, thus indicating that the numerical analysis was interrupted when the concrete 
failed. Probably the reinforcement debonding observed in the experimental test was a post-rupture effect, which was not 
identified in the numerical simulation. 

Regarding the ultimate load values, two beams had the same ultimate load observed in the experimental tests, five 
beams had a variation of less than 15%, and two beams had variations greater than 15%. Therefore, it was found that, 
in general, the proposed model could accurately predict the beams' behavior in terms of failure mode and ultimate load. 

Table 4. Summary of test results. 

Nº Specimen 
designation CFRP shear reinforcement 

Experimental Numerical 
Variation (%) 

Failure mode Load (kN) Failure mode Load (kN) 

1 A-SW3-1 - Shear 252.8 Shear 249.9 -1.1 

2 A-SW3-2 Two plies (90°/0°) Splitting 354.6 Splitting 355.3 0.2 

3 A-SW4-1 - Shear 201.2 Shear 231.6 15.1 

4 A-SW4-2 Two plies (90°/0°) Splitting 361.6 Splitting 372.8 3.1 

5 A-SO3-1 - Shear 151 Shear 151 0 

6 A-SO3-2 U-wrap strips, 50 @ 125mm Debonding 261.9 Debonding 235 -10.3 

7 A-SO3-3 U-wrap strips, 75 @ 125mm Debonding 267.1 Debonding 240.4 -10.0 

8 A-SO3-4 One-ply continuous U-wrap Debonding 289 Debonding 337.1 16.6 

9 A-SO3-5 Two plies (90°/0°) Splitting 339.4 Splitting 321.2 -5.4 

10 A-SO4-1 - Shear 129.4 Shear 126.3 -2.4 

11 A-SO4-2 U-wrap strips, 50 @ 125mm Debonding 254.9 Debonding 240.5 -5.6 

12 A-SO4-3 One-ply continuous U-wrap Splitting 311.1 Splitting 341.5 9.8 

13 B-CW1 - Shear 175 Shear 175 0 

14 B-CW2 Two plies (90°/0°) Splitting 214 Splitting 241 12.6 

15 B-CO1 - Shear 48 Shear 43 -10.4 

16 B-CO2 U-wrap strips, 50 @ 125mm Debonding 88 Debonding 99 12.5 

17 B-CO3 One-ply continuous U-wrap Debonding 113 Splitting 140 23.9 

18 B-CF1 - Shear 93 Shear 93 0 

19 B-CF2 One-ply continuous U-wrap Flexural 119 Flexural 139 16.8 

20 B-CF3 Two plies (90°/0°) Flexural 131 Flexural 150 14.5 

21 B-CF4 One-ply; totally wrapped Flexural 140 Flexural 150 7.1 

7 CONCLUSIONS 
This work aimed to present a FEM computational program to simulate the behavior of reinforced concrete beams 

shear-strengthened with CFRP laminates through the customization of the software ANSYS, version 19.2. The results 
showed that the non-linear models considered could accurately predict the behavior of the tested beams selected from 
the literature, both in terms of load vs. deflection, as well as when ultimate loads and failure modes were evaluated. 
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In addition, the ANSYS post-processing visual resources allowed the analysis of stress and strain distributions in the 
concrete, in the steel rebars and stirrups, and in the CFRP strengthening system considered, as well as facilitating the 
evaluation of the bond stresses and slips at the concrete-strengthening interface. 

It was observed that the simply supported beams A-SW3-1, A-SW4-1, A-SO3-1, and A-SO4-1, and the continuous 
beams B-CW1, B -CO1, and B-CF1, failed by shear. This confirmed what was already expected in the experiments 
since they had no strengthening and were indeed designed to fail in shear. Nevertheless, the simply supported beams, 
A-SW3-2, A-SW4-2, A-SO3-5, and A-SO4-3, and the continuous beam, B-CW2, which were strengthened with CFRP, 
did not reach the maximum bond stress and slip values at the interface. There was no strengthening debonding, and the 
concrete failed by reaching stresses and strains above its limits, agreeing again with the experiments, which showed 
concrete splitting. 

Three different behaviors were observed in the numerical simulations for the beams with experimental failure 
mode due to CFRP debonding. The first one was observed in the simply supported beams strengthened with CFRP 
strips (A-SO3-2, A-SO3-3, and A-SO4-2), where the interface reached the maximum bond stress followed by a 
maximum slip in the shear length (between a support and the concentrated load). There was a reduction in the beam 
stiffness exactly at the CFRP debonding. Then, the stresses decreased toward one end of the beam, reaching the 
maximum value in the strips located on the opposite end when the ultimate load approached. The second behavior 
was observed in the simply supported beam with continuous strengthening, A-SO3-4, and in the continuous beam 
with strip strengthening, B-CO2. The failure of these beams occurred when CFRP debonding took place, with the 
interfaces reaching the maximum slip value at the ultimate load. The third behavior occurred for the continuous 
beam with continuous strengthening, B-CO3, wherein the maximum bond stress and slip values were lower than the 
limiting values that would lead to a collapse. In this case, the numerical analysis was interrupted when the concrete 
failed. Therefore, the strengthening debonding observed in the experiments was probably a post-rupture effect. 

Lastly, one more failure mode observed was due to bending and occurred in the tests of the continuous beams 
B-CF2, B-CF3, and B-CF4, which had their structural response satisfactorily simulated numerically. 
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Abstract: This study evaluates seven flat slabs made with reinforced concrete. There are three reference slabs, 
one of them doesn’t present any shear reinforcement. Four slabs have a new model of shear reinforcement of 
stud type, internally anchored to the flexural reinforcements. That reinforcement has an additional element, 
called on this study by the name: anti-cracking pins. The main objective of the research is to find the ideal 
spacing between these pins to achieve a failure mode and a failure load similar to the reference slabs that have 
conventional studs. For that, are evaluated: vertical displacements, rotation, shear reinforcement deformation, 
load capacity and failure mode. The slabs with the new stud have a load gain of 40% to 106% compared to 
the slab without studs LRef. The slab L-5-13 presented a load and a failure mode similar to the slab of 
reference, LRef-AC. 

Keywords: flat slab, punching, shear reinforcement. 

Resumo: Esse estudo avalia sete lajes lisas de concreto armado. São três lajes de referência, dessas uma não 
apresenta armadura de cisalhamento, e quatro com uma novo modelo de armadura de cisalhamento do tipo 
stud, ancorado internamente às armaduras de flexão. Essa armadura possui um elemento adicional, 
denominado nessa pesquisa de pinos anti-fissuração. O objetivo principal da pesquisa é encontrar o 
espaçamento ideal entre esses pinos para atingir um modo e carga de ruptura semelhante às lajes de referência 
com studs convencionais. Para tanto são avaliados deslocamentos verticais, rotação, deformação das 
armaduras de cisalhamento, capacidade de carga e modo de ruptura. As lajes com o novo stud apresentam 
ganho de carga de 40% a 106% com relação à laje sem studs LRef. A laje L-5-13 apresentou carga e modo de 
ruptura similar à sua laje de referência LRef-AC. 

Palavras-chave: lajes lisas, punção, armadura de cisalhamento. 
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1 INTRODUCTION 
The use of flat slabs made with reinforced concrete is standing out in civil engineering due to its advantages in the 

construction process. The absence of beams reduces cuts in the production process of formwork. Therefore, it reduces 
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costs and rationalizes construction. The increased flexibility in the conception of projects for building and architectural 
installations is also a possibility in the use of this slab model. 

As any structural system, the use of flat slabs must take into account some unfavorable aspects. The large vertical 
displacements presented by this structural model points to the use of elements that increase its stiffness [1]. 

Another preponderant factor in the use of this type of slab concerns to the punching effects in the columns area. The 
high concentration of shear forces can lead the structural element to collapse. Figure 1 shows the loaded region, it is 
possible to observe the development of cone-shaped cracking around the columns, the use of mechanisms can minimize 
these effects. 

 
Figure 1: Failure by punching. 

One of the possibilities to minimize the punching effects is to increase the concrete cross section in the region of the 
connection with the columns, but this technique causes problems in the architectural project. Another technique to combat this 
effect is the use of reinforcement, is the most efficient method to increase the capacity and ductility of flat slabs [2], [3]. 

The use of shear reinforcement to combat punching effects can lead to three distinct failure modes: failure by 
crushing of the compression strut near the column face (Figure 2a); failure by yielding of the shear reinforcement in 
the internal region of the reinforcement (Figure 2b); failure outside the region of the shear reinforcement with 
characteristics similar to the failure of slabs without shear reinforcement (Figure 2c), [2]. 

 
Figure 2: Crack patterns [4] 

Several studies [1], [5]–[8], used internal-type shear reinforcement point to a specific type of failure called 
delamination, in which the failure surface touches the bases of the reinforcement (Figure 3) anticipating collapse. 

 
Figure 3: Crack delamination patterns. 

The work in question presents a comparative study of flat slabs investigating the effects of two models of stud-type 
shear reinforcement, which differ in terms of anchorage in the flexural reinforcement (Figure 4). The structural 
performance was evaluated by analyzing the strength and stiffness, as well as possible the benefits in the mounting 
process in the construction environment. 
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Figure 4: Shear reinforcement with different anchorage types. 

2 EXPERIMENTAL PROGRAM 
The experimental program reproduced a reinforced concrete panel with a central column with side dimensions 

150mm x 150mm, simulating the behavior of punching effects in flat slabs. 
The experimental analysis was made through tests until the failure of seven square flat slabs with 2400 mm side and 

150 mm thick, with a flexural reinforcement ratio sufficient to prevent failure by this reinforcement. All slabs have the 
same characteristics varying only the shear reinforcement. 

2.1 Characteristics of the slabs 
The study is composed by a reference slab that has no shear reinforcement named LRef, two slabs with conventional 

stud-type shear reinforcement with external anchorage in the flexural reinforcement, named LRef-AC and LRef-AC-I 
and four other slabs with a new proposal of stud-type shear reinforcement anchored internally in the flexural 
reinforcement, named L-5-13, L-5-6, L-5-13-I and L-5-6-I. The slabs with studs that are identified with “I” have internal 
failure prediction for the current standards and the others, external failure prediction. 

Figure 5 shows the slab models tested and Figure 6 shows the details of the studs distribution. 

 
Figure 5: Distribution of studs and reference slab LRef. 

 
Figure 6: Detail of the stud distribution. 

The new stud proposal is based on previous researches [9], [10] that presented excellent results for the use of shear 
reinforcement anchored internally on the flexural reinforcement. The authors identified some fragility regarding the 
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development of cracks, noting the appearance of horizontal cracks that tangent the bases of the reinforcement causing 
a decrease in the ultimate strength. 

The slabs L-5-13, L-5-6, L-5-13-I and L-5-6-I use a proposal of internal stud, which have an auxiliary reinforcement 
in order to minimize the effects of the cracking, this reinforcement has an inverted “U” shape called anti-cracking pin, 
welded to the bottom plate of the pieces. 

In order to neutralize the effects of exudation which can weaken the concrete in the region of the bottom plate, 
openings of 8 mm in diameter were made – it also contributes to the anchoring of the material. The details of this type 
of stud can be seen in Figure 7. 

 
Figure 7: Internal stud model used. 

The slabs LRef-AC, L-5-13 and L-5-6 were reinforced due to the prediction of external failure, being composed by 
12 lines of studs with 7 layers of shear reinforcement of 10 mm diameter. The slabs LRef-AC-I, L5-13-I and L-5-6-I 
were reinforced due to the internal failure prediction, consisting in 8 lines of studs with 5 layers of shear reinforcement 
of 6.3 mm diameter. 

The slabs with internal studs have 13 and 6 layers of 5.0 mm anti-cracking pins. The location for using these pins 
has been defined considering that [1] concluded that the use of pins similar to the one used in this research were efficient 
in covering the control perimeter region C’ defined by NBR 6118 [11] as 2d of the column face. Figure 8 shows the 
details of the shear reinforcement used in the research. 

 
Figure 8: Models of studs. 

To combat the effects of flexural forces the slabs were reinforced with 40 straight bars with 16.0 mm diameter of 
CA-50 steel distributed in cross on the top face and 20 bars with 6.3 mm diameter distributed in cross on the bottom 
face. In order to increase the anchorage of the bars, 10.0 mm diameter hooks were installed at the slabs ends. The details 
of the flexural reinforcement are shown in Figure 9. 
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Figure 9: Detailing of the flexural reinforcement. 

Conventional studs make it difficult to position bending and shear reinforcement with the ideal spacing foreseen in the design 
due to the dense amount of reinforcement required in this region, as can be seen in the slabs analyzed by [1], [6], [8] and [12]  
presented in Figure 10. 

 
Figure 10: Flexural reinforcements in the region of the slab-column connection. 

The use of internal studs presents an advantage in the assembly process, since there is no need to pass the bending 
bars between the shear reinforcements, which was observed during the assembly of the slabs in this research [1]. 

The slab reinforcement procedure occurred in the following order: positioning of the bottom bending reinforcement 
grid (compressed), radial positioning of the studs with the proper angles, positioning of the upper bending reinforcement 
grid (tensioned), closing with lateral hooks. The reinforcement installing procedure is shown in Figure 11. 
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Figure 11: Installing the slab’s reinforcement 

2.2 Test system 
The loading system was set up simulating an internal column, using a hydraulic actuator with capacity of 1000 kN 

positioned at the bottom of the slab, applying load on a square metal plate of 150 mm side simulating a column, between 
the plate and the actuator was positioned a load cell to measure the applied load (Figure 12). 

 
Figure 12: Test system. 

3 RESULTS AND DISCUSSIONS 

3.1 Load and failure mode 
The load obtained by the load cell considers the self-weight of the slabs and metallic beams of the experimental 

apparatus. The slabs were submitted to loadings at intervals of 50 kN, with constant monitoring of deformations and 
displacements. As the deformations indicated a possible failure, load intervals were reduced to refine the data obtained, 
improving the analysis of the structural element behavior. 

The failure load calculations and the predicted failure mode were based on NBR 6118 [11] for conventional studs 
are exposed in Table 1. 
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Table 1: Characteristics, load and failure mode. 

Slabs d (mm) h (mm) 𝝆𝝆 (%) 𝒇𝒇𝒄𝒄 (MPa) Pu (kN) Pcalc (kN) Pu/Pcalc 
(kN) 

Failure mode 
Predicted Real 

LRef-AC 116 155 1.65 47.2 665 632 1.05 EP** EP** 
L-5-6 113 153 1.73 44.3 500 610 0.82 EP** IP* 

L-5-13 115 155 1.67 42.0 660 602 1.10 EP** EP** 
LRef-AC-I 113 154 1.73 46.5 551 478 1.15 IP* IP* 

L-5-6-I 113 154 1.73 46.7 450 479 0.94 IP* IP* 
L-5-13-I 116 157 1.65 46.4 525 485 1.08 IP* IP* 

LRef 116 155 1.65 47.2 320 310 1.03 Punching Punching 
*IP: Internal Punching (in the region of shear reinforcement) according to NBR 6118 [11]. **EP: External Punching (after the region of the shear 
reinforcement) according to NBR 6118 [11] 

All slabs analyzed showed a failure load higher than the design load defined by NBR 6118 [11], except for the slabs 
that used only 6 layers of anti-cracking pins (L-5-6 and L-5-6-I). Only the slab L-5-6 did not present failure mode with 
the normative prediction. 

Compared to the reference slab LRef the load gain with the use of conventional shear reinforcement was 107% for 
LRef-AC and 72% for LRef-AC-I. With the use of the proposed reinforcement the gain was 106% for L-5-13 and 64% 
for L-5-13-I. 

When performing the comparison of the reinforcement models with their respective reference slabs, despite not 
reaching higher loads, the slabs with internal shear reinforcement yielded a capacity very similar to the slabs with 
external reinforcement. The difference in load was less than 1% between LRef-AC and L-5-13 and 4% between LRef-
AC-I and L-5-13-I. 

It is possible to identify the interference of the number of layers of anti-cracking pins in the strength and failure 
mode, in such a way that the slabs with fewer layers have the lowest failure loads of the slabs with shear reinforcement. 
This behavior is valid both for slabs with external failure prediction, as for slabs with internal failure prediction. 

3.2 Vertical displacement 
The vertical displacements were monitored by 13 LVDT's in only one quadrant of the slabs in directions 

perpendicular to each other and centered, as shown in Figure 13. LVDTs were installed in the ties in order to subtract 
their displacements, obtaining the real displacement of the slabs. 

 
Figure 13: Positioning of the LVDT's. 

In all slabs, the maximum displacement was obtained in the central region (LVDT 1) gradually decreasing as 
approaching the edges, it was possible to observe a certain symmetry in the displacement in the equidistant 
perpendicular axes. Figures 14 to 17 show the vertical displacement in different loading ranges. 
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Figure 14: Vertical displacement of slabs LRef-SR and LRef-SR-I. 

 
Figure 15: Vertical displacement of slabs L-5-6 and L-5-13. 

 
Figure 16: Vertical displacement of slabs L-5-6-I and L-5-13-I. 

 
Figure 17: Vertical displacement of slabs LRef. 
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Analyzing the displacement in the loading range of 300 kN, a load close to the failure of the LRef slab, an increase 
in the rigidity of the slabs with shear reinforcement is observed. This increase was in the order of 50% (L-5-6-I, L-5-
13-I, L-5-6) and 47% (L-5-13, LRef-SR, Lref-SR-I). 

Regarding the maximum displacement, the slabs that showed greater ductility with higher displacements were: L-5-13-I with 
external failure prediction, and LRef-SR-I with internal failure prediction. 

3.3 Strain of the flexural reinforcement 
Figure 18 shows the mapping of the yield radius of the flexural reinforcement, it used data from strain 

gauges (SG) installed in the most loaded bars (outermost). The analysis area is divided into 5 bands delimited 
by the position of the SG's, the radii have the following distances from the center of the column: 6 cm, 25 cm, 
37 cm, 49 cm and 85 cm. 

 
Figure 18: Mapping the yield radius. 

In all slabs, it is possible to observe the yield of the reinforcement in the central region (column region, with the 
exception of the reference slab LRef that showed in this same region strain above 90% of the yield strain. 

Analyzing the slabs with internal failure prediction (LRef-SR-I, L-5-6-I and L-5-13-I), it can be seen that there was a greater 
load distribution in the slab L-5-13-I increasing the yield radius until the second range. Slab L-5-6-I, range 2, showed strain 
between 80% and 70% while the same range in reference slab LRef-SR-I showed strain between 90% and 100%. 

Regarding the slabs of external failure prediction, the slab L-5-13 had greater load distribution, its yield radius was 
concentrated in the first range, but the fifth and the final range of analysis showed the highest strain among the slabs 
analyzed with a strain between 60% and 70% of the yield strain characteristic. 

This behavior shows the marked ductility of this slab, which was visually verified during the failure of this model. 

3.4 Strain of the shear reinforcement 
The shear reinforcement strains were measured with electrical resistance strain gauges (SG) in all layers of the same 

stud line. 
Figure 19 shows the shear reinforcement strains of the LRef-SR and LRef-SR-I slab, and indicate higher strains in 

the layers closest (SG's 1 and 2) to the loaded region (column). 
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Figure 19: Strain of shear reinforcement, slabs LRef-SR and LRef-SR-I. 

The LRef-SR slab showed external failure surface to the region of the shear reinforcement, the late horizontality of 
the curves demonstrate this behavior, while the LRef-SR-I slab shows horizontality at lower loads and strains that 
reached the yield strain characteristic of steel. This behavior indicates an internal failure, since the crossing of the failure 
surface line by a layer of shear reinforcement causes its yielding. 

Figure 20 shows the shear strains of the slabs L-5-6 and L-5-13. 

  
Figure 20: Strain of the shear reinforcement of slab L-5-6 and L-5-13. 

The slab L-5-6 presented higher strains in the layers closest to the column region (layers 1 and 2), and no layer 
reached the characteristic yield strain. The maximum strain recorded reached approximately 62% of the yield strain 
obtained in the characterization test. 

The slab L-5-13 presents lower strains than LRef-AC, and in order of 35% of the yield strain. Layer 1 showed 
greater strain at initial loads, and at 85% of the final load the curve shows a stress relief, which may have occurred due 
to the loss of the SG gauging capacity. The horizontality of the curves in the failure loads demonstrate a tendency for 
the reinforcement to yield. 

The shear reinforcement strains of the slabs L5-6-I and L-5-13-I are presented in Figure 21. 

  
Figure 21: Strain of the shear reinforcement slab L-5-6-I and L-5-13-I. 
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The slab L-5-6-I has shear reinforcement strains smaller than the characteristic yield strain, layers 1 and 2 had the largest 
strains, showing the appearance of cracks in this region. Despite not reaching the yield strain, the horizontality of the curves of 
these layers indicates that the failure surface passed through these layers, which was visually verified in the slab. 

The slab L-5-13-I showed strains that reached the yield strain, the most strained layers are the two closest to the 
column, indicating that the failure surface passed through them, which was also visually observed in the slab. 

3.5 Strain on the anti-cracking pins 
All the one line anti-cracking pins were instrumented, there was no characteristic yield strain in any case, but as in the shear 

reinforcement there was a horizontality on the strain curves of the ultimate loads. It is possible to observe that the largest strains 
occurred in the pins closest to the column region, decreasing linearly as they move away (Figures 22 and 23). 

 
Figure 22: Strain of the anti-cracking pins of slabs L-5-6 and L-5-13. 

 
Figure 23: Strain of the anti-cracking pins of slabs L-5-6-I and L-5-13-I. 

The maximum strains recorded were at the pin closest to the column with 47% (L-5-13) and 25% (L-5-13-I) of the 
yield strain. The stresses are more concentrated in the pins as the load increases. 

In slab L-5-13-I it can be seen that the most distant pins experience very little strains, which may even reduce the 
amount of pins in this slab, unlike the slab L-5-13 in which even the most distant pins have larger strains with horizontal 
behavior in the ultimate loads. 

3.6 Comparison of the experimental failure load with loads predicted in analytical models. 
For the purpose of comparative analysis between the slabs tested with codes and standards, it was decided to evaluate the 

failure load with the results theoretically obtained by such normative instructions. Comparative data are shown in Table 2. 
One must note that there is no normative forecast for the internal stud-type shear reinforcement model proposed in 

this study. The following codes were used for this analysis: ACI 318 [13], Eurocode 2 [14], NBR 6118 [11]. 
The ACI 318 [13] code establishes, for the design of slabs subject to punching, the application of Equation 1: 

𝑉𝑉𝑛𝑛=V𝑐𝑐+V𝑠𝑠 (1) 
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Where “Vn” is the shear strength, constituted by the contribution portion of the concrete (Vc) and the contribution 
portion of the steel of the shear reinforcement (Vs). For slabs without shear reinforcement, the failure load at the punch 
of the slab-column connection must be equal to the smallest result obtained with the application of Equations 2 to 4: 

𝑉𝑉𝑐𝑐 = 0,33𝜆𝜆𝑠𝑠𝜆𝜆�𝑓𝑓𝑐𝑐′ (2) 

𝑉𝑉𝑐𝑐 = 0,17 �1 + 2
𝛽𝛽
� 𝜆𝜆𝑠𝑠𝜆𝜆�𝑓𝑓𝑐𝑐′ (3) 

𝑉𝑉𝑐𝑐 = 0,083 �2 + 𝛼𝛼𝑠𝑠𝑑𝑑
𝑏𝑏0
� 𝜆𝜆𝑠𝑠𝜆𝜆�𝑓𝑓𝑐𝑐′ (4) 

For slabs with shear reinforcement, the calculation of the resistant portion of concrete  for slabs with 
reinforcement, composed of stirrups must be done in the two control perimeters by Equation 5: 

𝑉𝑉𝑐𝑐 = 0,17𝜆𝜆𝑠𝑠𝜆𝜆�𝑓𝑓𝑐𝑐′ (5) 

Concerning the slabs with reinforcement composed of studs, the shear force at the first critical perimeter must be 
equal to the lowest value obtained by Equations 6 to 8: 

𝑉𝑉𝑐𝑐 = 0,25𝜆𝜆𝑠𝑠𝜆𝜆�𝑓𝑓𝑐𝑐′ (6) 

𝑉𝑉𝑐𝑐 = �0,17 + 0,33
𝛽𝛽
� 𝜆𝜆𝑠𝑠𝜆𝜆�𝑓𝑓𝑐𝑐′ (7) 

𝑉𝑉𝑐𝑐 = �0,17 + 0,083𝛼𝛼𝑠𝑠𝑑𝑑
𝑏𝑏0

� 𝜆𝜆𝑠𝑠𝜆𝜆�𝑓𝑓𝑐𝑐′ (8) 

Figure 24 shows the control perimeters established by ACI 318 [13]. 

 
Figure 24: Adapted ACI 318 [13] control perimeter. 

Eurocode 2 [4] recommends, establishing for the proper dimensioning of slabs subject to punching, that the 
maximum shear force must not exceed the maximum shear force capacity according to Equations 9 to 11. 

𝑉𝑉Ed ≤ 𝑉𝑉Rd (9) 

𝑉𝑉Ed = 𝛽𝛽 𝐹𝐹sd
𝑢𝑢0𝑑𝑑

 (10) 
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𝑉𝑉Rd,max = 0,4(1 − 𝑓𝑓ck
250

)𝑓𝑓cd𝑢𝑢0𝑑𝑑 (11) 

For slabs without shear reinforcement, only the contribution portion of the concrete must be considered in the 
calculation of the punching ultimate load. Equation 12 calculates the shear force capacity from concrete. 

𝑉𝑉Rd,𝑐𝑐 = 0,18𝑘𝑘(100𝜌𝜌𝑓𝑓ck)1 3⁄ ≥ 𝑉𝑉min (12) 

Where: 𝑉𝑉min = 0,035𝑘𝑘2 3⁄ 𝑓𝑓ck
1 2⁄  

Equations 13 and 14 give the calculation of shear strength in the region with shear reinforcement. 

𝑉𝑉Ed ≤ 𝑉𝑉Rd,cs (13) 

𝑉𝑉Rd,cs = 0,75𝑉𝑉𝑅𝑅,dc + 1,5 𝑑𝑑
𝑠𝑠𝑟𝑟
𝐴𝐴sw𝑓𝑓ywd,ef �

1
𝑢𝑢1𝑑𝑑

� sen𝛼𝛼  (14) 

Equations 15 and 16 are used to calculate shear strength for regions external to the shear reinforcement.  

𝜈𝜈Ed ≤ 𝜈𝜈Rdc,ext (15) 

𝑉𝑉Rd,cs,ext = 𝑉𝑉Rd,𝑐𝑐𝜇𝜇out𝑑𝑑 (16) 

Figure 25 details the control perimeter for this analysis. 

 
Figure 25: Adapted Eurocode 2 [14] control perimeter. 

NBR 6118 [11] establishes that for symmetrical loading in internal columns, the stress on critical surfaces C and C’ 
is calculated by Equation 17: 

𝜏𝜏sd = 𝐹𝐹sd
𝜇𝜇𝑑𝑑

 (17) 

To avoid cracking by diagonal compression of the concrete on the critical surface C, the verification in flat slabs 
with or without shear reinforcement must be solved by Equation 18. 

𝜏𝜏sd ≤ 𝜏𝜏Rd2 = 0,27𝛼𝛼𝑣𝑣𝑓𝑓cd  (18) 
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To verify the shear stress acting on the critical surface C’ in flat slabs without shear reinforcement, Equation 19 is used. 

𝜏𝜏sd ≤ 𝜏𝜏Rd1 = 0,13(1 + �20
𝑑𝑑

)(100𝜌𝜌𝑓𝑓ck)1 3⁄   (19) 

To verify the shear stress acting on the critical surface C’ in flat slabs with shear reinforcement, Equation 20 is used. 

𝜏𝜏sd ≤ 𝜏𝜏Rd1 = 0,13(1 + �20
𝑑𝑑

)(100𝜌𝜌𝑓𝑓ck)1 3⁄ + 1,5 𝑑𝑑
𝑠𝑠𝑟𝑟

𝐴𝐴sw𝑓𝑓ywdsen𝛼𝛼

𝜇𝜇𝑑𝑑
  (20) 

The control perimeters established by NBR 6118 [11] are shown in Figure 26. 

 
Figure 26: Adapted NBR 6118 [11] control perimeter. 

The comparison of the experimental results with that predicted by the calculation according to NBR 6118 [11] is 
presented in Table 2. Regarding the result (Pu/Pcalc), it is possible to observe that the LRef, LRef-SR, and L5-13 slabs 
presented a failure load greater than that calculated with this code formulation. The others slabs cracked with a load 
lower than the predicted, ranging between 8% and 18% lower. 

Table 2: Comparison of experimental results with codes specifications. 

Slabs Pu 
kN 

ACI 318 [13] Eurocode 2 [14] NBR 6118 [11] 
Pcalc kN Pu/Pcalc b0 mm b0sr mm Pcalc kN Pu/Pcalc u1 mm uout mm Pcalc kN Pu/Pcalc C’ mm C” mm 

LRef-SR 665 426 1.56 1064 3144 691 0.96 2080 3874 632 1.05 2080 4244 
L-5-6 500 401 1.25 1052 3134 656 0.76 2020 3836 610 0.82 2020 4235 
L-5-13 660 398 1.66 1060 3140 655 1.01 2045 3854 602 1.10 2045 4231 

LRef-SR-I 551 398 1.39 1052 3134 404 1.36 2020 3836 478 1.15 2020 4235 
L-5-6-I 450 397 1.13 1052 3134 405 1.11 2020 3836 479 0.94 2020 4235 

L-5-13-I 525 409 1.28 1064 3144 419 1.25 2080 3874 485 1.08 2080 4244 
LRef 320 254 1.14 1064 - 371 0.86 2080 - 310 1.03 2080 - 

Compared to ACI 318 [13], no slab presented a failure load lower than that predicted by the code; Pu/Pcalc results 
range from 13% (L-5-6-I) to 66% (L-5-13). 

When comparing with Eurocode 2 [14], the L-5-13 and LRef-SR slabs presented a Pu practically equal to Pcalc, 
while the slabs LRef and L-5-6 presented a Pu lower than Pcalc, varying between 14% and 24% respectively, thus the 
obtained results (Pu/Pcalc) are against security. All slabs predicted to failure internally reached a failure load greater 
than the design load. The control perimeter 1.5d away from the last layer of shear reinforcement was adopted. 

4 CONCLUSION 
The use of internal stud-type shear reinforcement looks promising, since the increase in strength of the slab without 

shear reinforcement reached the order of 106% in L-5-13 and 64% in L-5-13-I. These same slabs compared to the 
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models that used standardized studs showed very close failure loads, L-5-13 less than 1% lower than LRef-AC and L-
5-13-I 5% lower than LRef-AC-I. 

The data points to a direct relationship between the amount of anti-cracking pins and the capacity of the structural 
element. The smaller the spacing between pins in the 2d control perimeter the greater the capacity and ductility. 

The anti-cracking pins in the layers farthest from the column in the slabs with internal failure prediction, presented 
small strains, indicating that the positioning of the pins in slabs with this failure prediction can be installed covering a 
smaller region, different from the 2d control perimeter proposed in this study. 

The pins fulfilled the function of preventing the development of cracks tangential to the base of the studs as observed 
in previous research, avoiding the failure designated as delamination. 

Regarding normative specifications, further studies are necessary to develop na adequate design model that can 
describe the behavior of the proposed reinforcement. 

About the on-site assembly process, the proposed model shows to be efficient given the ease of assembly of the 
structural components and the guarantee of the design specifications, such as the spacing between the flexural 
reinforcement and the perfect radial distribution of the shear reinforcement lines, something that proved to be 
complicated for slabs with conventional studs. 
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Abstract: Size effects are known to be relevant in the shear transfer mechanisms of quasi-brittle materials like 
concrete. Bažant proposed an asymptotic approximation between plasticity theory and Linear Elastic Fracture 
Mechanics (LEFM), showing a proportionality of concrete nominal resistance with 𝑑𝑑−1/2, where 𝑑𝑑 is beam depth. 
Recently, the long-standing shear transfer mechanism expressions of ACI 318:2014 have been updated 
(ACI 318:2019), with introduction of a size effect factor. In Brazil, recent publications identified non-
conservative trends in predictions of ABNT NBR 6118:2014 for larger beam depths; yet, the Brazilian code never 
considered size effects because they are suppressed by transverse reinforcement. Considering this background, in 
this manuscript we make a comprehensive analysis of NBR 6118:2014 shear strength predictions using as a 
reference the papers of ACI-ASCE DatStb 445-D database. The results exhibit strong tendencies in the model 
error regarding longitudinal reinforcement and effective depth for beams without transversal reinforcement. 
A two-step analysis is made herein to describe model errors: first, a nonlinear regression for longitudinal 
reinforcement is made; second, a linear regression is made for size effect. The reliability analysis corroborates 
that model error may be reduced by introducing size effect and longitudinal reinforcement factors. Next, for 
beams with transversal reinforcement, smoother tendencies regarding beam depth are noted, indicating a size 
effect suppression for the beams depths available in the database. However, as the analysis shows that the higher 
beam depths concentrate most of the results with unconservative model errors, further studies are necessary to 
accurately describe how transversal reinforcement suppress the size effect. 

Keywords: fracture mechanics, size effect, shear transfer mechanisms, size effect suppression, model error. 

Resumo: A relevância do efeito escala é conhecida nos mecanismos de transferência de cisalhamento em 
materiais quase-frágeis, como o concreto. Bažant propôs uma abordagem assintótica entre a teoria da 
plasticidade e a Mecânica da Fratura Elástica Linear, exibindo uma proporcionalidade da resistência nominal 
do concreto com 𝑑𝑑−1/2, sendo 𝑑𝑑 a altura útil da viga. Recentemente, a expressão do código norte americano 
ACI 318:2014 para os mecanismos complementares de cisalhamento foi atualizada (ACI 318:2019), com a 
inserção de um fator de efeito de escala. No Brasil, publicações recentes identificaram tendências não 
conservadoras nas previsões da NBR 6118:2014 para maiores valores de 𝑑𝑑; ainda assim, o código brasileiro 
nunca considerou efeito escala devido à aparente supressão pelo reforço transversal. Considerando esse 
cenário, esse artigo faz uma análise abrangente das previsões normativas da NBR 6118:2014 para a resistência 
ao cisalhamento usando como referência os artigos da base de dados ACI-ASCE DatStb 445-D. Os resultados 
exibem fortes tendências da variável erro de modelo em relação à taxa de reforço longitudinal e altura útil 
para as vigas sem reforço transversal. Uma análise em duas etapas é efetuada neste trabalho: primeiro, uma 
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regressão não-linear é realizada, em termos da taxa de reforço longitudinal; na sequência, uma regressão linear 
é realizada para a altura da viga. A análise de confiabilidade estrutural corrobora os resultados apontando que 
a incorporação dos fatores para efeito escala e taxa de reforço longitudinal leva à redução do erro de modelo. 
Para vigas com reforço transversal, são observadas tendências mais sutis de variação do erro de modelo com 
a altura útil da viga. Contudo, a análise mostra que as maiores alturas de viga ainda concentram a maior parte 
dos resultados para as quais o modelo é não conservador; logo, mais estudos são necessários para descrever 
precisamente como o reforço transversal suprime o efeito escala. 

Palavras-chave: mecânica da fratura, efeito escala, mecanismos complementares de resistência ao 
cisalhamento, supressão do efeito escala, erro de modelo. 
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1 INTRODUCTION 
Use of increasingly larger cross-sections in structural elements, together with catastrophic failures observed in 

recent years, point to a need to better comprehend size effects in predictions of current design codes. The shear transfer 
mechanism is one of the crucial design variables which recent studies related to scalability problem, i.e., size effect. 
Illustrating this, the American Code ACI 318: 2019 [1], included a factor to consider the observed transitional trend 
between theory of plasticity and Linear Elastic Fracture Mechanics predictions. 

For quasi-brittle materials, such as concrete, Bažant and Oh [2] was a pioneer analyzing the effect of increasing the depth 
dimension on the fracture energy. The author laid the foundations for adjustments, like those made in ACI 318:2019, which 
included a factor showing a proportionality of concrete nominal resistance with 𝑑𝑑−1/2, where 𝑑𝑑 is beam depth. 

Regarding the beams without transverse reinforcement, both code and recent publications show, from the ACI445-D 
database covering a wide range of depth variation, that more reliable designs may be obtained through Bažant’s approach. 
In addition, it was also found that the slopes of the adjustment curve were correctly predicted according to the type-II size 
effect law, as well as the divergence from the usual normative values that disregard it [3], [4]. Nevertheless, authors such 
as Collins et al. [5] state that when a minimum transversal reinforcement is provided, there is no need to consider size 
effect due to the suppression occurrence. 

In Brazil, the shear resistance of complementary mechanism is calculated through expressions that do not consider 
size effect for reinforced concrete beams, when transversal reinforcement is provided or not. According to results 
obtained by Kuchma et al. [6] when investigating the previous ACI 318:2014 [7], which has trends like those present 
in ABNT NBR 6118:2014 [8], ignoring size effects may result in unconservative design for higher beams depths. 
Therefore, it is important to analyze the Brazilian code to incorporate a size factor as well. 

2 FRACTURE MECHANICS AND SIZE EFFECT 

2.1 Fracture Mechanics 
Fracture mechanics studies the phenomena of crack appearance and propagation in materials, until complete 

fracture. For this to occur, it is necessary that tensile stresses have sufficient intensity to successively break the bonds 
between the atoms that make up the crystalline structure, until there is partial or total separation of the material. 
According to the way this phenomenon occurs, it is possible to divide the materials into three groups: brittle, quasi-
brittle and ductile. 

Brittle materials undergo a cleavage process, characterized by break of atomic bonds as the crack propagates along 
specific crystallographic planes, orthogonal to the loading and with little deformation before rupture. In these materials, 
as soon as the maximum tensile stress (𝑓𝑓𝑡𝑡′) is reached, continuity is lost. The type of rupture that is linked to quasi-
brittle materials, demonstrate the behavior known as strain-softening. This is characterized by the fact that the load 
gradually decays after 𝑓𝑓𝑡𝑡′ as the deformations increase. 

This rupture characterization for the different materials comes from Linear Elastic Fracture Mechanics (LEFM) and 
Elastic-Plastic Fracture Mechanics (EPFM). While the former describes materials with a small fracture process zone 
(FPZ), the latter extends to more materials, since it considers plasticity ahead of the crack tip. At the structural level, 
global aspects, such as carrying capacity or deflections, may be correctly determined only by considering plasticity in 
the crack propagation until the material complete discontinuity [9]. 
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Observing concrete compressive tests, Hillerborg et al. [10] sought to describe the crack displacement from the 
analysis of the stress vs deformation curve (σ x ε), from a uniaxial concrete stress test. The authors observed that after 
the peak load the deformations were predominantly located at the tip of the crack, until the body was completely 
fractured. Considering this curve as a function of crack width, the fracture energy (𝐺𝐺𝐹𝐹) was established as equivalent 
to the area under the curve. 

Planas et al. [11] also define fracture energy as the external energy required for the expansion of one unit of cohesive 
crack area to occur. Following the authors [11], the characteristic length (𝑙𝑙𝑐𝑐ℎ), result of Irwin’s formulations estimation 
for the FPZ dimension applied to the cohesive crack, can be expressed by Equation 1: 

𝑙𝑙𝑐𝑐ℎ = �𝐾𝐾𝐼𝐼𝐼𝐼
𝑓𝑓𝑡𝑡
′ �

2
= 𝐸𝐸′𝐺𝐺𝐹𝐹

𝑓𝑓𝑡𝑡
′²

 (1) 

where 𝐾𝐾𝐼𝐼𝐼𝐼 is the critical stress intensity factor for mode I, 𝐸𝐸′ is the modulus of elasticity in plane stress. The smaller 
𝑙𝑙𝑐𝑐ℎ, the smaller the area of inelastic processes, the more brittle the material will be. Authors such as Hoover et al. [12] 
attest that 𝑙𝑙𝑐𝑐ℎ, together with 𝐺𝐺𝐹𝐹, remain necessary to characterize concrete’s post peak curve. Values of 𝑙𝑙𝑐𝑐ℎ for an infinite 
concrete body, where it would be possible to apply LEFM, usually vary between 0.15 to 0.45m, whereas 𝑙𝑙𝑐𝑐ℎ varies 
from 0.30 to 2 m for a fully developed FPZ. Thus, it is attested that LEFM is not applicable to concrete in the usual 
dimensions. This conclusion also points that size effect might occur as the beams increase its dimensions. 

2.2 Size Effect Law (SEL) 
Two types of size effect are described in the literature, within the energetic approach. Type I, or statistical size 

effect, is usual for simple concrete structures, is caused by stress redistribution, and occurs as a large crack propagates 
continuously from a small region containing micro-cracks. The location of this finite region will depend on the 
material’s random resistance, i.e., this approach is energetic and statistical [13], [14]. 

Type II, in turn, which is more common for reinforced concrete structures, occurs when the propagation of a crack 
in the quasi-brittle material is preceded by a redistribution of stresses, which occurs in the FPZ. In these cases, the size 
effect is deterministic for structures already weakened by a wide crack with stable growth, or non-negligible notch in 
relation to the cross section and larger than the FPZ [15], [16]. 

Figure 1 exhibits Bažant and Oh’s [2] observations of nominal shear resistance (𝜈𝜈) and the logarithm of the ratio 
between beam depth (𝐷𝐷) and transitional dimension (𝐷𝐷0). The second parameter was defined initially as an empirical 
adjustment parameter, plotted as a vertical line. On the upper part, the horizontal line (blue) represents the classical 
formulations predictions, which had no dependence on size. As the beam depth increases, the FPZ decreases and the 
LEFM may be used to describe the shear resistance. From that, the author proposed and transitional approach between 
plasticity theory and LEFM, as represented by the dashed purple line with slope of 1/2 in Figure 1. The size effect law 
is plotted as the continuous green curve, describing how 𝜈𝜈 decreases as the depth increases. 

 
Figure 1 – SEL asymptotic approach: nominal shear strength (𝜈𝜈) in terms of cross-session depth 𝑑𝑑 (log scale). 

Hence, the size effect law of Type II (SEL-II) was obtained by making an asymptotic correspondence for 
geometrically similar structures by varying their depth, as expressed in Equation 2: 
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𝜈𝜈 = 𝐵𝐵�𝑓𝑓𝑡𝑡
′ 

�1+ 𝑑𝑑
𝑑𝑑0

 (2) 

where d is the effective depth, 𝑑𝑑0 is the transitional dimension and 𝐵𝐵�  is defined in the Equation 3: 

𝐵𝐵� = 𝐸𝐸′𝐺𝐺𝑓𝑓/𝑐𝑐𝑓𝑓𝑔𝑔′(𝛼𝛼0) (3)  

where 𝐺𝐺𝑓𝑓 is the initial fracture energy, 𝑐𝑐𝑓𝑓 is the effective length of fracture zone, 𝑔𝑔′(𝛼𝛼0) is the energy release rate, as 
function of 𝛼𝛼0, the initial crack extension normalized by depth. Later, Bažant and Oh [2] stated that the transitional 
behavior observed in concrete can be related to the size of FPZ which is not negligible with the increase of member 
dimensions [16]. 

3 SHEAR TRANSFER MECHANISMS 

3.1 Shear resistance of complementary mechanism parameters 
Since the first approaches to analyze shear in concrete structures, several updates were made to insert the discovered 

shear transfer mechanisms that change the initial truss and tie model predictions. The studies revealed differences due to 
pin effect, interface friction, cantilever effect, concrete residual tensile strength, among others, and these are considered in 
the shear resistance codes through a parameter named shear resistance of complementary mechanisms (𝑉𝑉𝑐𝑐). 

In turn, the current Brazilian code defines expressions based on two models: the fixed angle truss and the variable 
angle truss. The former has a fixed value for any load, given by: 

𝑉𝑉𝑐𝑐 = 0.6𝑓𝑓𝑐𝑐𝑡𝑡𝑐𝑐𝑏𝑏𝑤𝑤𝑑𝑑 (4) 

where 𝑓𝑓𝑐𝑐𝑡𝑡𝑐𝑐 is the design concrete tensile strength that is calculated by Equation 5: 

𝑓𝑓𝑐𝑐𝑡𝑡𝑐𝑐 = 𝑓𝑓𝑐𝑐𝑡𝑡𝑐𝑐,𝑖𝑖𝑖𝑖𝑖𝑖

𝛾𝛾𝑐𝑐
= 0.7𝑓𝑓𝑐𝑐𝑡𝑡𝑐𝑐

1.4
= 0.5𝑓𝑓𝑐𝑐𝑡𝑡𝑐𝑐 (5) 

where 𝛾𝛾𝑐𝑐 is the concrete partial safety factor and 𝑓𝑓𝑐𝑐𝑡𝑡𝑐𝑐 is the mean of concrete tensile resistance calculated according to 
Equation 6 for concrete with compressive strength up to 50 MPa and Equation 7 from 55 to 90 MPa. The ABNT: NBR 
8953:2015 [17] also establishes class C100, which is not covered by the ABNT: NBR 6118:2014 in its current version. 

𝑓𝑓𝑐𝑐𝑡𝑡𝑐𝑐 = 0.3(𝑓𝑓𝑐𝑐𝑐𝑐)
2
3 (6) 

𝑓𝑓𝑐𝑐𝑡𝑡𝑐𝑐 = 2.11 𝑙𝑙𝑙𝑙(1 + 0.11𝑓𝑓𝑐𝑐𝑐𝑐)  (7) 

The second model starts from the consideration of a truss with variable angle and is divided into different 
expressions that seek to adjust the load distribution of the classic truss, with possible relief in the struts by reducing the 
vertical component. This leads to a change in the model for calculating the 𝑉𝑉𝑐𝑐 parameter which, in this approach, 
depends on the load. 

3.2 Size Effect in Shear Resistance of concrete beams 
One of the factors that contributes to 𝑉𝑉𝑐𝑐 is the size effect. Different approaches have been made, such as the Canadian 

standard CSA A23 [18], or the methodology incorporated in the ACI 318:2019 [1], the SEL-II. There is still no 
consensus on how this should be considered, or even if there is an actual need when the minimum transverse 
reinforcement is provided [5]. 
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By analyzing geometrically similar structures with different heights, Kani [19] observed that the predicted values 
for the larger beam depths led to results up to 40% smaller than those predicted by the current formulation. 

Based on a probabilistic approach but considering beam depths between 10 and 300cm and distributed loads, 
Iguro et al. [20] stated that a proportionality of the shear resistance to 𝑑𝑑−1/4  may be considered, to obtain more 
conservative results. 

In the Toronto series, Podgorniak-Stanik [21] considered 7 different beam depths, varying the percentage of longitudinal 
reinforcement ratio, for specified compressive strength of 𝑓𝑓𝑐𝑐𝑐𝑐=37 MPa, and high strength concrete (𝑓𝑓𝑐𝑐𝑐𝑐 = 99 𝑀𝑀𝑀𝑀𝑀𝑀), with 
minimum transverse reinforcement. The author affirmed existence of the size effect, which is more prominent for larger beam 
depths. Nevertheless, the author [22] also supposed that the stirrups would be sufficient to control cracking. However, 
according to Bažant et al. [3] it is wrong to infer this from the results. There is a notable reduction for beams reinforced 
transversally for the considered sizes, although not as significant as for beams without stirrups. The authors also point out that 
the predictions should be based on the parameter of characteristic compressive strength in the quantile of 9% (𝑓𝑓𝑐𝑐′), instead of 
𝑓𝑓𝑐𝑐𝑐𝑐, and that the curve adjustment should be done at the edge of the dispersion band, instead of in the middle. After comparison 
with simulations, Bažant et al. [3] concluded that there is a significant reduction due to use of minimal transverse 
reinforcement, but insufficient for the size effect to become negligible. 

Testing beams with effective depths of 300 and 4000 mm, and comparing several proposed predictions, Quach [22] 
demonstrated that the consideration of the size effect for large sections was necessary for an optimized design. 
Afterwards, Collins et al. [5], in an article referring to these same specimens, together with the ones from the Toronto 
series, affirmed an apparent suppression of the size effect based on the more brittle behavior observed. However, this 
series has maximum value for the beam depth of 𝑑𝑑 = 1840𝑚𝑚𝑚𝑚, insufficient to conclude about a complete size effect 
suppression. Furthermore, this beam has an 𝑀𝑀/𝑑𝑑 < 2.4 where the arc action is still the main shear transfer mechanism. 

From the database selected by the ACI 445-D committee, Bažant et al. [3] applied an algorithm to randomly 
eliminate data at intervals to fix the variance of other parameters than beam depth. As their variance affects the size 
effect, the influence of beam depth become even more notorious after applying Equation 2 to this transformed database, 
with nominal shear strength proportional to 𝑑𝑑−1/2. 

Later, applying the ACI 318 (2014) formulation to the updated database, Yu et al. [4] observed that for small beam 
depths, the plastic analysis was satisfactory. They also inferred that consideration of a probabilistic approach of the size 
effect for concrete was not justifiable, given the usual stress redistribution as well as the cracking pattern of the concrete 
beams under analysis. 

3.3 A note on datasets 
Different approaches are possible in constructing datasets and subsets. For instance, to reflect advances in materials 

technology, which are expected to reduce standard deviation, test data could be split into prior and posterior to 1980, 
as done in [23], [24], [25]. The coefficient of variation per interval depends both on heterogeneity of data and on the 
formulations. As model predictions are made to all collected data, it is important to consider what goals the authors had 
when developing the original studies. Due to data heterogeneity, the COV of a larger dataset tends to be larger than that 
of a smaller dataset. 

4 MATERIALS AND EXPERIMENTAL PROGRAM 

4.1 Shear test database 

4.1.1 Slender beams without transversal reinforcement 
Ribeiro et al. [26] analyzed the trends concerning the main complementary mechanisms to shear transfer in 

ACI 318:2014, ACI 318:2019, Frosch et al. [27] and ABNT NBR 6118:2014 considering slender beams (where the 
complementary mechanisms have greater influence) from a dataset encompassing 1356 tests available in the ACI-
DafStb, filtered as proposed by Reineck et al. [28] and additionally with a 𝑓𝑓𝑐𝑐𝑐𝑐>20MPa to select only concrete with 
structural propose as defined by ABNT NBR 8953:2015. 

The results show the most influents mechanisms to the model error and points towards the possible adjust through 
minimum square regression concerning longitudinal reinforcement ratio and later a linear regression to beam depth. 
Therefore, we start from the same database focused solely on propose an adjusted model to reduce the previously 
observed trends. 
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4.1.2 Slender beams with transversal reinforcement 
Size effect suppression with use of stirrups was pointed out by Collins et al. [5], corroborated by Kuchma et al. [6] 

and opposed by Yu and Bažant [29]. To verify size effect suppression, the database provided by Reineck et al. [30] was 
employed herein: 886 beams were selected, of which 556 had a/d > 2.4. 

After applying the filters recommended by Reineck et al. [30], removing beams that suffered rupture other than by 
shear, as well as spurious or missing data, a set of 170 beams with no axial forces, was obtained. Also, this database is 
like the one used by the ACI 445-D committee for adequacy. Similarly, a filter was applied for structural concrete, 
which removed only 6 beams from the sample set. The data taken from 39 authors is reported in Annex A. 

4.2 Calculation of shear resistance of complementary mechanisms (𝑽𝑽𝒄𝒄) 

4.2.1 Beams without stirrups 
From the ABNT: NBR6118:2014, solely the Model I, previously exposed in Section 3.1 and calculated by 

Equation 4 was used by Ribeiro et al. [26] because of the available data for calculations. 

4.2.2 Beams with stirrups 
To verify the size effect suppression, the strength of beams with stirrups is calculated. The formulations by 

Frosch et al. [27], ACI 318: 2014 [7] and ACI 318: 2019 [1] have the same normative prescription for the transversal 
reinforcement resistance, for beams where reinforcement is greater than the minimum. The Brazilian formulation is 
like the fib Model Code [31]. 

4.2.2.1 Approach from ACI 318 and Frosch et al. [27] 
Based on the fixed-angle truss model with contribution of complementary mechanisms, the standards prescribe that 

the strength of a beam with transverse reinforcement will be given by Equation 8: 

𝑉𝑉𝑛𝑛 = 𝑉𝑉𝑠𝑠 + 𝑉𝑉𝑐𝑐 (8) 

For ACI 318:2019, the shear strength of the complementary mechanisms follows the expressions of ACI 318:2014 
when at least minimum transversal reinforcement is provided. The transversal reinforcement shear strength is calculated 
by Equation 9: 

𝑉𝑉𝑠𝑠 = 𝐴𝐴𝑠𝑠𝑠𝑠
𝑠𝑠𝑠𝑠
𝑓𝑓𝑦𝑦𝑤𝑤𝑑𝑑 (9) 

Substituting the respective expressions, the value of the ultimate shear strength of a beam is calculated by Equation 10: 

𝑉𝑉𝑢𝑢 = 0.166�𝑓𝑓𝑐𝑐′ 𝑏𝑏𝑤𝑤𝑑𝑑 + 𝐴𝐴𝑠𝑠𝑠𝑠
𝑠𝑠𝑠𝑠
𝑓𝑓𝑦𝑦𝑤𝑤𝑑𝑑 (10) 

For the expression by Frosch et al. [27], Equation 11 must be used: 

𝑉𝑉𝑢𝑢 = 0.415 �𝑓𝑓𝑐𝑐′𝑏𝑏𝑤𝑤𝑐𝑐 + 𝐴𝐴𝑠𝑠𝑠𝑠
𝑠𝑠𝑠𝑠
𝑓𝑓𝑦𝑦𝑤𝑤𝑑𝑑 (11) 

Where 𝑐𝑐 is the depth of the cracked cross-section, calculated by Equation 12: 

𝑐𝑐 = 𝑘𝑘𝑑𝑑 (12) 
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Where 𝑘𝑘 is a coefficient relating reinforcement and concrete given by Equation 13: 

𝑘𝑘 = �2𝜌𝜌𝐿𝐿𝑙𝑙 + (𝜌𝜌𝐿𝐿𝑙𝑙)2 − 𝜌𝜌𝐿𝐿𝑙𝑙 (13) 

Where 𝜌𝜌𝐿𝐿 is the longitudinal reinforcement ratio (%) and 𝑙𝑙 is the ration between reinforcement end elasticity modules. 

4.2.2.2 Code NBR 6118 (2014) 

Since the Brazilian code also starts from the fixed angle truss model with 𝑉𝑉𝑐𝑐 contribution, Equation 8 will be used. 
Therefore, for the Brazilian standard, the resistance is calculated by Equation 14: 

𝑉𝑉𝑢𝑢 = 0.6𝑓𝑓𝑐𝑐𝑡𝑡𝑐𝑐𝑏𝑏𝑤𝑤𝑑𝑑 + 𝐴𝐴𝑠𝑠𝑠𝑠
𝑠𝑠𝑠𝑠

0.9𝑑𝑑𝑓𝑓𝑦𝑦𝑤𝑤 (14) 

4.3 Model error 

The model for the beams without stirrups in Equation 4 provides one estimate of shear strength (𝑉𝑉𝑐𝑐) for each of the 
beams of the experimental database. Similarly, for beams with stirrups the model in Equations 20-22 provides one 
estimate of total shear resistance 𝑉𝑉𝑢𝑢. If 𝑉𝑉𝑀𝑀 is the shear strength predicted by the model (𝑀𝑀), and 𝑉𝑉𝐸𝐸 is the shear strength 
observed in the experiment (𝐸𝐸), then observations of a model error variable (𝑀𝑀𝐸𝐸) can be obtained by Equation 15: 

𝑀𝑀𝐸𝐸 = 𝑉𝑉𝐸𝐸
𝑉𝑉𝑀𝑀

 (15) 

The model error ratio (𝑀𝑀𝐸𝐸) shows how the predictions are close to the actual tests results. If 𝑀𝑀𝐸𝐸 < 1, the 
experimental strength is smaller than the model-predicted strength, potentially leading to an unsafe design. The higher 
the value of 𝑀𝑀𝐸𝐸, the more conservative is the model prediction. Beck et al. [32] used ME to identify tendencies in 
circular steel concrete-filled steel columns regarding the slenderness ratio and later applied non-linear regression to 
describe the relation between parameters. 

Based on a statistical analysis of a set of model error observations, statistics like mean (𝜇𝜇𝑀𝑀𝐸𝐸), standard deviation 
(𝜎𝜎𝑀𝑀𝐸𝐸) and coefficient of variation (𝛿𝛿𝑀𝑀𝐸𝐸 = 𝜎𝜎𝑀𝑀𝐸𝐸/𝜇𝜇𝑀𝑀𝐸𝐸) can be computed. The ideal model should have 𝜇𝜇𝑀𝑀𝐸𝐸 = 1 and 
𝛿𝛿𝑀𝑀𝐸𝐸 = 0, but this is unrealistic due the uncertainties inherent to any model. A good engineering model will have 𝜇𝜇𝑀𝑀𝐸𝐸 ≈
1 and 𝛿𝛿𝑀𝑀𝐸𝐸 as small as possible. When 𝜇𝜇𝑀𝑀𝐸𝐸 > 1 we say that, on average, the model is conservative; but this may not be 
sufficient if 𝛿𝛿𝑀𝑀𝐸𝐸 is large! 

In this manuscript, we interpret model error results by reporting the mean (𝜇𝜇𝑀𝑀𝐸𝐸) and coefficient of variation (𝛿𝛿𝑀𝑀𝐸𝐸), 
as well as the percentage of results for which 𝑀𝑀𝐸𝐸 < 1 (potentially unsafe). Also, we report model error results for two 
upper fractiles (𝑈𝑈𝑈𝑈), corresponding to 90 and 95%. These fractiles highlight models that are excessively conservative, 
when 𝑈𝑈𝑈𝑈 ≫ 1. 

5 RESULTS AND DISCUSSIONS 

5.1 Application of a size effect factor to ABNT: NBR 6118:2014 

There is a strong influence of the size effect, demonstrated with the increase in effective depth. Considering that 
Barros et al. [33] exhibit trends regarding the minimum longitudinal reinforcement to slabs, Ribeiro et al. [26] to beams, 
and that this parameter is expected to change with increasing effective depth, a two steps regression is proposed. 

First the same dataset in terms of longitudinal reinforcement ratio (𝜌𝜌𝐿𝐿) is exhibited in Figure 2. For the Brazilian 
code the model error increases with 𝜌𝜌𝐿𝐿 from unconservative design for lightly reinforced beams (ME<1) to excessively 
conservative design. The tendencies in model error concerning longitudinal reinforcement ratio per range are more 
detailed in Table 1. 
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Figure 2 – ME x 𝜌𝜌𝐿𝐿 for NBR 6118:2014 

Table 1 – ME with respect to longitudinal reinforcement ratio 

N 𝝆𝝆𝑳𝑳 (%) ME <1 (%) 𝝁𝝁𝑴𝑴𝑴𝑴 𝜹𝜹𝑴𝑴𝑴𝑴 
125 0-1.30 44.0% 1.05 0.32 
207 1.30 – 2.60 5.13% 1.54 0.25 
149 2.60 – 3.90 0.00% 1.86 0.27 
68 3.90 – 6.70 0.00% 2.39 0.42 

To correct these tendencies a power function is proposed, similarly to ACI 318:2019, given by Equation 16: 

𝑉𝑉𝑐𝑐0 = 0.6𝑓𝑓𝑐𝑐𝑡𝑡𝑐𝑐𝑏𝑏𝑤𝑤(𝑀𝑀 𝜌𝜌𝐿𝐿𝑏𝑏) (16) 

where 𝑀𝑀 and 𝑏𝑏 are parameters of a power function to be determined by regression. By way of minimum squares 
regression analysis, the following Equation 17 is obtained: 

𝑉𝑉𝑐𝑐0 = 0.6 𝑓𝑓𝑐𝑐𝑡𝑡𝑐𝑐𝑏𝑏𝑤𝑤(8.6𝜌𝜌𝐿𝐿0.44) (17) 

The ACI 318 (2019) uses 𝜌𝜌𝐿𝐿0.33, close to the obtained result. Next, the model in Equation 17 is applied to the same 
database, obtaining new ME results which do not have trends concerning 𝜌𝜌𝐿𝐿 as presented in Figure 3. Also, the 90% 
fractile is 𝑈𝑈𝑈𝑈 = 1.4 for this correction. After implementing Equation 17, the ME data still exhibits a trend with respect 
to beam depth, as seen in Figure 4. 

 
Figure 3 – ME results in terms of 𝜌𝜌𝐿𝐿  , after applying 𝜌𝜌 factor of Equation 17 
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Figure 4 –  ME in terms of 𝑑𝑑 after application of 𝜌𝜌𝐿𝐿 factor 

Therefore, as the size effect law is already defined, a change of variable in 𝑑𝑑 is made to (tentatively) linearize the 
data in Equation 18: 

𝑦𝑦′ = 1

�1+ 𝑑𝑑
𝑑𝑑0

  (18) 

where 𝑑𝑑0 = 254 𝑚𝑚𝑚𝑚. Once the data is (tentatively) linearized, a linear regression analysis is made on variable 𝑦𝑦′, to 
determine the coefficient 𝑀𝑀, of the Equation 19: 

𝑦𝑦 = 𝑀𝑀𝑦𝑦′ (19) 

Once determined, it can be used to correct the model as proposed in the size effect factor defined by Equation 20: 

𝛾𝛾𝑒𝑒 = � 1,53
1+𝑐𝑐/𝑐𝑐0

 (20) 

Applying the model error correction of (Equation 20), the distribution of data points in Figure 5 is obtained. On (a) 
the ME for ABNT NBR6118:2014 and on (b) for the corrected model. 

 
Figure 5 – ME results for ABNT NBR 6118:2014 without (a) and with (b) 𝜌𝜌𝐿𝐿 and 𝛾𝛾𝑒𝑒 factors. 
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Clearly, there are no more tendencies in the new proposed design, exhibiting that the proposed equation correctly 
describes the functional relation among the parameters. The 90% fractile is 𝑈𝑈𝑈𝑈 = 1.60, indicating a less conservative 
approach, since the NBR 6118:2014 had 𝑈𝑈𝑈𝑈 = 2.24. Since the insertion of the factor 𝜌𝜌𝐿𝐿 does not foresee that as the 
beam height increases the pin effect reduce its role in the shear resistance output, this is the most likely cause of the 
increasing in ME for higher beam depths. The final proposed expression, to be adjusted accordingly the desirable safety 
is given in Equation 21: 

𝑉𝑉𝑐𝑐 = 5.2𝛾𝛾𝑒𝑒𝑓𝑓𝑐𝑐𝑡𝑡𝑐𝑐𝑏𝑏𝑤𝑤𝑑𝑑𝜌𝜌𝐿𝐿0.44 (21) 

This expression may be corrected through a reliability analysis establishing a target reliability index. 

5.2 Structural Reliability Analysis 
To further evaluate the proposed expression the First Order Reliability Method (FORM) was applied to both the 

proposed expression (18), and the current code. First, same beam depth intervals used in Ribeiro et al. [26] were used. The 
mean of 𝑀𝑀𝐸𝐸 (𝜇𝜇𝑀𝑀𝐸𝐸) and the coefficient of variation (𝛿𝛿𝑀𝑀𝐸𝐸) of each range was used to compute the standard deviation by: 

𝜎𝜎 = 𝛿𝛿𝑀𝑀𝐸𝐸 × 𝜇𝜇𝑀𝑀𝐸𝐸 (22) 

The beam width was considered a deterministic parameter with 𝑏𝑏𝑤𝑤 = 200𝑚𝑚𝑚𝑚. Since size effect takes place to 
𝑑𝑑 > 254𝑚𝑚𝑚𝑚 and varies among the intervals, beams depth of 375, 625, 875, and 1500mm were considered. 

Since the most of dataset is comprehended between 20 < 𝑓𝑓𝑐𝑐𝑐𝑐 < 40 𝑀𝑀𝑀𝑀𝑀𝑀, compressive strengths of 20, 30 and 
40 MPa were used in this analysis as random variables with normal distribution. Finally, to analyze how the longitudinal 
reinforcement ratio affect the model were used 𝜌𝜌𝐿𝐿,𝑐𝑐𝑚𝑚𝑛𝑛, 𝜌𝜌𝐿𝐿,𝑐𝑐 and 𝜌𝜌𝐿𝐿,𝑐𝑐𝑚𝑚𝑚𝑚, where 𝜌𝜌𝐿𝐿,𝑐𝑐𝑚𝑚𝑛𝑛 correspond to the design code 
minimum longitudinal reinforcement to the beams in analysis, 𝜌𝜌𝐿𝐿,𝑐𝑐𝑚𝑚𝑚𝑚 corresponds to the maximum value observed in 
dataset and 𝜌𝜌𝐿𝐿,𝑐𝑐 is the median of this parameter. As 𝑏𝑏𝑤𝑤, 𝑑𝑑 and 𝜌𝜌𝐿𝐿 were considered as deterministic variable the 
resistance in the limit function state depends only on 𝑓𝑓𝑐𝑐 for both the current design code and the proposed. 

Regarding the loads, dead load (𝐷𝐷) was considered with a normal distribution, live load (𝐿𝐿) and wind load (𝑊𝑊) as 
Gumbel Distributions. The load combination was made as the design code NBR 6118:2014 applying the so-called 
Turkstra combination, considering the maximum of Live Loads (L) for 50 years and the maximum annual wind load 
(𝑊𝑊1). In turn, for both mean model error of resistance (𝐸𝐸𝑀𝑀,𝑅𝑅) and for the loads (𝐸𝐸𝑀𝑀,𝑆𝑆), normal distributions were 
considered. Next, the limit state equations were considered as Equation 23: 

𝑔𝑔�𝑓𝑓𝑐𝑐 ,𝐷𝐷, 𝐿𝐿,𝑊𝑊1,  𝐸𝐸𝑐𝑐,𝑐𝑐 ,𝐸𝐸𝑐𝑐,𝑙𝑙� = 𝐸𝐸𝑀𝑀,𝑅𝑅 ∗ 𝑅𝑅(𝑓𝑓𝑐𝑐) − 𝐸𝐸𝑀𝑀,𝑆𝑆 ∗ 𝑆𝑆(𝐷𝐷 + 𝐿𝐿50 + 𝑊𝑊1) (23) 

As aforementioned, 𝐸𝐸𝑀𝑀,𝑅𝑅 was considered for the same beam depth intervals in Table 2. The 𝐸𝐸𝑀𝑀,𝑆𝑆 was used accordingly 
JCSS [34] with mean value of 1.00 to shear and 𝛿𝛿𝐸𝐸𝑀𝑀,𝑆𝑆 = 0.10 𝑅𝑅 (𝑓𝑓𝑐𝑐) is given by Equations 4 and 21, for the Brazilian 
code and for the proposal, respectively, resulting in Equations 24 and 25: 

𝑔𝑔1(𝑅𝑅, 𝑆𝑆) = 𝐸𝐸𝑀𝑀,𝑅𝑅 ∗ 0.6 ∗ �0.21𝑓𝑓𝑐𝑐
2
3� 𝑏𝑏𝑤𝑤𝑑𝑑 − 𝐸𝐸𝑀𝑀,𝑆𝑆 ∗ (𝐷𝐷 + 𝐿𝐿50 + 𝑊𝑊1)   (24) 

𝑔𝑔2(𝑅𝑅, 𝑆𝑆) = 𝐸𝐸𝑀𝑀,𝑅𝑅 ∗ 5.2 ∗ �0.21𝑓𝑓𝑐𝑐
2
3� 𝑏𝑏𝑤𝑤𝑑𝑑 ∗ 𝜌𝜌𝐿𝐿0.44 − 𝐸𝐸𝑀𝑀,𝑆𝑆 ∗ (𝐷𝐷 + 𝐿𝐿50 + 𝑊𝑊1) (25) 

The function 𝑔𝑔1, is the limit state function when ABNT NBR 6118:2014 is considered and 𝑔𝑔2, when the proposal is 
used. The Tables 3-4 summarizes the distribution data to resistance and load parameters, respectively, available in 
Santiago et al. [35] and Costa et al. [36] to live loads. 
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Table 2- Concrete compressive strength distribution parameters 

Random Variable Compressive Strength Class Distribution Mean(𝝁𝝁) 𝑪𝑪.𝑶𝑶.𝑽𝑽. (𝜹𝜹) 

𝒇𝒇𝒄𝒄 
C20 Normal 1.30𝑓𝑓𝑐𝑐 0.20 
C30 Normal 1.22𝑓𝑓𝑐𝑐 0.15 
C40 Normal 1.16𝑓𝑓𝑐𝑐 0.11 

Table 3- Loads distribution parameters 

Random Variable Distribution Mean(𝝁𝝁) 𝑪𝑪.𝑶𝑶.𝑽𝑽. (𝜹𝜹) 
D Normal 1.06𝐷𝐷𝑛𝑛 0.12 
L Gumbel 0.92𝐿𝐿𝑛𝑛 0.25 

W1 Gumbel 0.33𝑊𝑊𝑛𝑛 0.47 

Where 𝐷𝐷𝑛𝑛, 𝐿𝐿𝑛𝑛 and 𝑊𝑊𝑛𝑛 refer to nominal values of Dead Load, Live Load and Wind Load, respectively. The Dead 
Load parameters were taken from Santiago et al. [35]. The Live Load values were taken from Costa et al. [36], who 
made a comprehensive study of stochastic models for live loads, including comparison to design values of NBR 
6120:2019. Finally, the Wind Loads used are based in the results obtained by Beck and Souza [37]. The failure 
probability may be obtained by: 

𝑝𝑝𝑓𝑓 = ∫ 𝑓𝑓𝑚𝑚(𝑥𝑥)
𝑔𝑔(𝑚𝑚)≤0 𝑑𝑑𝑥𝑥 (26) 

Where 𝑔𝑔(𝑥𝑥) ≤ 0 is the failure probability domain, and 𝑓𝑓𝑚𝑚(x) is the joint probability distribution function of the random 
variables in this problem. When FORM is applied, the previous equation, and its limits state function described in 
Equations 25-26, is mapped into a standard gaussian space, and the design point may be found, representing the point 
over failure domain closest to the standard space origin. Hence, the reliability index (𝛽𝛽) may be determined as, 
precisely, this distance. By solving this problem using FORM, sensitivity coefficients (𝛼𝛼) that are used on interpreting 
the results by identifying the relative contribution of each random variable. 

5.2.1 Structural reliability results 
The Figure 6 shows the obtained result to C20. The three longitudinal reinforcement ratio used are represented as 

𝑟𝑟1 = 𝜌𝜌𝐿𝐿,𝑐𝑐𝑚𝑚𝑛𝑛, 𝑟𝑟2 = 𝜌𝜌𝐿𝐿,𝑐𝑐 and 𝑟𝑟3 = 𝜌𝜌𝐿𝐿,𝑐𝑐𝑚𝑚𝑚𝑚. 

 
Figure 6 – Reliability indexes (𝛽𝛽) in relation to 𝑑𝑑 to NBR6118:2014 and proposal: C20 

The Figure exhibit a notorious trend in the NBR 6118:2014 to reduce 𝛽𝛽 as the beam depth increases. On the other 
hand, the introduction of the correction factors concerning 𝜌𝜌𝐿𝐿 and 𝑑𝑑 leads to higher 𝛽𝛽 values to the beams considered. 
The higher 𝜌𝜌𝐿𝐿 is, the higher 𝛽𝛽 becomes. The sensitivity factors to NB 6118 are shown in the Figure 7 and on Figure 8 
to Proposal-𝑟𝑟1 where the model error changes were higher. 
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Although there is some other small contribution, the Figure 7 shows that for this analysis the model error of 
resistance variables is the more influent parameter to resistance. 

 
Figure 7 – Sensitivity coefficients to NB6118:2014 to C20 

 
Figure 8 – Sensitivity coefficients to Proposal-𝑟𝑟1 to C20 

In turn, the Figure 8 show a significant contribution of this variable in 500-1250mm intervals, indicating the model 
proposed has a better performance to light reinforced beams. Concerning the loads, the Live Load was the most influent 
parameter in this analysis until beam depth of 750mm. Considering the Compressive Strength Class C30, the Figure 9 
is obtained. 

 
Figure 9 – Reliability indexes (𝛽𝛽) in relation to 𝑑𝑑 to NBR6118:2014 and proposal: C30 

The reliability index exhibits the same pattern, reducing as the beam depth increases. Similarly, the same trends are 
obtained to de proposal with slightly higher values for the first considered beam depth. 

The sensitivity coefficients from the FORM are show at Figure 10 to NBR 6118:2014 and at Figure 11 to Proposal-
𝑟𝑟1. The tendencies now are similar in Figures 12-13, even though the proposal still holds smaller values to the 
considered beam depth and higher values to Live loads. 



I. J. S. Ribeiro, J. R. C. Pessôa, T. N. Bittencourt, and A. T. Beck 

Rev. IBRACON Estrut. Mater., vol. 16, no. 3, e16306, 2023 13/18 

 
Figure 10 – Sensitivity coefficients to NB6118:2014 to C30 

 
Figure 11 – Sensitivity coefficients to Proposal-𝑟𝑟1 to C30 

This change with concrete compressive strength may be a consequence of considering only compressive resistance 
as a random variable. Considering C40, the Figure 14 is obtained. 

 
Figure 12 –  Reliability indexes (𝛽𝛽) in relation to 𝑑𝑑 to NBR6118:2014 and proposal: C40 

The NBR 6118:2014 reach lower values to 𝛽𝛽, but it still holds the same pattern as C20 and C30. Meanwhile the 
difference between the maximum and the minimum 𝛽𝛽 becomes larger as compressive strength increases. 

The sensitivity coefficients to C40 are shown in Figure 13 to NBR 6118 and in Figure 14 to Proposal-𝑟𝑟1. The pattern 
remains alike both designs and slightly smaller to NBR 6118 (2014). The live loads had greater influence in the current 
code than the proposed formulation to this concrete class. 
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Figure 13 – Sensitivity coefficients to NB6118:2014 to C40 

 
Figure 14 – Sensitivity coefficients to Proposal-𝑟𝑟1 to C40 

5.3 Size effect analysis in beams with transversal reinforcement 
From the database for reinforced concrete beams with stirrups, the parameter 𝑑𝑑 distributions in Figure 15 are 

obtained. For the effective depth, fewer samples higher than 1000 mm are noted, where the formulations under analysis 
present most of the values for which ME <1. 

 
Figure 15 – Effective depth distribution (mm). 

Table 4. Model error 90% fractile and percentage of results above fractile, for different beam depths and codes. 

 Code ACI 318 2014 NBR6118 2014 Frosch [27] 
 90% ME fractile 1.71 2.10 2.06 

N Beam depth 𝒅𝒅 (mm) Fraction of results above the 90% fractile 
23 0-250 34.78%  13.04% 13.04% 
112 250-500 7.21% 12.61% 13.51% 
15 500-750 0.00% 0.00% 0.00% 
15 750-1300 0.00% 0.00% 0.00% 
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As observed in Table 3, most of the results above the upper fractile are in the same range where most of the data is, 
i.e., between zero and 500 mm. 

In this dataset, even though the tendencies are smaller, they are still observable only in effective depth in Figure 16, 
where (a) is ACI 318 (2019), (b) is the NBR 6118 (2014), and (c) is the Frosch [27]. Whenever transversal reinforcement 
is provided the ACI 318:2014 remains in the newest code version (ACI 318:2019). 

 
Figure 16 – ME x 𝑑𝑑(𝑚𝑚𝑚𝑚) for beams with transverse reinforcement: ACI 318: 2019 (a), NBR 6118-14 (b), and Frosch et al. [27] (c) 

As observed by Kuchma et al. [6] for the ACI 318:2014 and by Frosch et al. [27] for the unified approach, whenever 
a minimum reinforcement in provided, the size effect is suppressed. The same behavior occurs in the NBR 6118:2014. 
Nevertheless, compared to the beams without transversal reinforcement, the beams depths are limited to 1360 mm. 
Additionally, more studies are required to better describe how the transversal reinforcement ratio may be related to size 
effect suppression. 

6 CONCLUSIONS 

This manuscript addressed size effects in the shear strength of RC beams without transversal reinforcement. 
It was shown how the introduction of a size-effect factor in the formulation of NBR ABNT NBR 6118:2014 produces 
shear strength predictions which are more uniform with respect to longitudinal reinforcement ratio and beam depth. 
A new shear strength design equation was proposed for NBR 6118 that still may be calibrated to exhibit adequate 
reliability index. The formulation includes a correction term for reinforcement ratio, and another correction term for 
beam depth. It also provided higher reliability indexes and smaller model error contribution to the failure. This 
analysis may be improved using more uniform data, or a statistical analysis that considers the heterogeneity of data. 
The beam depth correction term is based on the transition between plastic and linear elastic behavior, as identified 
by Bažant. The notorious suppression of size effects by transversal reinforcement was also identified. Further studies 
are needed aiming to describe how the transversal reinforcement changes transitional dimension and suppresses size 
effects as effective depth increases. 
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Abstract: A numerical procedure is proposed for asymmetrical plastic shear diagrams in punching control 
perimeters. Asymmetrical diagrams occur for edge and corner columns and for internal columns with biaxial 
unbalanced moments. The procedure intends to support the use of NBR 6118, which covers asymmetrical 
shear distributions due to internal moments of edge and corner columns. The study of columns in different 
positions of the slab proves the robustness and numerical efficiency of the proposal. The practical application 
of the procedure is tested against Model Code 1990, Eurocode 2, NBR 6118, and with combinations of criteria 
from these codes. The estimated capacities are compared with experimental data from the literature. Eurocode 
2 initially presents better results, but this code does not consider moments with internal eccentricities in edge 
and corner columns. The Eurocode 2 evaluations are significantly improved by the inclusion of NBR 6118 
criteria that partially apply these moments, whose asymmetrical shear diagrams can be determined by the 
proposed procedure. 

Keywords: flat slabs, punching shear, unbalanced moments, plastic analysis. 

Resumo: Um procedimento numérico é proposto para diagramas plásticos de cisalhamento assimétricos em 
perímetros de controle de punção. Diagramas assimétricos ocorrem para pilares de borda e de canto e para 
pilares internos com momentos desbalanceados biaxiais. O procedimento visa auxiliar a utilização da NBR 
6118, que considera as distribuições assimétricas de cisalhamento associadas aos momentos internos de 
pilares de borda e de canto. O estudo de pilares em diferentes posições da laje comprova a robustez e a 
eficiência numérica da proposta. A aplicação prática do procedimento é testada com o Model Code 1990, o 
Eurocode 2, a NBR 6118 e com combinações de critérios desses códigos. As capacidades estimadas são 
comparadas com dados experimentais da literatura. O Eurocode 2 apresenta inicialmente melhores resultados, 
mas este código não considera os momentos com excentricidades internas em pilares de borda e de canto. As 
estimativas do Eurocode 2 são significativamente melhoradas pela inclusão de critérios da NBR 6118 que 
aplicam parcialmente esses momentos, cujos diagramas de cisalhamento assimétricos podem ser determinados 
pelo procedimento proposto. 

Palavras-chave: lajes lisas, punção, momentos desbalanceados, análise plástica. 

How to cite: M. N. Souza, M. S. P. L. Perlingeiro, and M. Schulz, “Punching shear design with control perimeters subjected to asymmetrical 
bending,“ Rev. IBRACON Estrut. Mater. J., vol. 16, no. 3, e16307, 2023, https://doi.org/10.1590/S1983-41952023000300007 

1 INTRODUCTION 
The design of flat slabs is often controlled by the punching shear strength of the slab-column connections. Slab-

column connections are usually subjected to unbalanced moments that yield additional shear stresses and reduce the 
punching shear capacity. 
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Eurocode 2 [1] and the Brazilian code NBR 6118 [2] adopt the Model Code 90 [3] punching shear design model 
with modifications. In this work, these codes are referenced by the abbreviations EC2, NBR6118, and MC90, 
respectively. The MC90 model compares acting stresses with resisting stresses in control perimeters. 

Shear forces due to normal forces are assumed to be uniformly distributed along control perimeters or reduced 
control perimeters. Shear forces distributed due to unbalanced moments are considered fully plastic in both positive 
and negative directions. The positive and negative parts of the perimeter may show symmetry, but they are often 
asymmetrical. Plastic asymmetrical bending diagrams require nonlinear solutions. 

This paper proposes a numerical procedure for the determination of asymmetrical plastic shear diagrams in arbitrary 
control perimeters. The procedure is tested together with the empirical equations set forth in MC90, EC2, and 
NBR6118. The results are compared with experimental data from the literature. 

2 SELECTED RECOMMENDATIONS FROM THE CODES 
Research that influenced the design of the MC90 model is discussed by Regan [4] and Regan and Braestrup [5]. 

The ACI 318-19 [6] and Model Code 2010 [7] recommendations are not discussed here. ACI 318-19 adopts the linear 
elastic hypothesis proposed by di Stasio and van Buren [8]. Model Code 2010 verifies plastic distributions based on the 
Critical Shear Crack Theory (Muttoni [9] and Ruiz and Muttoni [10]). 

MC90, EC2, and NBR6118 verify the capacity of slabs without transverse reinforcement at Perimeter 1. Perimeter  1 
is at distance 2𝑑𝑑 from the column face, where 𝑑𝑑 is the effective depth of the slab. Considering elements without shear 
reinforcement, the punching strength of slabs at Perimeter 1 corresponds to the shear strengths of the linear members 
(FIB Bulletin 2 [11]). The three codes present equivalent expressions for design shear stresses 𝜏𝜏𝑅𝑅𝑅𝑅, whose parameters 
are determined using the respective partial safety factors for concrete 𝛾𝛾𝑐𝑐. 

Compressive stresses in concrete struts are verified at Perimeter 0, which is adjacent to the column. Although the 𝜏𝜏𝑅𝑅𝑅𝑅 
expressions are similar at Perimeter 0, MC90, EC2, and NBR6118 reduce the diagonal compressive capacity by different factors. 

Perimeter 𝑛𝑛 is tested when transverse reinforcement is required. The distance between this perimeter and the outer 
reinforcement contour is 𝑘𝑘𝑑𝑑. MC90 and NBR6118 use 𝑘𝑘 = 2, while EC2 uses 𝑘𝑘 = 1.5. The three codes define 
maximum stresses for transverse reinforcement but use different approaches. 

The differences between the codes are more significant in the control perimeters submitted to bending. The plastic 
diagrams of internal columns subjected to biaxial bending are asymmetrical. This issue is only addressed in EC2, which 
indicates an empirical solution. MC90 and EC2 ignore moments with internal eccentricity in edge and corner columns. 
NBR6118 partially includes internal moments of edge and corner columns when their eccentricities are greater than the 
eccentricities between the columns and the reduced control perimeters. 

3 PUNCHING SHEAR DESIGN WITH UNBALANCED MOMENTS 
Any evaluation of shear forces along a control perimeter must consider that the bending and torsional moments resist part of 

the unbalanced moment. The 𝐾𝐾 factor is defined as the fraction of the unbalanced moment that is resisted by shear forces. 
The moments transferred to the slab by bending and shear are experimentally investigated by Hanson and Hanson [12] 

on square columns. The ratios of unbalanced moments resisted by shear are analytically discussed by Mast [13] for internal 
columns (Figure 1). The corresponding 𝐾𝐾 factor is estimated by the elastic solution of a plate subjected to a concentrated 
moment. The plate is simply supported in the main direction and is infinite in the other direction (Girkmann [14]). The 𝐾𝐾 
factor can be defined as a function of the control perimeter shape in the region close to the column. 

Design 𝐾𝐾 values indicated in MC90 are compared with Mast’s [13] approximate elastic solution (Figure 1). The 
analytical values assume that lengths 𝑎𝑎 and 𝑏𝑏 vary between 𝐿𝐿/20 and 𝐿𝐿/5, where 𝐿𝐿 is the span between the columns. 
Figure 1 also shows the elastic distribution of shear forces along a square perimeter, where 𝑎𝑎 = 𝑏𝑏 = 𝐿𝐿/10. 

 
Figure 1. Unbalanced moment transfer in slab-column connections 
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Shear force distribution in reinforced concrete flat slabs has also been studied by nonlinear finite element analyses. 
Shu et al. [15] investigate internal columns without unbalanced moments in flat slabs without shear reinforcement. The 
shear force distributions along the control perimeters are determined by shell and solid nonlinear finite element models. 
The results show that reinforcement arrangement, cracking and nonlinear material behavior influence the shear force 
distribution. Laguta [16] uses a concrete damaged plasticity material model to describe the nonlinear behavior of the 
concrete and present a typical shear stress distribution at a control perimeter under combined vertical load and 
unbalanced moment. 

Normal force and bending moment are considered separately in the MC90 design model and produce distinct plastic 
shear force diagrams per unit length (Figure 2). The plastic shear forces related to normal force 𝐹𝐹 and bending moment 
𝑀𝑀 are respectively denoted by 𝑣𝑣𝐹𝐹 and 𝑣𝑣𝑀𝑀. 

 
Figure 2. Coordinate system, applied forces and moments, and distributed shear forces 

MC90 defines an effective normal force 𝐹𝐹𝑒𝑒𝑒𝑒, including the effect of unbalanced moment. The plastic diagrams for 
normal force 𝐹𝐹 and bending moment 𝑀𝑀 determine the effective force 𝐹𝐹𝑒𝑒𝑒𝑒. EC2 uses the same methodology, presented 
by coefficient 𝛽𝛽, such that 𝐹𝐹𝑒𝑒𝑒𝑒 = 𝛽𝛽𝐹𝐹. 

𝐹𝐹𝑒𝑒𝑒𝑒
𝑗𝑗  is here defined as the effective force that is calculated on Perimeter 𝑗𝑗. The following expressions apply: 

𝑣𝑣𝐹𝐹
𝑗𝑗 = 𝐹𝐹

𝑢𝑢𝑗𝑗
; 𝑣𝑣𝐹𝐹

∗𝑗𝑗 = 𝐹𝐹
𝑢𝑢∗𝑗𝑗

; 𝑣𝑣𝑀𝑀
𝑗𝑗 = 𝑀𝑀

𝑊𝑊𝑝𝑝
𝑗𝑗  (1) 

where 𝑊𝑊𝑝𝑝
𝑗𝑗 is the plastic modulus and 𝑢𝑢𝑗𝑗 is the developed length of Perimeter 𝑗𝑗. Reduced lengths 𝑢𝑢∗𝑗𝑗 are defined for 

edge and corner columns. Reduced lengths 𝑢𝑢∗𝑗𝑗 correspond to developed lengths 𝑢𝑢𝑗𝑗 in internal columns. 
The combined shear force per unit length 𝑣𝑣𝑀𝑀𝐹𝐹

𝑗𝑗  is expressed by 

𝑣𝑣𝑀𝑀𝐹𝐹
𝑗𝑗 = 𝑣𝑣𝐹𝐹

∗𝑗𝑗 + 𝑣𝑣𝑀𝑀
𝑗𝑗   (2) 

The effective force 𝐹𝐹𝑒𝑒𝑒𝑒
𝑗𝑗  on Perimeter 𝑗𝑗 is given by 

𝐹𝐹𝑒𝑒𝑒𝑒
𝑗𝑗 = 𝑣𝑣𝑀𝑀𝑀𝑀

𝑗𝑗

𝑣𝑣𝑀𝑀
𝑗𝑗 𝐹𝐹  (3) 

4 PLASTIC MODULUS FOR ASYMMETRICAL BENDING 
A numerical procedure is used to determine the plastic shear diagram and the plastic flexural modulus of an arbitrary 

perimeter, which is subjected to a bending moment 𝑀𝑀 about an oblique axis. 
𝑀𝑀𝑥𝑥 and 𝑀𝑀𝑦𝑦 are the vector components of bending moment 𝑀𝑀 about the 𝑥𝑥 − and 𝑦𝑦 −axes, respectively (Figure 3). 

 
Figure 3. Rotated coordinate system associated with the principal moments 
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4.1 Moments in the principal coordinate system 

Figure 3 presents the principal coordinate system �̄�𝑥�̄�𝑦. The system is rotated from the 𝑥𝑥𝑦𝑦 coordinate system by an 
angle 𝛼𝛼, which is defined by 

𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼 = 𝑀𝑀𝑥𝑥

�𝑀𝑀𝑥𝑥
2+𝑀𝑀𝑦𝑦

2
; 𝑐𝑐𝑠𝑠𝑛𝑛 𝛼𝛼 = 𝑀𝑀𝑦𝑦

�𝑀𝑀𝑥𝑥
2+𝑀𝑀𝑦𝑦

2  (4) 

Considering �̄�𝑥 = 𝑥𝑥 𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼 + 𝑦𝑦 𝑐𝑐𝑠𝑠𝑛𝑛 𝛼𝛼 and �̄�𝑦 = −𝑥𝑥 𝑐𝑐𝑠𝑠𝑛𝑛 𝛼𝛼 + 𝑦𝑦 𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼, the equilibrium conditions of the shear forces per unit 
length 𝑣𝑣 along the perimeter 𝑈𝑈 yield 

𝑀𝑀�̄�𝑥 = ∫ 𝑣𝑣�̄�𝑦𝑑𝑑𝑐𝑐𝑈𝑈 = ∫ 𝑣𝑣(−𝑥𝑥 𝑐𝑐𝑠𝑠𝑛𝑛 𝛼𝛼 + 𝑦𝑦 𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼)𝑑𝑑𝑐𝑐𝑈𝑈 = 𝑀𝑀𝑥𝑥 𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼 + 𝑀𝑀𝑦𝑦 𝑐𝑐𝑠𝑠𝑛𝑛 𝛼𝛼 = �𝑀𝑀𝑥𝑥
2 + 𝑀𝑀𝑦𝑦

2  (5) 

𝑀𝑀�̄�𝑦 = ∫ −𝑣𝑣�̄�𝑥𝑑𝑑𝑐𝑐𝑈𝑈 = ∫ −𝑣𝑣(𝑥𝑥 𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼 + 𝑦𝑦 𝑐𝑐𝑠𝑠𝑛𝑛 𝛼𝛼)𝑑𝑑𝑐𝑐𝑈𝑈 = −𝑀𝑀𝑥𝑥 𝑐𝑐𝑠𝑠𝑛𝑛 𝛼𝛼 + 𝑀𝑀𝑦𝑦 𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼 = 0  (6) 

where 𝑀𝑀�̄�𝑥 and 𝑀𝑀�̄�𝑦 are the moments about the �̄�𝑥 − and �̄�𝑦 −axes (Figure 3). 

4.2 Distribution of shear forces per unit length 

Shear forces 𝑣𝑣 = −𝑣𝑣𝑀𝑀 and 𝑣𝑣 = +𝑣𝑣𝑀𝑀 (Figure 2) are considered uniformly distributed along perimeter lengths 𝑈𝑈− 
and 𝑈𝑈+, respectively. The equilibrium conditions in the 𝑧𝑧 −direction and about the 𝑥𝑥 − and 𝑦𝑦 −axes lead to the 
following equations: 

∫ (−𝑣𝑣𝑀𝑀)𝑑𝑑𝑐𝑐 + ∫ (+𝑣𝑣𝑀𝑀)𝑑𝑑𝑐𝑐𝑈𝑈+𝑈𝑈− = 0  (7) 

𝑀𝑀�̄�𝑥 = ∫ (−𝑣𝑣𝑀𝑀)�̄�𝑦𝑑𝑑𝑐𝑐 + ∫ (+𝑣𝑣𝑀𝑀)�̄�𝑦𝑑𝑑𝑐𝑐𝑈𝑈+𝑈𝑈−   (8) 

𝑀𝑀�̄�𝑦 = −∫ (−𝑣𝑣𝑀𝑀)�̄�𝑥𝑑𝑑𝑐𝑐 − ∫ (+𝑣𝑣𝑀𝑀)�̄�𝑥𝑑𝑑𝑐𝑐𝑈𝑈+𝑈𝑈−   (9) 

Collecting like terms in Equations 7 to 9 yields 

∫ (−1)𝑑𝑑𝑐𝑐 + ∫ (+1)𝑑𝑑𝑐𝑐𝑈𝑈+𝑈𝑈− = 0  (10) 

𝑊𝑊𝑝𝑝�̄�𝑥 = ∫ (−1)�̄�𝑦𝑑𝑑𝑐𝑐 + ∫ (+1)�̄�𝑦𝑑𝑑𝑐𝑐𝑈𝑈+𝑈𝑈−   (11) 

𝑊𝑊𝑝𝑝�̄�𝑦 = −∫ (−1)�̄�𝑥𝑑𝑑𝑐𝑐 − ∫ (+1)�̄�𝑥𝑑𝑑𝑐𝑐𝑈𝑈+𝑈𝑈−   (12) 

where the plastic flexural moduli 𝑊𝑊𝑝𝑝�̄�𝑥 and 𝑊𝑊𝑝𝑝�̄�𝑦 are 

𝑊𝑊𝑝𝑝�̄�𝑥 = 𝑀𝑀�̄�𝑥
𝑣𝑣𝑀𝑀

; 𝑊𝑊𝑝𝑝�̄�𝑦 = 𝑀𝑀�̄�𝑦

𝑣𝑣𝑀𝑀
  (13) 

A numerical algorithm establishes perimeter lengths 𝑈𝑈− and 𝑈𝑈+. 

4.3 Discretization and parametrization of the control perimeter 

The perimeter is divided into linear and arc segments for the application of the numerical procedure. 
The developed length of the control perimeter is defined as 𝑢𝑢. The numerical procedure demands that all segments have 

lengths less than the semi-perimeter 𝑢𝑢/2. This condition is satisfied by the division into segments shown in Figure 4. 
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Figure 4. Discretization of control perimeters into segments 𝑆𝑆𝑖𝑖 

The points that divide the segments are numbered from 1 to 𝑁𝑁. The control perimeter is parameterized according to 
the developed length 𝑐𝑐, where 𝑐𝑐1 = 0 at start point 1 and 𝑐𝑐𝑁𝑁 = 𝑢𝑢 at endpoint 𝑁𝑁 (Figure 5). 

 
Figure 5. Parameter 𝑐𝑐 and unit shear force distribution along the control perimeter 

This parameterization is valid for open and closed perimeters. Points 1 and 𝑁𝑁 are distinct for open perimeters but 
coincident for closed perimeters. 

Figure 5 also presents a flat diagram of unit shear forces per unit length. The longitudinal axis indicates parameter 
𝑐𝑐, which is the developed length from the origin (𝑐𝑐1 = 0). The unit shear forces change signs at points 𝐴𝐴 and 𝐵𝐵. The 
perimeter length of positive shear forces 𝑈𝑈+ is defined between points 𝐴𝐴 and 𝐵𝐵. The perimeter length of negative shear 
forces 𝑈𝑈− is defined in intervals 1 − 𝐴𝐴 and 𝐵𝐵 − 𝑁𝑁. 

Equation 10 shows that the developed lengths of the perimeter lengths 𝑈𝑈− and 𝑈𝑈+ are both equal to the semi-
perimeter 𝑢𝑢/2. 

4.4 Plastic flexural modulus 
The parameters 𝑐𝑐 of points 𝐴𝐴 and 𝐵𝐵 are defined as 𝑐𝑐𝐴𝐴 and 𝑐𝑐𝐵𝐵, respectively. Equation 10 is automatically respected 

by adopting the following 

𝑐𝑐𝐵𝐵 = 𝑐𝑐𝐴𝐴 + 𝑢𝑢
2
  (14) 

A parameter 𝑐𝑐𝐴𝐴 yields 𝑐𝑐𝐵𝐵 by Equation 14. Perimeter lengths 𝑈𝑈− and 𝑈𝑈+ are defined in Figure 5. The plastic flexural 
moduli 𝑊𝑊𝑝𝑝�̄�𝑥(𝑐𝑐𝐴𝐴) and 𝑊𝑊𝑝𝑝�̄�𝑦(𝑐𝑐𝐴𝐴)are determined by Equations 11 and 12, respectively. 

The algorithm searches for a parameter 𝑐𝑐𝐴𝐴∗ that yields 𝑊𝑊𝑝𝑝�̄�𝑦(𝑐𝑐𝐴𝐴∗) ≃ 0. The solution 𝑐𝑐𝐴𝐴∗ yields a unit diagram 
proportional to the shear force diagram that satisfies Equations 5 and 6. 

The plastic flexural modulus 𝑊𝑊𝑝𝑝 and the shear force per unit length 𝑣𝑣𝑀𝑀 are given by 

𝑊𝑊𝑝𝑝 = �𝑊𝑊𝑝𝑝�̄�𝑥(𝑐𝑐𝐴𝐴∗)�  (15) 

𝑣𝑣𝑀𝑀 = 𝑀𝑀�̄�𝑥
𝑊𝑊𝑝𝑝

=
�𝑀𝑀𝑥𝑥

2+𝑀𝑀𝑦𝑦
2

𝑊𝑊𝑝𝑝
  (16) 

where 𝑣𝑣𝑀𝑀 is always positive. 
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If �̄�𝑦 coordinates are always negative in 𝑈𝑈− and positive in 𝑈𝑈+, or always positive in 𝑈𝑈− and negative in 𝑈𝑈+, 
Equations 11 and 15 yield 

𝑊𝑊𝑝𝑝 = ∫ |�̄�𝑦|𝑑𝑑𝑐𝑐𝑈𝑈   (17) 

Equation 17 cannot be used in the general case, but it is valid for symmetrical perimeters about the �̄�𝑥 − axis. It is 
applicable in specific cases, such as edge columns subjected to moments 𝑀𝑀�̄�𝑥 = 𝑀𝑀𝑥𝑥 (Figure 4). 

4.5 Partial integration of a same-sign length of a segment 
Changes in the sign of unit shear forces can occur in linear and arc segments. Equations 11 and 12 yield the plastic 

flexural moduli 𝑊𝑊𝑝𝑝�̄�𝑥 and 𝑊𝑊𝑝𝑝�̄�𝑦 by integrating lengths with shear forces of the same sign. 
A segment’s start and end points are defined as 𝐼𝐼 and 𝐽𝐽, respectively (Figure 6). Points 𝑃𝑃 and 𝑄𝑄 determine a length 

with positive shear forces. 

 
Figure 6. Partial integration between points 𝑃𝑃 and 𝑄𝑄 

The variables associated with points 𝑃𝑃, 𝑄𝑄, 𝐼𝐼, and 𝐽𝐽 that are known are the parameters 𝑐𝑐𝐼𝐼, 𝑐𝑐𝐽𝐽, 𝑐𝑐𝑃𝑃, and 𝑐𝑐𝑄𝑄 and the 
coordinates �̄�𝑥𝐼𝐼, �̄�𝑦𝐼𝐼, �̄�𝑥𝐽𝐽, and �̄�𝑦𝐽𝐽. The dimensionless factors 𝜁𝜁𝐺𝐺𝐼𝐼 and 𝜁𝜁𝐺𝐺𝐽𝐽 of a generic point 𝐺𝐺 on the segment are defined by 

𝜁𝜁𝐺𝐺𝐼𝐼 = �𝑠𝑠𝐽𝐽−𝑠𝑠𝐺𝐺�
�𝑠𝑠𝐽𝐽−𝑠𝑠𝐼𝐼�

; 𝜁𝜁𝐺𝐺𝐽𝐽 = (𝑠𝑠𝐺𝐺−𝑠𝑠𝐼𝐼)
�𝑠𝑠𝐽𝐽−𝑠𝑠𝐼𝐼�

  (18) 

In the case of linear segments, 𝐻𝐻 is defined as the barycenter of 𝑃𝑃𝑄𝑄. The parameter 𝑐𝑐𝐻𝐻 and coordinates �̄�𝑥𝐻𝐻 and �̄�𝑦𝐻𝐻 
are equal to 

𝑐𝑐𝐻𝐻 = �𝑠𝑠𝑃𝑃+𝑠𝑠𝑄𝑄�
2

  (19) 

�̄�𝑥𝐻𝐻 = 𝜁𝜁𝐻𝐻𝐼𝐼�̄�𝑥𝐼𝐼 + 𝜁𝜁𝐻𝐻𝐽𝐽�̄�𝑥𝐽𝐽 ; �̄�𝑦𝐻𝐻 = 𝜁𝜁𝐻𝐻𝐼𝐼�̄�𝑦𝐼𝐼 + 𝜁𝜁𝐻𝐻𝐽𝐽�̄�𝑦𝐽𝐽  (20) 

where 𝑊𝑊𝑝𝑝�̄�𝑥
𝑃𝑃𝑄𝑄 and 𝑊𝑊𝑝𝑝�̄�𝑦

𝑃𝑃𝑄𝑄 are the contributions of 𝑃𝑃𝑄𝑄 to the plastic moduli 𝑊𝑊𝑝𝑝�̄�𝑥 and 𝑊𝑊𝑝𝑝�̄�𝑦. In linear segments, they are 
expressed by 

𝑊𝑊𝑝𝑝�̄�𝑥
𝑃𝑃𝑄𝑄 = 𝛥𝛥𝑐𝑐�̄�𝑦𝐻𝐻 ; 𝑊𝑊𝑝𝑝�̄�𝑦

𝑃𝑃𝑄𝑄 = −𝛥𝛥𝑐𝑐�̄�𝑥𝐻𝐻  (21) 

𝛥𝛥𝑐𝑐 = 𝑐𝑐𝑄𝑄 − 𝑐𝑐𝑃𝑃  (22) 

where 𝛥𝛥𝑐𝑐 is the length between 𝑃𝑃 and 𝑄𝑄. 
In arc segments, the following variables are also considered: angles 𝛼𝛼𝐼𝐼 and 𝛼𝛼𝐽𝐽 at points 𝐼𝐼 and 𝐽𝐽, coordinates 𝑥𝑥𝐶𝐶 and 

𝑦𝑦𝐶𝐶 of the center, and radius 𝑟𝑟. Angles 𝛼𝛼𝑃𝑃 and 𝛼𝛼𝑄𝑄 are interpolated by 

𝛼𝛼𝑃𝑃 = 𝜁𝜁𝑃𝑃𝐼𝐼𝛼𝛼𝐼𝐼 + 𝜁𝜁𝑃𝑃𝐽𝐽𝛼𝛼𝐽𝐽 ; 𝛼𝛼𝑄𝑄 = 𝜁𝜁𝑄𝑄𝐼𝐼𝛼𝛼𝐼𝐼 + 𝜁𝜁𝑄𝑄𝐽𝐽𝛼𝛼𝐽𝐽  (23) 

The following expressions yield the contributions of 𝑃𝑃𝑄𝑄 to the plastic moduli 𝑊𝑊𝑝𝑝�̄�𝑥 and 𝑊𝑊𝑝𝑝�̄�𝑦 in arc segments: 

𝑊𝑊𝑝𝑝�̄�𝑥
𝑃𝑃𝑄𝑄 = � 1�̄�𝑦𝑑𝑑𝑐𝑐

𝛼𝛼𝑄𝑄

𝛼𝛼𝑃𝑃
= � 1(�̄�𝑦𝐶𝐶 + 𝑟𝑟 𝑐𝑐𝑠𝑠𝑛𝑛 𝛼𝛼)𝑟𝑟𝑑𝑑𝛼𝛼

𝛼𝛼𝑄𝑄

𝛼𝛼𝑃𝑃
= 𝛥𝛥𝑐𝑐�̄�𝑦𝐶𝐶 + 𝑟𝑟2�𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼𝑄𝑄 − 𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼𝑃𝑃� 

𝑊𝑊𝑝𝑝�̄�𝑦
𝑃𝑃𝑄𝑄 = −∫ 1�̄�𝑥𝑑𝑑𝑐𝑐𝛼𝛼𝑄𝑄

𝛼𝛼𝑃𝑃
= −∫ 1(�̄�𝑥𝐶𝐶 + 𝑟𝑟 𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼)𝑟𝑟𝑑𝑑𝛼𝛼𝛼𝛼𝑄𝑄

𝛼𝛼𝑃𝑃
= −𝛥𝛥𝑐𝑐�̄�𝑥𝐶𝐶 − 𝑟𝑟2�𝑐𝑐𝑠𝑠𝑛𝑛 𝛼𝛼𝑄𝑄 − 𝑐𝑐𝑠𝑠𝑛𝑛 𝛼𝛼𝑃𝑃�  (24) 
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The developed length 𝛥𝛥𝑐𝑐 between 𝑃𝑃 and 𝑄𝑄 is 

𝛥𝛥𝑐𝑐 = 𝑟𝑟�𝛼𝛼𝑄𝑄 − 𝛼𝛼𝑃𝑃�  (25) 

4.6 Full segment integration 
Unit shear forces on lengths 𝑃𝑃𝑄𝑄 (Figure 6) can be positive or negative. Figure 7 discusses the positive and negative 

shear forces that should be considered during the complete integration of a segment 𝐼𝐼𝐽𝐽. 
Each segment cannot simultaneously contain points 𝐴𝐴 and 𝐵𝐵, since all segments have a developed length less than 

the semi-perimeter 𝑢𝑢/2. The discretization into segments shown in Figure 4 meets this requirement. 
Parameters 𝑐𝑐𝐴𝐴 and 𝑐𝑐𝐵𝐵 define segments 𝑆𝑆𝐴𝐴 and 𝑆𝑆𝐵𝐵, which respectively contain points 𝐴𝐴 and 𝐵𝐵. 
Table 1 defines the coordinates 𝑐𝑐𝑃𝑃 and 𝑐𝑐𝑄𝑄 of each segment 𝑆𝑆 integration step, according to its location. Equations 21 and 24 

are established for a positive unit shear force. The effective signs of unit shear forces will be considered as indicated in the table. 

 
Figure 7. Unit shear force along the control perimeter 

Table 1. Integration of segment 𝐼𝐼𝐽𝐽 

Case Condition Segment parts sP sQ v 
1 S < SA 1 sI sJ -1 

2 S = SA 2 
sI sA -1 
sA sJ 1 

3 S < SB 1 sI sJ 1 

4 S = SB 2 
sI sB 1 
sB sJ -1 

5 S > SB 1 sI sJ -1 

5 IMPLEMENTATION AND EXAMPLES 
The previous steps define an iteration that yields the plastic flexural moduli 𝑊𝑊𝑝𝑝�̄�𝑥(𝑐𝑐𝐴𝐴) and 𝑊𝑊𝑝𝑝�̄�𝑦(𝑐𝑐𝐴𝐴) as a parameter 

function 𝑐𝑐𝐴𝐴. The parameter 𝑐𝑐𝐴𝐴∗ associated with 𝑊𝑊𝑝𝑝�̄�𝑦(𝑐𝑐𝐴𝐴∗) ≅ 0 gives the principal plastic modulus 𝑊𝑊𝑝𝑝 = �𝑊𝑊𝑝𝑝�̄�𝑥(𝑐𝑐𝐴𝐴∗)�, which 
depends on the direction of the applied bending moment 𝑀𝑀. The solution 𝑐𝑐𝐴𝐴∗ is searched for in the interval 0 ≤ 𝑐𝑐𝐴𝐴 < 𝑢𝑢

2
. 

As the computational cost of the procedure is low, the solution can be investigated by sequentially examining many 
values in the range. This process can be optimized by dividing the original interval into 𝑚𝑚 subintervals. The solution 
subinterval is identified by the change in the sign of 𝑊𝑊𝑝𝑝�̄�𝑥 at its endpoints, but the endpoints themselves should be 
previously verified as possible solutions. The solution subinterval is iteratively divided into 𝑚𝑚 subintervals until the 
required tolerance is reached. This work uses 𝑚𝑚 = 20. 
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Figure 8 shows examples of internal, reentrant corner, edge, and corner columns. All columns are subjected to 
unbalanced moments about an oblique �̄�𝑥 −axis, which is rotated 60 degrees from the 𝑥𝑥 −axis, in the counterclockwise 
direction. Perimeter 1 unit shear diagrams are shown. 

 
Figure 8. Examples: asymmetrical diagrams of unit shear forces 

The sections of all the columns are 0.60 x 0.30 m, and all the slabs have 0.15 m effective depth. 
The signs of the shear forces change in the arc and linear segments. The shear force diagrams depend on the direction 

of the acting bending moment and do not show symmetry. 

6 COMPARISON WITH EXPERIMENTS IN THE LITERATURE 
Experimental results in the literature are analyzed using MC90, EC2, and NBR6118 together with the proposed 

procedure. 
Asymmetrical bending results can be compared with values usually accepted by these codes as the dataset also 

includes tests that yield symmetrical diagrams in bending. 
The formulas from the codes are used with 𝛾𝛾𝑒𝑒 = 𝛾𝛾𝑐𝑐 = 𝛾𝛾𝑠𝑠 = 1, where 𝛾𝛾𝑒𝑒 is the partial factor for actions. Parameters 

𝛾𝛾𝑐𝑐 and 𝛾𝛾𝑠𝑠 are the partial factors for concrete and reinforcing steel, respectively. 
Shear reinforcement arrangements are always distributed uniformly in the literature tests discussed in this work. 

Perimeter 𝑛𝑛 may be discontinuous since perimeter lengths with distances greater than 𝑑𝑑 to the nearest transverse 
reinforcement will not be considered. For uniformly distributed shear reinforcement, the effective shear force 𝑣𝑣𝑀𝑀𝐹𝐹,𝑒𝑒𝑒𝑒 is 
estimated by the following equation: 

𝑣𝑣𝑀𝑀𝐹𝐹,𝑒𝑒𝑒𝑒 = 𝑣𝑣𝑀𝑀𝐹𝐹
𝑠𝑠𝑎𝑎𝑎𝑎𝑎𝑎
𝑠𝑠𝑚𝑚𝑎𝑎𝑥𝑥

 ≥ 𝑣𝑣𝑀𝑀𝐹𝐹  (26) 

The combined shear force 𝑣𝑣𝑀𝑀𝐹𝐹 for continuous perimeters is determined according to each code. The average spacing 
between transverse bars in the outer reinforcement contour is 𝑐𝑐𝑎𝑎𝑣𝑣𝑎𝑎. The maximum spacing 𝑐𝑐𝑚𝑚𝑎𝑎𝑥𝑥is defined as 2𝑑𝑑. 

Although the procedures in EC2 and NBR6118 are based on MC90, the differences between them significantly 
affect the results. The following code criteria are discussed in this work: 
a. Size effect (𝜉𝜉) 

In MC90, EC2, and NBR6118, design shear stress 𝜏𝜏𝑅𝑅𝑅𝑅 depends on the size effect parameter 𝜉𝜉 = 1 + �0.2m
𝑅𝑅

. EC2 

also assumes 𝜉𝜉 ≤ 2. 
b.  Reinforcement ratio for longitudinal reinforcement (𝜌𝜌) 

Design shear stress 𝜏𝜏𝑅𝑅𝑅𝑅 is also a function of the longitudinal reinforcement ratio 𝜌𝜌 = �𝜌𝜌𝑥𝑥𝜌𝜌𝑦𝑦 in MC90, EC2, and 
NBR6118. Parameters 𝜌𝜌𝑥𝑥 and 𝜌𝜌𝑦𝑦 are the ratios in the 𝑥𝑥 − and 𝑦𝑦 −directions, respectively. EC2 also assumes 𝜌𝜌 ≤ 0.02. 
c.  Effective design yield stress of shear reinforcement (𝑓𝑓𝑦𝑦𝑦𝑦𝑅𝑅,𝑒𝑒𝑒𝑒) 
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All the codes limit the effective design yield stress of shear reinforcement 𝑓𝑓𝑦𝑦𝑦𝑦𝑅𝑅,𝑒𝑒𝑒𝑒. MC90 adopts 𝑓𝑓𝑦𝑦𝑦𝑦𝑅𝑅,𝑒𝑒𝑒𝑒 ≤ 300MPa. 
In EC2, the maximum value depends on the effective depth 𝑑𝑑 of the slab. NBR6118 defines different limits for 
connectors and stirrups depending on total depth ℎ. In this work, the NBR6118 formulation is adapted for effective 
depth 𝑑𝑑 = ℎ − 0.03m. 
d.  Distance between Perimeter n and the outer transverse reinforcement contour (𝑘𝑘𝑑𝑑) 

MC90 and NBR6118 establish the distance 𝑘𝑘𝑑𝑑 = 2𝑑𝑑 between Perimeter 𝑛𝑛 and the outer transverse reinforcement 
contour. EC2 assumes 𝑘𝑘𝑑𝑑 = 1.5𝑑𝑑. 
e.  Edge and corner column moments with internal eccentricity (𝑀𝑀∗) 

MC90 and EC2 do not consider moments with internal eccentricity in edge and corner columns. NBR6118 partially 
includes internal moments that are larger than 𝑀𝑀∗, which are the moments that can be resisted by eccentricities between 
columns and reduced control perimeters. 
f.  Perimeter 0 length on edge and corner columns (𝑢𝑢0∗) 

In edge and corner column connections, MC90 and EC2 assume a reduced length for Perimeter 0, which is here 
denoted as 𝑢𝑢0∗. NBR6118 does not assume a reduced length for Perimeter 0. 
g.  Effective normal force due to unbalanced moments (𝐹𝐹𝑒𝑒𝑒𝑒) 

𝐹𝐹𝑒𝑒𝑒𝑒
𝑗𝑗  is defined as the effective normal force that is calculated on a control Perimeter 𝑗𝑗. MC90 uses 𝐹𝐹𝑒𝑒𝑒𝑒1  and 𝐹𝐹𝑒𝑒𝑒𝑒𝑛𝑛  on 

Perimeters 1 and 𝑛𝑛, respectively, and reuses 𝐹𝐹𝑒𝑒𝑒𝑒1  on Perimeter 0. EC2 only calculates 𝐹𝐹𝑒𝑒𝑒𝑒1 , which is used as the effective 
normal force on all perimeters. Effective forces are not discussed in NBR6118. 
h.  Concrete strength reduction factor in diagonal compression (𝛼𝛼𝜃𝜃) 

The concrete stress in diagonal compression is limited to 𝛼𝛼𝜃𝜃𝛼𝛼𝑉𝑉𝑓𝑓𝑐𝑐𝑅𝑅 at Perimeter 0, where 𝑓𝑓𝑐𝑐𝑅𝑅 is the concrete design 
strength and 𝛼𝛼𝑉𝑉 = �1 − 𝑒𝑒𝑐𝑐𝑐𝑐

250MPa
�. The reduction factor 𝛼𝛼𝜃𝜃 is given as 0.30, 0.24, and 0.27 in MC90, EC2, and NBR6118, 

respectively. 
Ten combinations (C1 to C10) of eight criteria from the codes are presented in Table 2. Combinations C1 to C3 

correspond to MC90, EC2, and NBR6118, respectively. C4 to C10 investigate the response of different criteria a to h 
in EC2 and NBR6118. 

Table 2. Combinations of criteria from Model Code 90, Eurocode 2, and NBR 6118 
 Criteria from the codes    

Combinations 
of criteria 
from codes 

a b c d e f g h 
ψ ≥ 0.95 ψmean ψmin 

ξ ρ fywd,ef kd M* u0* Fef αθ 

C1 MC90 MC90 MC90 MC90 MC90 MC90 MC90 MC90 64% 1.06 0.12 
C2 EC2 EC2 EC2 EC2 EC2 EC2 EC2 EC2 94% 1.29 0.18 
C3 NBR 6118 NBR 6118 NBR 6118 NBR 6118 NBR 6118 NBR 6118 NBR 6118 NBR 6118 67% 1.14 0.71 
C4 EC2 EC2 EC2 EC2 NBR 6118 EC2 EC2 EC2 99% 1.42 0.92 
C5 EC2 EC2 NBR 6118 EC2 NBR 6118 EC2 EC2 EC2 99% 1.42 0.92 
C6 NBR 6118 NBR 6118 NBR 6118 EC2 NBR 6118 EC2 EC2 EC2 84% 1.20 0.71 
C7 EC2 EC2 NBR 6118 NBR 6118 NBR 6118 EC2 EC2 EC2 97% 1.39 0.89 
C8 EC2 EC2 NBR 6118 EC2 NBR 6118 NBR 6118 EC2 EC2 99% 1.42 0.92 
C9 EC2 EC2 NBR 6118 EC2 NBR 6118 EC2 MC90 EC2 98% 1.40 0.89 
C10 EC2 EC2 NBR 6118 EC2 NBR 6118 EC2 EC2 NBR 6118 98% 1.41 0.82 

C5 - Asym. EC2 EC2 NBR 6118 EC2 NBR 6118 EC2 EC2 EC2 100% 1.66 1.06 
MC90 = Model Code 90; EC2 = Eurocode 2; NBR = Norma Brasileira (Brazilian Code); ψ = ratio between the experimental and estimated capacities; ψmean 
= mean value of ψ ; ψmin = minimum value of ψ 

Ninety-four experiments of slab-column connections subjected to punching shear were compiled from the literature 
and their experimental capacity was compared with the theoretical capacity given by the combinations in Table 2. The 
dataset contains internal, reentrant corner, edge, and corner columns subjected to normal forces, with and without 
unbalanced moments. The tests include slabs without shear reinforcement. Transverse reinforcement is provided by 
shear studs. 
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Table 3. C5 results for experiments in Stamenkovic [17] and Stamenkovic and Chapman [18]. 

Exp. Case 
d cx cy ρ fck F Mx My 𝑭𝑭𝒆𝒆𝒆𝒆𝟏𝟏  𝑨𝑨𝒔𝒔𝒔𝒔

𝝓𝝓  np nr 
s0 sr fywk fywk,ef savg smax Crit. 

per. ψ 
(mm) (mm) (mm) (%) (MPa) (kN) (kNm) (kNm) (kN) (cm2) (mm) (mm) (MPa) (MPa) (mm) (mm) 

V_I_1 INTERNAL 56 127 127 1.17 40.14 119.7 - - 119.7 - - - - - - - - - 1 1.36 
V_I1_1 INTERNAL 56 127 127 1.17 38.68 104.5 - - 104.5 - - - - - - - - - 1 1.20 
V_I2_1 INTERNAL 56 127 127 2.34 56.26 129.9 - - 129.9 - - - - - - - - - 1 1.10 
V_I_2 INTERNAL 56 127 127 1.17 27.54 117.4 - - 117.4 - - - - - - - - - 1 1.51 
V_Ir_1 INTERNAL 56 152 76 1.17 26.72 108.5 - - 108.5 - - - - - - - - - 1 1.48 
V_E_1 EDGE 56 127 127 1.17 30.47 74.7 - - 74.7 - - - - - - - - - 1 1.86 
V_C_1 CORNER 56 127 127 1.17 34.23 27.1 - - 27.1 - - - - - - - - - 1 1.30 
C_I_1 INTERNAL 56 127 127 1.17 38.27 84.5 - -7.3 120.6 - - - - - - - - - 1 1.39 
C_I_2 INTERNAL 56 127 127 1.17 31.53 62.3 - -10.5 114.0 - - - - - - - - - 1 1.41 
C_I_3 INTERNAL 56 127 127 1.17 27.13 33.8 - -13.6 101.1 - - - - - - - - - 1 1.31 
C_I_4 INTERNAL 56 127 127 1.17 26.67 20.9 - -16.7 103.1 - - - - - - - - - 1 1.34 
C_Ir_1 INTERNAL 56 152 76 1.17 24.03 85.7 - -7.3 127.0 - - - - - - - - - 1 1.79 
C_Ir_2 INTERNAL 56 152 76 1.17 31.06 67.3 - -10.9 128.6 - - - - - - - - - 1 1.66 
C_Ir_3 INTERNAL 56 152 76 1.17 30.36 39.9 - -15.7 128.6 - - - - - - - - - 1 1.68 
C_Ir_4 INTERNAL 56 152 76 1.17 28.25 21.6 - -16.8 116.5 - - - - - - - - - 1 1.56 
Ct_E_1 EDGE 56 127 127 1.17 29.60 45.8 4.9 - 59.6 - - - - - - - - - 1 1.50 
Ct_E_2 EDGE 56 127 127 1.17 30.18 34.9 5.7 - 51.1 - - - - - - - - - 1 1.28 
Ct_E_3 EDGE 56 127 127 1.17 29.65 23.5 9.4 - 50.1 - - - - - - - - - 1 1.26 
Ct_E_4 EDGE 56 127 127 1.17 31.06 12.9 10.1 - 41.6 - - - - - - - - - 1 1.03 
Cn_E_1 EDGE 56 127 127 1.17 32.70 73.2 - -5.6 73.2 - - - - - - - - - 1 1.78 
Cn_E_2 EDGE 56 127 127 1.17 27.54 54.7 - -9.2 76.4 - - - - - - - - - 1 1.97 
Cn_E_3 EDGE 56 127 127 1.17 28.89 24.9 - -10.1 85.5 - - - - - - - - - 1 2.17 
Cn_E_4 EDGE 56 127 127 1.17 29.19 10.9 - -8.8 75.7 - - - - - - - - - 1 1.91 
C_C_1 CORNER 56 127 127 1.17 32.35 24.9 - -6.2 56.7 - - - - - - - - - 1 2.78 
C_C_2 CORNER 56 127 127 1.17 30.06 15.9 - -6.4 60.0 - - - - - - - - - 1 3.01 
C_C_3 CORNER 56 127 127 1.17 27.43 8.0 - -6.2 59.6 - - - - - - - - - 1 3.08 
C_C_4 CORNER 56 127 127 1.17 32.53 3.6 - -5.6 55.1 - - - - - - - - - 1 2.69 

Table 4. C5 results for experiments in Ferreira [19] and Ferreira et al. [20]. 

Exp. Case 
d cx cy ρ fck F Mx My 𝑭𝑭𝒆𝒆𝒆𝒆𝟏𝟏  𝑨𝑨𝒔𝒔𝒔𝒔

𝝓𝝓  np nr 
s0 sr fywk fywk,ef savg smax Crit. 

per. ψ 
(mm) (mm) (mm) (%) (MPa) (kN) (kNm) (kNm) (kN) (cm2) (mm) (mm) (MPa) (MPa) (mm) (mm) 

LC01 CIRCULAR 143 270 270 1.5 48.00 858.4 - - 858.4 0.79 6 10 70 100 573.0 363.0 436 286 n 1.06 
LC02 CIRCULAR 140 360 360 1.55 47.00 955.7 - - 955.7 0.79 6 10 70 100 573.0 360.0 465 280 n 1.25 
LC03 CIRCULAR 142 450 450 1.41 49.00 1076.8 - - 1076.8 0.79 6 10 70 100 573.0 362.0 493 284 n 1.41 
LC05 CIRCULAR 140 360 360 2.05 50.00 1117.5 - - 1117.5 0.79 6 10 70 100 573.0 360.0 465 280 n 1.32 
LC06 CIRCULAR 143 360 360 1.45 49.00 1077.9 - - 1077.9 0.79 6 10 70 100 573.0 363.0 465 286 n 1.36 
LC07 CIRCULAR 144 360 360 1.6 49.00 1110.4 - - 1110.4 0.79 7 10 55 80 573.0 364.0 442 288 n 1.31 
LC08 CIRCULAR 144 360 360 1.62 48.00 1058.9 - - 1058.9 0.79 6 12 70 100 573.0 364.0 387 288 n 1.06 

Table 5. C5 results for experiments in Ferreira [19] and Ferreira et al. [21]. 

Exp. Case 
d cx cy ρ fck F Mx My 𝑭𝑭𝒆𝒆𝒆𝒆𝟏𝟏  𝑨𝑨𝒔𝒔𝒔𝒔

𝝓𝝓  np nr 
s0 sr fywk fywk,ef savg smax Crit. 

per. ψ 
(mm) (mm) (mm) (%) (MPa) (kN) (kNm) (kNm) (kN) (cm2) (mm) (mm) (MPa) (MPa) (mm) (mm) 

LS01 INTERNAL 145 300 300 1.54 48.00 1021.5 - - 1021.5 0.79 2 12 70 100 573.0 364.0 177 290 n 1.38 
LS02 INTERNAL 143 300 300 1.46 49.00 1127.5 - - 1127.5 0.79 4 12 70 100 573.0 363.0 278 286 n 1.14 
LS03 INTERNAL 145 300 300 1.54 50.00 698.5 - -189.0 1071.5 0.79 2 12 70 100 573.0 364.0 177 290 n 1.43 
LS04 INTERNAL 143 300 300 1.46 49.00 721.7 - -190.0 1099.9 0.79 4 12 70 100 573.0 363.0 278 286 n 1.12 
LS05 INTERNAL 143 300 300 1.58 50.00 779.0 - - 779.0 - - - - - - - - - 1 1.18 
LS06 INTERNAL 144 300 300 1.56 50.00 528.3 - -140.7 807.2 - - - - - - - - - 1 1.21 
LS07 INTERNAL 143 300 300 1.7 49.00 1196.8 - - 1196.8 1.23 4 12 70 100 530.0 363.0 280 286 n 1.15 
LS08 INTERNAL 144 300 300 1.68 48.00 934.1 - -190.9 1312.5 1.23 4 12 70 100 530.0 364.0 280 288 n 1.27 

Table 6. C5 results for experiments in Feliciano [22]. 

Exp. Case 
d cx cy ρ fck F Mx My 𝑭𝑭𝒆𝒆𝒆𝒆𝟏𝟏  𝑨𝑨𝒔𝒔𝒔𝒔

𝝓𝝓  np nr 
s0 sr fywk fywk,ef savg smax Crit. 

per. 
ψ 

(mm) (mm) (mm) (%) (MPa) (kN) (kNm) (kNm) (kN) (cm2) (mm) (mm) (MPa) (MPa) (mm) (mm) 
L1 EDGE 152 300 300 0.75 45.10 293.0 - -87.8 293.0 - - - - - - - - - 1 1.06 
L2 EDGE 152 300 300 0.75 45.10 300.0 - - 300.0 - - - - - - - - - 1 1.09 
L3 EDGE 152 300 300 0.75 45.10 242.0 - 72.5 493.7 - - - - - - - - - 1 1.79 
L4 EDGE 152 300 300 0.75 45.10 198.0 - 79.0 472.1 - - - - - - - - - 1 1.72 
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Table 7. C5 results for experiments in Barbosa [23]. 

Exp. Case 
d cx cy ρ fck F Mx My 𝑭𝑭𝒆𝒆𝒆𝒆𝟏𝟏  𝑨𝑨𝒔𝒔𝒔𝒔

𝝓𝝓  
np nr 

s0 sr fywk fywk,ef savg smax Crit. 
per. 

ψ 
(mm) (mm) (mm) (%) (MPa) (kN) (kNm) (kNm) (kN) (cm2) (mm) (mm) (MPa) (MPa) (mm) (mm) 

L01 REENTRANT 144 300 300 1.4 57.90 300.0 111.4 -111.4 624.7 - - - - - - - - - 1 1.23 
L02 REENTRANT 144 300 300 1.4 57.90 488.0 120.8 -120.8 840.2 0.5 3 10 70 100 587.0 364.0 231 288 n 1.25 
L03 REENTRANT 144 300 300 1.4 57.90 550.0 136.1 -136.1 946.9 0.78 4 10 70 100 562.0 364.0 282 288 n 1.22 
L04 REENTRANT 144 300 300 1.4 57.90 347.0 85.9 -85.9 597.4 - - - - - - - - - 1 1.18 

Table 8. C5 results for experiments in Oliveira [24]. 

Exp. Case 
d cx cy ρ fck F Mx My 𝑭𝑭𝒆𝒆𝒆𝒆𝟏𝟏  𝑨𝑨𝒔𝒔𝒔𝒔

𝝓𝝓  
np nr 

s0 sr fywk fywk,ef savg smax Crit. 
per. 

ψ 
(mm) (mm) (mm) (%) (MPa) (kN) (kNm) (kNm) (kN) (cm2) (mm) (mm) (MPa) (MPa) (mm) (mm) 

LN01 INTERNAL 143 400 200 1.58 55.10 1084.0 - - 1084.0 0.5 3 14 70 100 573.0 363.0 201 286 n 1.17 
LN02 INTERNAL 143 400 200 1.58 53.80 1144.0 - - 1144.0 0.5 6 14 70 100 573.0 363.0 334 286 1 1.08 
LN03 INTERNAL 143 400 200 1.58 51.20 786.0 - - 786.0 - - - - - - - - - 1 1.18 
LN04 INTERNAL 143 400 200 1.58 55.50 966.0 - - 966.0 0.31 4 14 70 100 651.0 363.0 245 286 1 1.13 
LN05 INTERNAL 142 400 200 1.6 54.80 1143.0 - - 1143.0 1.23 5 14 70 100 602.0 362.0 290 284 n 0.97 
LS01 INTERNAL 143 400 200 1.58 53.60 425.0 - -114.0 673.9 - - - - - - - - - 1 0.99 
LS02 INTERNAL 144 400 200 1.56 53.90 763.0 - -218.0 1237.0 0.5 3 14 70 100 573.0 364.0 201 288 n 1.33 
LS03 INTERNAL 142 400 200 1.6 54.40 775.0 - -234.0 1287.9 0.5 6 14 70 100 573.0 362.0 334 284 1 1.23 
LS04 INTERNAL 143 400 200 1.58 51.30 712.0 - -183.0 1111.5 0.31 4 14 70 100 651.0 363.0 245 286 1 1.32 
LS05 INTERNAL 142 400 200 1.6 51.00 926.0 - -272.0 1522.2 1.23 5 14 70 100 602.0 362.0 290 284 n 1.32 
LS06 INTERNAL 143 400 200 1.58 53.00 904.0 - -252.0 1454.1 0.79 6 14 70 100 597.0 363.0 334 286 n 1.27 
LW01 INTERNAL 141 200 400 1.62 50.20 446.0 - -124.0 648.0 - - - - - - - - - 1 0.99 
LW02 INTERNAL 143 200 400 1.58 52.20 711.0 - -189.0 1016.0 0.5 3 14 70 100 573.0 363.0 201 286 n 1.11 
LW03 INTERNAL 142 200 400 1.6 51.50 733.0 - -195.0 1049.2 0.5 6 14 70 100 573.0 362.0 319 284 1 1.01 
LW04 INTERNAL 142 200 400 1.6 51.50 617.0 - -131.0 829.4 0.31 4 14 70 100 651.0 362.0 245 284 1 0.99 
LW05 INTERNAL 142 200 400 1.6 50.60 815.0 - -241.0 1205.8 1.23 5 14 70 100 602.0 362.0 290 284 n 1.05 

Table 9. C5 results for experiments in Trautwein et al. [25]. 

Exp. Case 
d cx cy ρ fck F Mx My 𝑭𝑭𝒆𝒆𝒆𝒆𝟏𝟏  𝑨𝑨𝒔𝒔𝒔𝒔

𝝓𝝓  
np nr 

s0 sr fywk fywk,ef savg smax Crit. 
per. 

ψ 
(mm) (mm) (mm) (%) (MPa) (kN) (kNm) (kNm) (kN) (cm2) (mm) (mm) (MPa) (MPa) (mm) (mm) 

L1 INTERNAL 159 200 200 1.2 36.80 1050.0 - - 1050.0 1.25 11 16 35 60 500.0 375.0 300 318 0 1.10 
L4 INTERNAL 164 200 200 1.2 43.40 1038.0 - - 1038.0 2 11 16 35 60 500.0 379.0 300 328 0 0.92 
L9 INTERNAL 154 200 200 1.3 39.40 933.0 - - 933.0 0.8 11 16 35 60 500.0 371.0 300 308 0 0.95 

Table 10. C5 results for experiments in Albuquerque et al. [26] and Albuquerque [27]. 

Exp. Case 
d cx cy ρ fck F Mx My 𝑭𝑭𝒆𝒆𝒆𝒆𝟏𝟏  𝑨𝑨𝒔𝒔𝒔𝒔

𝝓𝝓  
np nr 

s0 sr fywk fywk,ef savg smax Crit. 
per. 

ψ 
(mm) (mm) (mm) (%) (MPa) (kN) (kNm) (kNm) (kN) (cm2) (mm) (mm) (MPa) (MPa) (mm) (mm) 

L01 REENTRANT 148 300 300 2.07 48.00 325.0 114.9 -114.9 655.5 - - - - - - - - - 1 1.17 
L02 REENTRANT 148 300 300 2.07 48.00 513.0 127.7 -127.7 880.3 0.5 3 10 70 100 587.0 367.0 231 296 n 1.19 
L03 REENTRANT 145 300 300 2.17 48.00 575.0 141.9 -141.9 987.3 0.78 4 10 70 100 560.0 364.0 282 290 n 1.19 
L04 REENTRANT 147 300 300 2.1 48.00 372.0 91.8 -91.8 637.0 - - - - - - - - - 1 1.15 
L05 REENTRANT 143 300 300 0.91 44.00 250.0 89.1 -89.1 510.7 - - - - - - - - - 1 1.29 
L06 REENTRANT 145 300 300 0.88 44.00 282.0 68.4 -68.4 480.8 - - - - - - - - - 1 1.20 
L07 REENTRANT 141 300 300 1.35 44.00 358.0 88.3 -88.3 618.3 - - - - - - - - - 1 1.40 
L08 REENTRANT 146 300 300 1.27 44.00 345.0 84.7 -84.7 590.2 - - - - - - - - - 1 1.29 
L09 REENTRANT 148 300 300 2.08 43.00 550.0 135.7 -135.7 940.4 0.78 5 13 60 90 528.0 367.0 250 296 n 1.07 
L10 REENTRANT 148 300 300 2.08 43.00 500.0 176.1 -176.1 1006.5 0.78 5 10 70 90 528.0 367.0 334 296 n 1.28 
L11 REENTRANT 147 300 300 2.11 43.00 640.0 120.8 -120.8 988.7 0.78 5 10 70 90 528.0 366.0 334 294 n 1.27 
L12 REENTRANT 145 300 300 1.28 43.00 345.0 65.4 -65.4 535.0 - - - - - - - - - 1 1.19 
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Table 11. C5 results for experiments in Albuquerque [28] and Albuquerque et al. [29]. 

Exp. Case 
d cx cy ρ fck F Mx My 𝑭𝑭𝒆𝒆𝒆𝒆𝟏𝟏  𝑨𝑨𝒔𝒔𝒔𝒔

𝝓𝝓  np nr 
s0 sr fywk fywk,ef savg smax Crit. 

per. 
ψ 

(mm) (mm) (mm) (%) (MPa) (kN) (kNm) (kNm) (kN) (cm2) (mm) (mm) (MPa) (MPa) (mm) (mm) 
L1 EDGE 147 300 300 1 46.80 308.0 - -92.0 308.0 - - - - - - - - - 1 1.06 
L2 EDGE 146 300 300 1.25 44.70 315.0 - - 315.0 - - - - - - - - - 1 1.03 
L3 EDGE 146 300 300 1.25 45.10 256.0 - 77.0 527.2 - - - - - - - - - 1 1.72 
L4 EDGE 146 300 300 1.25 46.00 210.0 - 84.0 505.8 - - - - - - - - - 1 1.64 
L5 EDGE 146 300 300 1.25 51.40 374.0 - 37.0 504.3 - - - - - - - - - 1 1.58 
L6 EDGE 146 300 300 1.25 52.10 330.0 - 66.0 562.4 - - - - - - - - - 1 1.75 
L7 EDGE 146 300 300 1.52 50.00 288.0 - 115.0 693.0 - - - - - - - - - 1 2.05 
L8 EDGE 146 300 300 1.4 50.50 320.0 - 128.0 770.8 - - - - - - - - - 1 2.34 
L9 EDGE 146 300 300 1.25 57.60 489.0 - - 489.0 0.5 4 7 70 100 580.0 365.0 287 292 n 0.96 
L10 EDGE 146 300 300 1.52 59.30 445.0 - 89.0 758.4 0.5 4 7 70 100 580.0 365.0 287 292 n 1.39 
L11 EDGE 146 300 300 1.52 43.10 304.0 - 110.0 691.4 - - - - - - - - - 1 2.15 
L12 EDGE 146 300 300 1.52 43.60 347.0 - 55.0 540.7 - - - - - - - - - 1 1.68 
L13 EDGE 146 300 300 1.52 44.10 357.0 - 125.0 797.2 - - - - - - - - - 1 2.46 

Tables 3 to 11 present the results of all the experiments retrieved from the literature for the C5 combination. The 
sides of the columns are 𝑐𝑐𝑥𝑥 and 𝑐𝑐𝑦𝑦, respectively, in the 𝑥𝑥 − and 𝑦𝑦 −directions. Characteristic strength 𝑓𝑓𝑐𝑐𝑐𝑐 is substituted 
in the code equations by the as-tested compressive strength of concrete. Transverse reinforcement is arranged in 𝑛𝑛𝑝𝑝 
contours and 𝑛𝑛𝑟𝑟 rails. 𝐴𝐴𝑠𝑠𝑦𝑦

𝜙𝜙  is one bar area. The distance from the first reinforcement contour to the column and the 
distance between the reinforcement contours are denoted as 𝑐𝑐0 and 𝑐𝑐𝑟𝑟, respectively. 

The slab capacity is verified at Perimeters 0, 1, and 𝑛𝑛. The critical control perimeters are shown in Tables 3 to 11. 
The prediction ratio 𝜓𝜓 is the ratio between the experimental and estimated capacities, considering 𝛾𝛾𝑒𝑒 = 𝛾𝛾𝑐𝑐 = 𝛾𝛾𝑠𝑠 = 1. 

A brittle failure of a slab-column connection can cause the progressive collapse of the structure. Table 2 shows the 
percentages of experiments with 𝜓𝜓 ≥ 0.95 in each combination, which indicates the reliability of the combination. 
Table 2 also presents the mean and the minimum 𝜓𝜓 ratios of each combination, which are denoted as 𝜓𝜓𝑚𝑚𝑒𝑒𝑎𝑎𝑛𝑛 and 𝜓𝜓𝑚𝑚𝑖𝑖𝑛𝑛, 
respectively. 

C1, C2, and C3 correspond to MC90, EC2, and NBR6118, respectively. Among them, C2 (EC2) gives the highest number 
of predictions with 𝜓𝜓 ≥ 0.95 (94%). C2 yields inadequate predictions in some cases. The minimum C2 prediction ratio 
(𝜓𝜓𝑚𝑚𝑖𝑖𝑛𝑛 = 0.18) is associated with the corner column connection C_C_4 in Stamenkovic and Chapman [18], which is subjected 
to unbalanced moment. The normal force is relatively small. 

Combination C4 corresponds to EC2 with the moment approach proposed by NBR6118 for edge and corner columns 
(criteria e). Combinations C5 to C10 discuss the effect of replacing other criteria in C4. 

Combinations C4, C5, and C8 yield 𝜓𝜓 ≥ 0.95 for 99% of the dataset. The average and minimum prediction ratios 
are 𝜓𝜓𝑚𝑚𝑒𝑒𝑎𝑎𝑛𝑛 = 1.42 and 𝜓𝜓𝑚𝑚𝑖𝑖𝑛𝑛 = 0.92, respectively. The minimum prediction ratio is associated with the specimen L4 in 
Trautwein et al. [25], which fails at Perimeter 0 by diagonal compression in concrete. The moment criterion proposed 
by NBR6118 yields good capacity predictions for edge and corner column connections with internal eccentricities. 

Combinations C4 and C5 show that the criteria proposed by NBR6118 and EC2 for effective yield stress 𝑓𝑓𝑦𝑦𝑦𝑦𝑅𝑅,𝑒𝑒𝑒𝑒 
provide similar results. 

Combination C8 investigates the criterion f from NBR 6118, by which the effective length of Perimeter 0 is not 
reduced in edge and corner columns. New studies are needed as the current dataset does not contain failures due to 
diagonal compressive stresses in edge and corner column connections. 

Combinations C6, C7, and C10 show that criteria a (𝜉𝜉), b (𝜌𝜌), d (𝑘𝑘𝑑𝑑), and h (𝛼𝛼𝜃𝜃) from NBR6118 do not contribute 
to C5 predictions. 

Combinations C5 and C9 apply the effective forces 𝐹𝐹𝑒𝑒𝑒𝑒1  and 𝐹𝐹𝑒𝑒𝑒𝑒𝑛𝑛  at Perimeter 𝑛𝑛, as recommended by EC2 and MC90, 
respectively. They both yield similar predictions, but this conclusion is limited to the uniformly distributed 
reinforcement arrangements of the dataset. Non-uniform reinforcement distributions can change the effective 𝐹𝐹𝑒𝑒𝑒𝑒𝑛𝑛  
forces. Cross arrangements of shear reinforcement demand further investigation. 

The dataset contains 16 reentrant corner columns, five corner columns, and 18 edge columns yielding asymmetrical plastic 
shear diagrams. Row “C5-Asym.” of Table 2 discusses the results of combination C5 for the asymmetrical subset. Relations 
𝜓𝜓𝑚𝑚𝑒𝑒𝑎𝑎𝑛𝑛 = 1.66 and 𝜓𝜓𝑚𝑚𝑖𝑖𝑛𝑛 = 1.06 are considered adequate and compatible with the results of the complete set. 



M. N. Souza, M. S. P. L. Perlingeiro, and M. Schulz 

Rev. IBRACON Estrut. Mater., vol. 16, no. 3, e16307, 2023 13/14 

7 CONCLUSIONS 
A numerical procedure yields plastic diagrams of shear forces in arbitrary control perimeters subjected to 

asymmetrical bending. Examples of internal, reentrant corner, edge, and corner columns are subjected to unbalanced 
moments about an axis oblique to the principal axes. The proposed procedure is fast, robust, and accurate. 

Experimental results in the literature are compared to the MC90, EC2, and NBR6118 design methods, which are 
applied together with the proposed procedure. 

Although the recommendations in EC2 and NBR6118 are based on MC90, they contain some differences, which 
are discussed as they significantly affect the results. 

EC2 performed better than the other two codes. A similar conclusion is reported by Ferreira et al. [21] when 
comparing ACI, EC2 and Model Code 2010 [7]. However, some results of EC2 were not considered satisfactory, 
because this code disregards the moments of corner and edge columns with internal eccentricities. 

NBR6118 considers the portions of the unbalanced moments that exceed the moments that can be resisted by the 
eccentricities between columns and reduced control perimeters of corner and edge columns. The best performance is 
obtained by combining EC2 with the NBR6118 moment criterion. Ninety-nine percent of the dataset yields prediction 
to experimental results ratios greater than 0.95. All prediction to experimental rates are greater than 0.92. 

The prediction to experimental ratios of cases with symmetrical and asymmetrical plastic diagrams are compatible. 
Asymmetrical shear diagrams are found not only in edge and corner column connections but also in internal column 

connections. The proposed procedure considers the asymmetrical plastic diagrams that usually occur in all column 
connections due to biaxial bending. 

Connections of edge and corner columns, critical at Perimeter 0, and plastic shear diagrams, discontinuous due to 
cross-arranged reinforcement, are themes for future studies. 
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Abstract: This study describes a set of recommendations to improve the precision of shear and punching 
shear capacity predictions for one-way slabs under concentrated loads, regardless of the governing failure 
mechanism, using the ABNT NBR 6118:2014 code provisions. For this purpose, a database of 143 test results 
was developed, including one-way slabs with different support conditions and loading layouts and that failed 
by different shear failure mechanisms: one-way shear, punching shear or a mixed mode. The key parameters 
influencing the load capacity and failure mechanism of these slabs were considered for the proposed 
recommendations: load position and slab width. Adjustments to the effective shear width definition and shear 
resisting control perimeter were described. Arching action for loads close to the support was also considered 
in both one-way shear and punching shear predictions. Considering the whole database and without separation 
by the failure mechanism, the ratio between tested and predicted resistances with the one-way shear 
expressions shows an average value of 1.22 and a coefficient of variation of 18.3%. The respective ratio 
between tested and predicted resistances with the punching shear expressions reached an average ratio of 1.23 
with a coefficient of variation of 21.3%. Therefore, the proposed recommendations allow for reaching 
enhanced levels of precision in assessing the shear and punching shear capacity of one-way slabs under 
concentrated loads, regardless of the governing failure mechanism of the slabs. 

Keywords: one-way shear, punching shear capacity, one-way slabs, concentrated loads. 

Resumo: Este estudo descreve um conjunto de recomendações para melhorar a precisão nas previsões de 
resistência ao cisalhamento e à punção de lajes unidirecionais sob cargas concentradas, independentemente 
do mecanismo governante na ruptura, utilizando as disposições da norma ABNT NBR 6118:2014. Para isso, 
foi organizado um banco de dados com 143 resultados de ensaios, incluindo lajes unidirecionais com 
diferentes condições de apoio e configurações de carregamento e que apresentaram diferentes mecanismos de 
ruptura por cisalhamento. Os principais parâmetros que influenciam a capacidade de carga e o mecanismo de 
ruptura dessas lajes foram considerados nas recomendações propostas. Ajustes para a definição da largura 
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efetiva de cisalhamento e perímetro de controle resistente ao cisalhamento foram descritos. A ação de 
arqueamento para cargas próximas ao apoio também foi considerada nas previsões de resistência ao 
cisalhamento unidirecional e ao puncionamento. Considerando todo o banco de dados, a razão entre as 
resistências testadas e previstas com as expressões de cisalhamento unidirecional apresenta um valor médio 
de 1.22 e um coeficiente de variação de 18.3%. A respectiva relação entre as resistências testadas e previstas 
com as expressões de puncionamento atingiu uma relação média de 1.23 com um coeficiente de variação de 
21.3%. Portanto, as recomendações propostas permitem alcançar maiores níveis de precisão na previsão da 
resistência ao cisalhamento e ao puncionamento de lajes unidirecionais sob cargas concentradas, 
independentemente do mecanismo de ruptura governante das lajes. 

Palavras-chave: cisalhamento unidirecional, resistência à punção, lajes unidirecionais, cargas concentradas. 
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1 INTRODUCTION 
In the last decades, many bridges built between 1960 and 1970 are reaching the end of their designed service life [1]. To 

extend the service life of these structures, it is necessary to attest that these bridges meet the requirements of the current design 
codes, considering that sometimes traffic loads and intensities have increased and the resistance models have become more 
conservative for certain applications. In this context, many bridge deck slabs (Figure 1a – Brazilian design truck) were rated as 
critical in shear assessments, despite these structures not showing any signs of distress upon inspection. Consequently, it was 
concluded that some widespread evaluation approaches could be overly conservative, which motivated the testing of one-way 
reduced-scale slabs under concentrated loads (Figure 1b) in laboratories from several countries, mainly in Europe [2]–[7]. 

 
Figure 1 – a) Example of one-way slabs loaded by the design truck prescribed in Brazilian code ABN NBR 7188:2013 [8]; b) 

example of reduced-scale laboratory test of a one-way slab under a single concentrated load. Dimensions in m. 

One-way slabs under concentrated loads may present a more complex failure mechanism compared to beams loaded 
over the entire width (Figure 2a) or with slab-column connections under concentric loads (Figure 2b). In fact, these 
members may fail either by one-way shear as wide beams or by punching shear around the load, depending on the load 
position, slab width bslab, and other parameters. In addition, two-way flexure influences the outcomes. Nevertheless, 
until now, most publications addressed only how to check the one-way shear capacity of such slabs [4], [6], [7], [9], 
sometimes neglecting that the evaluated slabs failed by punching. Additionally, most analytical approaches to evaluate 
the one-way shear capacity or punching capacity of these slabs with design code expressions show a large scatter 
between tested and predicted resistances [3], [10]. In practice, most available approaches to evaluate the one-way shear 
capacity of these slabs overestimate the contributing slab strip to the shear capacity (frequently named the effective 
shear width beff) when the distance from the load to the support increases [3], [9]. Besides that, no design codes address 
how the slab width could influence the effective contribution of some sides of the control perimeter to the punching 
capacity. At this point, the reader shall realize that the free edges decrease the shear flow that goes through the sides of 
the control perimeter in the transverse direction, depending on the slab width [11] (see Figure 2c). 
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Figure 2 - One-way slabs loaded over the entire width failing in one-way shear; b) slab-column connections failing in punching; 
and c) one-way slabs under concentrated loads subjected to both one-way shear and punching shear failures (adapted from [12]). 

Note: av is the clear distance between the faces of support and load and dl is effective depth to longitudinal reinforcement. 

In 2019, the preliminary investigation of one-way slabs under concentrated loads with the Brazilian code 
expressions for shear and punching shear was performed using the most traditional rules to define the effective shear 
width beff and the shear resisting control perimeter for punching [3]. At that time, some shortcomings were highlighted: 
(i) it was concluded that the one-way shear predictions tend to become unsafe when the slabs fail by punching, (ii) 
additionally, the predictions of punching capacity also became unsafe when the tests failed in one-way shear as wide 
beams. Since the most critical failure mechanism of the slabs is not known in most cases and depends on a large number 
of parameters, it would be important to assure conservative predictions regardless of the most critical failure mechanism 
of the slabs being the one-way shear or punching shear. Until now, no specific recommendation has been published 
addressing this issue regarding the ABNT NBR 6118:2014 code expressions. 

In this study, we propose to describe a set of enhanced recommendations to assess the shear and punching capacity 
of one-way slabs under concentrated loads using the current ABNT NBR 6118:2014 [13] expressions for one-way shear 
and two-way shear (punching). Since these slabs may fail either by one-way shear or two-way shear, the idea of this 
work is to improve the level of accuracy of both one-way shear and punching resistance approaches in such a way as 
to provide the most accurate predictions of failure load, regardless of the most critical failure mechanism. 

Section 2 discusses the traditional approaches to define the effective shear width and shear resisting control perimeter 
for punching capacity evaluations. In Section 3, the one-way shear and punching shear expressions of the ABNT NBR 
6118:2014 [13] are presented. At this point, the Section 2 and Section 3 combination represents the approach to be used 
in the evaluations, which can be compared with the proposed approach. Next, Section 4 brings the recommendations 
developed to improve the predictions of shear and punching capacity with the Brazilian code expressions, regardless of 
the governing failure mechanism of the slabs being one-way shear or punching. In Section 5, the database of one-way 
slabs under concentrated loads used to validate the proposed recommendations is discussed (143 test results). In the end, 
a comparison between tested and predicted resistances using one-way shear and punching shear expressions is described 
(Section 6), comparing the predictions with and without the proposed recommendations. 

2 BACKGROUND 

2.1 One-way shear 

The traditional approach to evaluate the one-way shear capacity of one-way slabs under concentrated loads is based 
on the definition of a slab strip that it is supposed to contribute effectively to the one-way shear capacity, called effective 
shear width beff. Theoretically, this effective shear width can be defined based on the distribution of shear demand vE (shear 
force per unit length) from linear elastic finite element analyses, for instance (Figure 3a). In this way, the effective shear 
width would be defined as the length that multiplied by the peak shear demand equals the total shear force VE. However, 
analytically, the most traditional approaches to defining the effective shear width are based on the assumption of a 
horizontal load spreading from the loading plate to the supports under a fixed angle, typically 45 degrees (Figure 3b-3c). 



A. M. D. Sousa, E. O. L. Lantsoght, D. L. Araújo, L. P. Prado, and M. K. E. Debs 

Rev. IBRACON Estrut. Mater., vol. 16, no. 3, e16308, 2023 4/18 

 
Figure 3 – a) Definition of the effective shear width based on the distribution of the unitary shear demand vE; b) and c) effective 

shear width according to the French guidelines varying the clear shear span av. 

The effective shear width calculated as in Figure 3b is commonly named the French effective shear width, as it was 
first identified on the French guidelines of design [14], [15]. This approach has already been demonstrated to provide 
good predictions of shear capacity, mainly for loads close to the support av < 2dl [2], [3]. However, Figure 3c shows 
that this approach assumes that the effective shear width increases by increasing the clear shear span av (herein, av is 
the clear distance between load and support). Because of this, some studies have already identified that this approach 
leads to an overestimation of the one-way shear capacity for tests that failed in punching [16]. 

2.2 Punching shear 
In evaluating the punching capacity of one-way slabs under concentrated loads with the Brazilian code expressions, a well-

consolidated approach compares different layouts of the control perimeter to define the most critical mechanism (Figure 4). The 
shear resisting control perimeter (blue lines) is considered at the distance of 2davg of the loaded area (k = 2 in Figure 4). 

 
Figure 4 – Possible definition of the shear resisting control perimeter for simply supported (a, b and c) and cantilever slabs (d, e 

and f) (adapted from [12]). Note: in the Brazilian code [13], k = 2; davg is the average effective depth of the tensiled reinforcement; 
bslab is the slab width. 



A. M. D. Sousa, E. O. L. Lantsoght, D. L. Araújo, L. P. Prado, and M. K. E. Debs 

Rev. IBRACON Estrut. Mater., vol. 16, no. 3, e16308, 2023 5/18 

In practice, the reader may realize that the most critical shear resisting control perimeter will be a function of 
parameters such as the slab width and load position. For instance, the control perimeter b0 with two sides tends to 
govern over the perimeter with four sides for slabs with a reduced slab width (Comparing Figure 4a and Figure 4b). In 
the same way, the control perimeter with three sides governs when the concentrated loads are placed close to the free 
edges of simply supported slabs (layout of Figure 4c). 

In the Brazilian code ABNT NBR 6118:2014 [13], the shear stress concentration in the case of loads close 
to the free edge of simply supported slabs (Figure 5a-5b) and cantilevers slabs (Figure 5c-5d) is considered 
through the definition of a reduced control perimeter (dashed red lines) that is a function of the slab effective 
depth davg and size of the concentrated load). In Figure 5b-5d, note that the lengths bload and lload refer to the 
size of the concentrated loads in the spanning and transverse directions, respectively. B1 and B2 refer to the size 
of the control perimeter considered in the transverse and spanning directions (x and y) to consider the shear 
stress concentration at the load corners depending on the loaded area geometry. 

 
Figure 5 - Definition of the reduced control perimeter for a) and b) concentrated loads close to free edges of simply supported 

slabs; and for c) and d) corner of cantilever slabs according to the ABNT NBR 6118:2014. Note: lload and bload refer to the size of 
the concentrated loads; B1 and B2 refer to the lengths of the control perimeter. 

No clear mention about the influence of the rectangular index of the load α in the definition of the control perimeter 
is provided in the current Brazilian code, with α given by Equation 1: 

{ } { }max ; / min ;load load load loadl b l bα =  (1) 

In practice, when the rectangular index α increases and the load becomes more elongated in the span 
direction, the shear stresses concentrate in the corners (Figure 6a.1). However, when the elongated side is 
running parallel to the line support (Figure 6a.2), the shear flows in the elongated side is predominant, and 
hence, a lower reduction in the resisting control perimeter occurs [17]. Since the effect of the rectangular index 
is similar to that of edge and corner columns [17] for flat slabs, it is assumed that the sketch of Figure 6 should 
be used in the case of rectangular loads evaluated in this study. In the same context, cantilever slabs under 
concentrated loads should be evaluated as slab-edge column connections in the definition of the reduced control 
perimeter (Figure 6b). 
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Figure 6 - Definition of the reduced control perimeter for simply supported and cantilever slabs under concentrated loads 

according to the Brazilian code ABNT NBR 6118:2014 [13]. 

3 EXPRESSIONS TO EVALUATE THE ONE-WAY SHEAR AND PUNCHING CAPACITY ACCORDING 
TO THE ABNT NBR 6118:2014 

The one-way shear capacity VR of slabs is predicted by multiplying the nominal shear capacity (shear force per unit 
length vR,shear) of these slabs by an effective shear width beff (Equation 2): 

,R R shear effV v b= ⋅  (2) 

The punching capacity PR, in the same way, is calculated by multiplying the nominal punching capacity (shear 
capacity per unit length vR,punch) by the shear resisting control perimeter b0 (Equation 3): 

, 0R R punchP v b= ⋅  (3) 

3.1 One-way shear capacity according to the ABNT NBR 6118:2014 
According to the ABNT NBR 6118:2014 [13], the nominal one-way shear capacity of reinforced concrete members 

without stirrups is calculated as follows (Section 19.4, SI units, Equation 4): 

( ), 11.2 40 0.15

 and  in [MPa] with 
R she

R

ar Rd shear cp

d cp

lv k dσ

τ

τ ρ

σ

 = ⋅ ⋅ + ⋅ + ⋅ ⋅   (4) 
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0.25Rd ctdfτ = ⋅  (5) 
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τRd is the design shear capacity of the concrete (in MPa, Equation 5); kshear is the size effect factor for one-way shear in the 
Brazilian code (see Equation 10); ρl is the reinforcement ratio in the longitudinal direction (Equation 9); σcp is the external 
axial stress in the section (tensile stress are considered with a negative signal); dl is the effective depth towards the 
longitudinal reinforcement; fctd is the design value of the tensile strength of concrete (Equation 6); fctk,inf is the lower bound 
value of the characteristic tensile strength of concrete (Equation 7); γc is the concrete safety factor (assumed equal to 1 in 
the comparisons between tested and predicted resistances from this paper and 1.4 in design calculations from professional 
practice); fctm is the mean value of tensile strength of concrete (Equation 8); fck is the characteristic value of compressive 
strength of concrete (in the comparisons between tested and predicted resistances, fck was replaced by fcm); bw is the 
considered length in the evaluation of As and; As is the are of longitudinal reinforcement distributed along bw. 

The ABNT NBR 6118:2014, as well as most design codes, does not guide how to define the effective shear width 
of slabs under concentrated loads. In the ABNT NBR 6118:1980 [18] (replaced version), the following expression was 
provided (Equations 11 and 12): 

NBR load slabb l h= +  (11) 

,

,

if :  

0.5 1 ,  if cantilever slab

if ,  

1 ,  for simply sup. and continuous slabs

NBR span eff NBR NBR

NBR
NBR

span

NBR span eff NBR

NBR
NBR

span

b l b b

bb a
l

b l b
bb a
l

> =

  
+ ⋅ ⋅ −     ≤ = 

  + ⋅ −   
 

 (12) 

Herein, hslab is the slab thickness; lload is the side of the load in the width direction of one-way slabs; bload is the side 
of the load in the spanning direction of one-way slabs; lspan is the span length, a is the shear span between axes of 
support and load; and av is the clear distance between the support and the load. 
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In most publications [3], [10], however, the commonly named French effective shear width model is employed 
(Equation 13, see Figure 3b-3c): 

( ), 2eff french load v load slabb l a b b= + ⋅ + ≤  (13) 

This occurs since it leads to reasonable levels of accuracy for the tests that fail as wide beams in one-way (WB) 
shear [16] or for loads close to the support [2] compared to other approaches. Figure 7 compares the effective shear 
widths beff,NBR and beff,french for a simply supported slab (bload = lload = 0.40 m; bslab = 3.0 m and hslab = 0.30 m). As can be 
seen, the predicted effective shear width with the replaced Brazilian code is significantly lower than that predicted with 
the French effective shear width. 

In this study, it was verified that the predictions with the French effective shear width model would provide the best 
results between the two approaches, mainly for the tests with av/dl ≤ 2. Based on that, the one-way shear capacity with 
the reference approach was assumed as Equation 14: 

, , ,R reference R shear eff frenchV v b= ⋅  (14) 

 
Figure 7 - Comparison between the predicted effective shear with according to the replaced Brazilian code beff,NBR (ABNT NBR 

6118:1980) and the French effective shear width model beff,french. 

3.2 Nominal punching capacity according to the ABNT NBR 6118:2014 
According to ABNT NBR 6118:2014, Section 19.5.3.2, the nominal punching capacity vR,punch (shear force per unit 

length), can be calculated as in Equation 15: 

1/3
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2001 2,   with  in [mm] and  in [MPa]punch avg ck
avg

k d f
d

= + ≤  (18) 

kpunch is the size effect factor for punching (Equation 18). In the current code [13], kpunch is not explicitly limited to 2. In 
practice, this recommendation appears only in the book of recommendations and examples of the code application [19], which 
was followed in the study; ρavg is the average reinforcement ratio considered for punching (Equation 16); ρl and ρt are the 
reinforcement ratios in the longitudinal and transverse directions, respectively, davg is the average effective depth of the 
reinforcement for punching (Equation 17). 

In the case of slabs with large thicknesses, the self-weight may significantly increase the shear demand around the 
control perimeter (Figure 8). In this case, it shall be noted that the control perimeter shall resist the stresses caused by 
the concentrated load and the those caused by the self-weight. In the literature, it is usually considered that the self-
weight acts only in the longitudinal direction of one-way slabs (based on the shear flow considering only the self-
weight) [20]. Using this assumption, a net shear resistance can be calculated on the sides of the control perimeter 
influenced by the self-weight vR,net. In this way, the shear demand caused by the self-weight (vsw) shall be subtracted 
from the unitary shear resistance calculated by the code expression vR,punch (see Equation 19): 

, ,R net R punch SWv v v= −  (19) 

 
Figure 8 - Effect of the self-weight on the shear demand around the control perimeter and definition of the net shear resistance 

(the control perimeter was represented with a square shape for simplicity). 

In this study, the reference punching capacity (without taking into account the arching action and other parameters 
influencing the problem) can be expressed as in Equation 20: 

( ) ( )
( )

, , 0 ,1 0, 2 , 0 ,1 0, 2

, , 0, 1 , 0 ,1 0, 2

,  for SS and CS slabs

,  for CT slabs

R reference R net x x R punch y y

R reference R net x R punch y y

P v b b v b b

P v b v b b

= ⋅ + + ⋅ +

= ⋅ + ⋅ +
 (20) 
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4 PROPOSED APPROACHES 

4.1 Proposed approach for the one-way shear predictions 
Loads close to the support (av/dl ≤ 2) benefit from arching action to transmit the load to the supports [21]. In the 

current Brazilian code [13], this effect is mentioned only for beams. To avoid overly conservative predictions of the 
shear capacity for loads close to the support, the arching action is considered for slabs in the proposed approach through 
a factor β, as suggested in the fib Model Code 2010 [22] and current European codes [23] (Equation 21): 

,  with 0.25 1
2

v

l

a
d

β β= ≤ ≤  (21) 

Along the effective shear width, it is assumed that the unitary shear capacity can be enhanced using the following 
expressions (Equation 22): 

( ), , ,1 ,

,1 1/
R proposed R shear shear eff proposed

shear

V v bµ

µ β

= ⋅ ⋅

=
 (22) 

Another key aspect of the predictions of one-way shear capacity is the definition of the effective shear width [2], [3]. 
Some publications identified that the French effective shear width tends to overestimate the contributing slabs strip for 
one-way shear predictions when the loads are placed far away from the support (av/dl > 2, for instance) or when the slabs 
are critical in punching instead of one-way shear [3], [16]. Consequently, the predicted one-way shear capacity commonly 
exceeds the tested one-way shear resistance Vtest (sectional shear reached in the test). Since for the design or assessment of 
existing structures, we do not know a priori which is the most critical failure mechanism, conservative predictions for 
shear and punching capacities should be obtained. 

Since the French effective shear width model beff,french provides good levels of predictions combined with the ABNT 
code expressions for loads close to the support (av/dl < 2) [2], [3], [16], this approach is used as a starting point. Based on 
regression analyses of Vtest/VR,predicted using μshear,1 and beff,french, a factor μshear,2 was derived to correct the predicted effective 
shear width according to the shear slenderness av/dl (Equation 24). In this way, the predicted effective shear width beff,proposed 
(Equation 23), decreases as the load distance from the support increases. Consequently, the predictions of the one-way 
shear capacity improve for the tests that present a local failure close to the load by asymmetrical punching: 

, , ,2 4
slab

eff proposed eff french shear
load l

b
b b

l d
µ

≤
= ⋅ ≥ +

 (23) 

,2

,2
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shear v l

shear v l

a d
a d

µ

µ

= − ⋅ +

= − ⋅ +
 (24) 

On which CT = load applied on cantilever slab, CS = loads close to continuous support and SS = load close to 
simple support (hinged support). 

4.2 Proposed approach for the punching shear predictions 
Inspired by the work from Regan [24], this paper suggests considering the enhanced shear capacity for the side of the control 

perimeter facing to the support when the load is placed at distances av ≤ 2dl. This is accomplished by multiplying the unitary 
shear capacity vR,net in b0,x1 by the factor μpunch1 (see Figure 9), which has the same expressions as μshear,1. In this way, the arching 
action for loads close to the support is considered only for the relevant part of the control perimeter. 
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Figure 9 - Sketch of the assumed control perimeter sides enhanced by arching action according to the ratio av/dl, and disturbed 

according to the ratio bslab/lload (adapted from [12]). 

When the loads are placed close to the support, the intersection of the control perimeter with the support 
should be considered in the definition of the sides of the control perimeter (Figure 10a). In practice, different 
assumptions could be used to define the length b0,x1, b0,x2, b0,y1 and b0,y2. For instance, someone could consider 
b0,x1 as only the straight length that touches the support between the dashed blue lines (Figure 10c). However, 
this tends to underestimate the length b0,x1 when the control perimeter when the load is placed too close of the 
support (av ≈ 0). Another definition can be based on the variable angle of the reference dashed lines (blue lines 
in Figure 10). For instance, Figure 10d assumes that the reference line touches the intersection of the support 
with the control perimeter, which also underestimates the length of the side b0,x1 when the load is place at av = 
2davg . In this study, it is assumed that the reference dashed line always touches the middle of the rounded side 
to define the length b0,x1 (Figure 10e). In summary, we start calculating the point on which the control perimeter 
intercepts the support and, after, we calculate the length of the rounded corner. In the end, we add the straight 
length with half of the rounded corners to define b0,x1. 

 
Figure 10 - Definition of the lengths b0,x1, b0,x2, b0,y1 and b0,y2 when the control perimeter intercepts the support: a) sketch of the 

control perimeter when the load is placed at av < 2davg; b) original control perimeter without intersection with the support; c) 
approach 1 with a fixed angle of the reference dashed line; d) approach 2 with a variable angle of the reference dashed line and e) 

approach 3 with a variable angle of the reference dashed line (used in this study). 

Additionally, the second aspect to be considered in the punching capacity predictions is the effect of the slab width-
to-load size (bslab/lload) in the effective contribution of the lateral sides of the control perimeter (b0y,1 and b0,y2). In 
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practice, by decreasing the slab width and fixing other parameters, a lower shear flow is transferred by the lateral sides 
of the control perimeter (b0y,1 and b0,y2) [12]. Therefore, these sides provide a lower contribution to the punching capacity 
compared to the sides b0,x1 and b0,x2. 

In this study, it is proposed to multiply the unitary shear resistance of the sides b0,y1 and b0y,2 by the factors μpunch,2 
(Equation 25): 

( ) ( )

,2

0.14 0.14,  if 8
1,  for 8

/ 2

punch

slab load avgb l d

λ λ
µ

λ

λ

⋅ − ≤
=  >

= − ⋅

 (25) 

The effect of the non-proportional shear demand between the frontal and back sides of the load also influences the 
ultimate capacity of the slabs. In practice, this can be explained by the asymmetrical punching failure around the load 
for such slabs when the loads are placed closer to the support [6]. Since one side of the control perimeter is more heavily 
loaded than the other, the less demanded side contributes less to the punching capacity. Comparisons between tested 
and predicted resistances in this study, however, indicate that this effect would have a considerable influence only for 
cantilever slabs, which behave as edge columns. However, for concentrated loads close to the free edge of simply 
supported or continuous slabs, a similar effect can be expected (in this study, we evaluated only slabs under concentrated 
loads placed at mid-width). Therefore, a third factor that considers the non-proportional shear demand in the shear span 
direction is employed only for cantilever slabs (Equation 26): 

( ) ( )0.71,3

1,  for simply supported and continuous slabs

0.728 / ,  for cantilever slabs / 0.20  punch
span spana l a l

µ
= 

⋅ ≥
 (26) 

Therefore, the total punching capacity can be calculated for simply supported and continuous slabs as in Equation 27: 

( ) ( ), , ,1 0, 1 , 0, 2 , 0, 1 0, 2 ,2R proposed R net punch x R net x R punch y y punchP v b v b v b bµ µ= ⋅ ⋅ + ⋅ + ⋅ + ⋅  (27) 

and can be calculated for cantilever slabs as in Equation 28: 

( ) ( ), , ,1 0, 1 , 0, 1 0, 2 ,2 ,3R proposed R net punch x R punch y y punch punchP v b v b bµ µ µ = ⋅ ⋅ + ⋅ + ⋅ ⋅   (28) 

Since the effect of the self-weight in the shear demand calculated at the control perimeter sides vsw was limited when 
compared to vR,punch in the database, (due to the large reinforcement ratios and thickness employed in most tests), one 
can replace the term vR,net by vR,punch for simplicity. However, such simplifications shall be avoided in the evaluation of 
bridge decks slabs, on which the self-weight is considerably larger than for laboratory tests [20], [25]. 

5 DATABASE OF TEST RESULTS 
A database of test results was organized for the evaluation of the proposed approach and it was published in the 

public domain [26]. This dataset contains 143 test results of slabs under concentrated loads failing by shear as wide 
beams (WB: 91 tests), punching (P: 40 tests) or a mixed mode between shear and punching (WB+P: 12 tests). 

The dataset includes tests from the following references: Bui et al. [5], Carvalho [27], Coin and Thonier [14], 
Damasceno [28], Ferreira [29], Lantsoght [30], Natário et al. [7], [31], Reiβen [32], Regan [24], Regan and Rezai-
Jarobi [33], Rombach and Latte [34], [35], Rombach and Henze [36], Vaz Rodrigues [37] and Vida and Halvonik [38]. 
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Table 1 - Ranges of parameters in the database. 

Parameter min max 
h [m] 0.10 0.30 

bslab [m] 0.60 4.50 
lspan [m] 0.90 4.00 

bslab/lload [-] 1.67 23.08 
bslab/dl [-] 5.66 29.41 
av/dl [-] 0.24 7.66 
fc [MPa] 19.20 77.74 
ρl [%] 0.602 2.150 
ρt [%] 0.132 1.526 

Table 1 shows the ranges of parameters in the database. The reinforcement ratio of the slabs ρl and ρt reported in 
the database and used in the calculations was recalculated based on the spacing of the flexural rebars. The value of the 
compressive strength measured on cube specimens was corrected by a factor of 0.82 to estimate the compressive 
strength on cylinder specimens [2]. Only tests with a ratio bslab/dl ≥ 5 were included in the dataset to fit the requirement 
of the ABNT NBR 6118:2014 regarding the definition of the slab members. Besides, only tests with (bslab-lload) > 4dl 
were evaluated in this dataset to increase the proportion of tests that could be critical to both shear and punching failures. 
At this point, the reader shall realize that including members almost loaded over the entire width (bslab-lload)/2dl ≤ 4 
would significantly increase the proportion of tests failing as wide beams over the tests that failed by punching. 

6 RESULTS AND DISCUSSIONS 

6.1 Comparison between tests and studied methods 
Figure 11 compares the ratio between tested and predicted resistances for one-way shear and punching shear 

analyses. In the comparisons between tested and predicted resistances, partial safety factors were assumed equal to 1 
and measured material properties were used instead of characteristic values. The results "No μs" are the ones following 
the traditional approaches of evaluation according to the Brazilian code (Section 2 and 3 of this paper) and do not 
include the proposed factors μ for shear and punching capacity predictions. In this way, VR,predicted and PR,predicted are 
equal, respectively, to VR,reference and PR,reference for “No μs”. The results “with μs” are the ones following the 
recommendations of Section 4 of this paper. In this way, VR,predicted and PR,predicted are equal to VR,proposed and PR,proposed, 
respectively. In Figure 9, the following notations are applied: WB: test failed as a wide beam in one-way shear; P: test 
failed by punching; and WB+P: the test failed by a mixed mode between one-way shear and punching. 

Figure 11a shows two main aspects of the results without the proposed recommendations (No μs): (i) neglecting the 
arching action for slabs under concentrated loads close to the support can significantly underestimate the ultimate 
capacity of the slabs in one-way shear (see Detail 1 in Figure 11a); and (ii) the predictions of one-way shear capacity 
become critically unsafe for large shear slenderness, for instance, when av/dl > 4. In the last case, this occurs because 
the French effective shear width increases by increasing the shear slenderness av/dl and the ultimate load that causes 
the failure (Ptest) does not increase by increasing av/dl [6]. In fact, most tests with av/dl > 4 failed by punching or a mixed 
mode between one-way shear and punching (see Detail 2 in Figure 11a). For such tests, increasing the ratio av/dl 
increases the slab rotations around the load and, consequently, the crack opening for the same load level, which results 
in lower punching capacities according to the Critical Shear Crack Theory [39]. Consequently, the predicted one-way 
shear capacity increased excessively by increasing the shear slenderness. 

Using the proposed recommendations through the factors μshear,1 and μshear,2 (Section 4), the average ratio Vtest/VR,predicted 
changes from 1.37 to 1.22 and the coefficient of variation decreases from 63.7% to 18.3% (see Figure 11c). Therefore, using the 
proposed recommendations allows for reaching enhanced predictions of shear capacity, even when the tests failed by punching 
for large values of av/dl. 

Figure 11b shows that without the proposed recommendations for punching (No μs), the predictions of punching capacity 
can be critically unsafe for the slabs that failed as wide beams in one-way shear (WB) due to the small ratio bslab/lload (see Detail 
1 in Figure 11b). Besides, the predictions of punching capacity can, in the same way, be overly conservative if arching action is 
not considered in the calculations (tests of Detail 2 in Figure 11b), regardless if the test failed as a wide beam or by punching. 
Using the proposed recommendations for punching capacity predictions (Figure 11d), the average ratio Ptest/PR,predicted changes 
from 1.44 to 1.23, and the coefficient of variation decreases from 40.1% to 21.3%. 
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Figure 11 - Comparison between tested and predicted resistances with the reference and proposed approaches for: a) and c) one-way 

shear; and b) and d) punching shear expressions. The results “No μs” are the ones following the reference approach (Section 3) and the 
results “With μs” are reached with the proposed recommendations (Section 4). Note: P = punching failure; WB = wide beam shear 

failure in one-way shear; WB+P = mixed mode between one-way shear and punching. 

Comparing the predictions of shear and punching capacity using the proposed recommendations, it can be observed 
that the predictions are quite similar. The average ratio between tested and predicted resistances (1.22 and 1.23) differs 
by less than 1%, and the coefficients of variation (18.3% and 21.3%) differ by less than 15%. 

In this study, however, it can be observed that the predictions of one-way shear capacity performed better that those 
for punching (with a lower coefficient of variation) and used a fewer number of correction factors (2 for shear and 3 
for punching). In practice, this occurs because of the more significant number of tests that failed as wide beams in the 
database but also because the one-way shear failure mode seems to represent better the local failure between the load 
and the support. In this study, it is assumed that the one-way shear approach represents the problem closely because it 
directly considers the more significant influence of the resistance and shear demand on the front side of the load close 
to the support. In this context, it is important to note that in the punching capacity predictions, a uniform shear resistance 
and shear demand around the load is assumed with the Brazilian code expressions. Consequently, it would be necessary 
to consider the different contributions of each side of the control perimeter (unbalanced shear resistance and unbalanced 
shear demand) around the load to reach better predictions with the punching expressions. 

6.2 Resistance model uncertainty 
The analysis of the resistance model’s uncertainty partial safety factor (γRd) concerning the shear and punching 

capacity using the proposed recommendations is carried out. When considering structural reliability, model 
uncertainties can be related to models for action effects and for resistance models, which are based on simplified 
relationships or complex numerical models. Therefore, the model uncertainty can be defined as a basic variable related 
to the accuracy of the physical model. It is commonplace to consider model uncertainty as a random variable. 

In this paper, the principles presented in the fib Model Code 2010 [22] and other references are used [40]–[44] to 
estimate the resistance model uncertainty. For this analysis, the model error (ME) is defined as in Equation 29: 
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Experimental CapacityME
Capacity calculated from proposed model

=  (29) 

Goodness of fit tests provide a statistical tool for selecting an appropriate type of probability distribution. A normal 
distribution is usually used to represent the lower tail of model uncertainty for resistance functions. However, the 
normality test, using the Shapiro-Wilk test at the 0.05 significance level, concluded that data for both analyses were not 
significantly drawn from a normality distributed population. Figure 12 presents the frequency histogram of shear and 
punching capacity using the proposed recommendations. Both the Chi-square and the Kolmogorov-Smirnov tests have 
confirmed at the 0.05 significance level the possibility to adopt log-normal probabilistic distributions for both analyses. 

Figure 12 also presents the sample versus theoretical probability plot for the natural logarithm of ME. The horizontal axis (x) 
represents the expected value of the standard normal distribution, and the vertical axis (y) denotes the natural logarithm of ME. 
The good linear fit confirms that the log-normal probabilistic distribution is suitable for the model error. The mean and standard 
deviation of the model error can be obtained using the fit linear on log-normal probability paper and are presented in Table 2. 

Equation 29 also includes the variability of the test procedures and the specimen geometry, so it represents more 
than just the accuracy of the model. The variability of the model error COVME can be estimated as in Equation 30 [45]: 

2 2 2
ME m test specCOV COV COV COV= − −  (30) 

Where COVm is the coefficient of variation of the measured and predicted strengths by the proposed recommendations 
obtained from statistical analysis of Figure 12, COVtest is the coefficient of variation of the measured test loads, and 
COVspec is the uncertainty of specimen dimensions in the tests. The values of COVtest = 0.02 and COVspec = 0.04, as 
proposed in reference [45], are used herein. The resulting model statistical parameters are presented in Table 2. 

 
Figure 12 - Normal probability plot and frequency histogram for model error (ME). 
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Table 2 - Statistical parameters for model error and model uncertainty factors. 

Proposed approach Full data set Statistical parameters γRd 
Mean COV μR σR COVm COVME αR = 0.32 αR = 0.8 

One-way shear resistance 1.220 0.183 1.220 0.224 0.183 0.178 1.02 1.41 
Punching shear resistance 1.230 0.213 1.229 0.252 0.205 0.200 1.04 1.49 

Finally, under the lognormal distribution hypothesis, the resistance model uncertainties γRd can be determined, 
according to references [22], [43], as follows (Equation 31): 

Rd R ME
R

1 exp( COV )γ = α β
µ

 (31) 

where μR is the mean value of the ratio between the resistance obtained through the tests and the resistance achieved through the 
proposed recommendations and COVME is the coefficient of variation of the resistance model uncertainties. The first-order-
reliability method (FORM) sensitivity factor for the variables (αR) can be assumed to be 0.32 or 0.8 [41], [43], accounting for the 
hypothesis of non-dominant and dominant variables, respectively, and the term β denotes the reliability index. For new structural 
systems with moderate consequences due to a structural failure and a 50-year lifetime, fib Model Code 2010 [22] recommends 
β = 3.8 (i.e., a failure probability of 7 x 10-5). 

The value of the model uncertainty factor γRd is dependent on the quality of the resistance model formulation. Fib Model 
Code 2010 [22] has recommended values of 1.06 for models with low uncertainties and 1.1 for models with high uncertainties. 
Table 2 shows the values of γRd for the proposed recommendations, with resistance uncertainty as a non-dominant and dominant 
variable. The values for the non-dominant hypotheses are below the values recommended by the fib Model Code 2010 [22]. 
However, the non-dominant hypothesis of the model uncertainty factor γRd can be adopted if the coefficient of variation (COVME) 
reported in Table 2 is less than 0.15, which is the coefficient of variation associated with the compressive strength of concrete 
according to references [22], [43]. Therefore, the dominant hypothesis should be adopted for the shear and punching 
recommendations proposed herein. Consequently, and as a simplification, it would be recommended to use a γRd = 1.5 for both 
one-way shear and punching shear resistance predictions with the proposed approaches. 

7 CONCLUSIONS 
In this study, the expressions and most traditional approaches to predict the shear and punching capacity of one-

way slabs under concentrated loads are evaluated, with emphasis to the ABNT NBR 6118:2014 code provisions. Based 
on the described analyses and proposed recommendations, the following conclusions can be drawn: 
• The one-way shear and punching shear capacity enhance significantly for loads close to the support, here assumed at distances 

av ≤ 2dl. Using the factors μshear,1 and μpunching,1 to consider the enhanced unitary shear and punching capacity of the slabs 
allows for improving the predictions of ultimate capacity when the load is placed relatively close to the support. 

• For loads far away from the support, typically when av/dl > 4, the predictions of one-way shear capacity with the 
Brazilian code combined with the French effective shear width model can be critically unsafe. This occurs because 
the French effective shear width model overestimates the contributing slabs strip to the one-way shear capacity. 
Using the factor μshear,2 allows correcting the predicted effective shear width in a simple and effective way. Besides, 
this approach improves considerably the relation between tested and predicted resistances using the expressions of 
one-way shear resistance, even when the tests fail by punching. 

• The predicted punching capacity with the Brazilian code expressions can be critically unsafe if the influence of the slab width 
is not considered for tests that are critical in one-way shear. This occurs because by decreasing the slab width, the shear flow 
concentrates on the sides of the control perimeter in the spanning direction and the sides parallel to the free edges present a 
smaller contribution to the punching capacity. In this study, it is proposed to apply a factor μpunching,2 as a function of the slab 
width on the sides of the control perimeter parallel to the free edges. Using this factor, the predicted punching capacity for 
tests critical in one-way shear are enhanced significantly (see Figure 11b-11d). 

• One-way shear and punching capacity expressions can provide similar and enhanced predictions for one-way slabs 
under concentrated loads if parameters that influence the transition from shear to punching failure mechanisms (and 
vice-versa) are considered. In this study, the average ratio between tested and predicted resistances Vtest/VR,predicted 
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was 1.22 with a coefficient of variation of 18.3% using the proposed recommendations. The respective average ratio 
Ptest/PR,predicted was 1.23 with a coefficient of variation of 21.3%. 

• The uncertainty of the resistance model for shear and punching capacity were calculated using the recommended 
approaches. The coefficients of variation of the model error were greater than 0.15, so that the dominant hypothesis 
was adopted. Therefore, the resistance model uncertainties γRd for the one-way shear and punching capacities were 
1.41 and 1.49, respectively. As a general recommendation, the value of γRd = 1.5 could be adopted for both one-way 
shear and punching shear. 
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Abstract: It is known that design deficiencies in shear design are more dangerous than bending, as shear failures can 
occur in a fragile way and without possibility of redistributing internal forces. Unlike bending design, designing for 
shear loads by different standards can generate significantly different results for the same element, as long as design 
models have been under discussion for many years. This paper analyses the evaluation of the behavior of the 
combined bending and shear loads in reinforced concrete beams for different pairs of these forces. For this purpose, 
the verification presented in ABNT NBR 6118 was used and compared to a more improved theory currently used, 
the Modified Compression Field Theory - MCFT. This theory is able to predict the relationships of specific loads 
and strains, as well as the shear strength of sections with great precision, being parameterized by several tested 
elements. As the use of this theory is not practical for manual calculations, the Response-2000 software, developed 
at the University of Toronto by Evan C. Bentz, was used. The program allows the analysis of beams and columns 
subject to moments, shear forces and axial loads, for any type of geometry, material properties and reinforcement 
arrangement, resulting in accurate responses of the behavior of the sections using MCFT as a basis. 

Keywords: reinforced concrete, shear, modified compression field theory, Response 2000. 

Resumo: Sabe-se que deficiências de projeto no dimensionamento à força cortante são mais perigosas que as de 
flexão, pois rupturas por cisalhamento podem ocorrer de forma frágil e sem possibilidade de redistribuição dos 
esforços internos. Diferentemente do dimensionamento à flexão, o dimensionamento a solicitações cisalhantes 
por diferentes normas, podem gerar resultados significativamente distintos para um mesmo elemento, visto que 
os modelos de dimensionamento seguem em discussão por muitos anos. Este trabalho considera a avaliação do 
comportamento da ação das solicitações combinadas de flexão e força cortante em vigas de concreto armado para 
diferentes pares de momentos fletores e forças cortantes. Para tanto foi utilizada a verificação definida na ABNT 
NBR 6118, comparada a uma teoria mais aprimorada utilizada atualmente, a Teoria do Campo de Compressão 
Modificada (Modified Compression Field Theory - MCFT). Essa teoria é capaz de prever as relações entre 
carregamentos e deformações específicas, bem como a resistência à força cortante de seções com grande precisão, 
sendo parametrizada por diversos elementos ensaiados. Como a utilização dessa teoria não é prática para os 
cálculos manuais, foi utilizado o software Response-2000, desenvolvido na Universidade de Toronto por Evan 
C. Bentz. O programa permite a análise de vigas e pilares sujeitos a momentos, forças cortantes e cargas axiais, 
para qualquer tipo de geometria, propriedades de materiais e arranjo de armaduras, resultando em respostas 
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1 INTRODUCTION 
Although the subject of shear resistance of reinforced concrete beams is studied throughout the several last decades, 

this problem of the determination of the shear resistance determination is nowadays still in discussion. The different 
design standards still present very different recommendations for the shear design. 

For the flexural design, the Navier-Bernoulli hypothesis of plane sections is universally accepted for the design of 
slender elements, and consequently the forecast of flexural resistance is very similar in the different standards. 
Differently, for the shear design, the part of the resistance due to the concrete resistance is based on empirical equations, 
and there is not a consensus on a universally theoretical basis for these equations (Bentz et al. [1]). 

Usually, the shear resistance equations are based on the truss model developed by Ritter [2] and Mörsch [3] 
approximately a century ago. This model does not correspond to the sophistication of the numerical procedures 
developed internationally throughout the last decades, also considering the computational capacity available nowadays 
for the structural engineering. 

Recent research on the shear resistance of structural concrete is much concentrated nowadays in the study of the 
rupture mechanisms. This research led to the development of the Compression Field Theory (CFT) and later to the 
Modified Compression Field Theory (MCFT), as described by Bentz et al. [1]. These theories have been developed 
from the analysis of a great number of tests in reinforced concrete elements subjected to pure bending and shear 
combined with axial forces. 

The analysis of the of several conducted tests have shown great agreement with the theories, for a great diversity of 
structural members, such as beams subjected to bending, shear, torsion, deep beams, shear walls, columns, plates, and 
shells (Vecchio [4]). 

The tests shown also that the shear rupture of concrete members presents a different behavior compared with the 
flexural rupture, are relatively fragile and without the possibility of redistribution of internal forces (Collins et al., [5]). 
In this way, the understanding of the mechanisms of shear behavior is of the utmost importance. 

Another point analyzed herein is that the theories are supported mostly in experiments performed in simply 
supported beams of small dimensions, very different from the beams of actual structures. Actual continuous beams 
present points of inversion of the sign of the bending moment, i.e., points of null moment. In these points, shear forces 
can be high as is in the beam supports, but without the favorable effect of the high vertical compressive forces present 
in the supports (Kotsovou [6]). 

This paper intends to evaluate the criteria for shear design defined in Brazilian Standard ABNT NBR 6118 [7] 
applying the MCFT for the several scenarios of combined action of shear forces and bending moments in a reinforced 
concrete section, using the software Response-2000 [8]. This software, developed in the University of Toronto by 
Evan  C. Bentz, uses the MCFT for the analysis of beams and columns subjected to bending moments, shear forces and 
axial forces, leading to precise results. 

The paper summarizes the results obtained in the M.Sc. Thesis of Sá [9]. 

2 METHODOLOGY 
Regarding a better understanding of the behavior of beams near the rupture, when subjected to simultaneous action of 

bending moments and shear forces, as well as to analyze the safety of the criteria defined in the ABNT NBR 6118 [7], a 
standardized rection of a reinforced concrete beam has been analyzed, for different pairs of forces and different values of 
flexural reinforcement ratio. The design according ABNT NBR 6118 [7] is based on the generalized truss shown in Figure 1. 

 
Figure 1. Generalized concrete strut 
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In this concrete truss, the considered variables are: 
𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠: resulting forces in the inclined tensioned ties (stirrups); 
𝑅𝑅𝑐𝑐𝑠𝑠𝑐𝑐: resulting forces in the compressed diagonal strut; 
𝑅𝑅𝑐𝑐𝑐𝑐: resulting force in the horizontal compressed strut; 
𝑅𝑅𝑠𝑠𝑠𝑠: resulting force in the horizontal tensioned tie (main flexural reinforcement); 
𝑉𝑉: acting shear force; 
𝑧𝑧: level arm between the horizontal main struts and ties; 
𝑠𝑠: spacing between inclined tensioned ties; 
𝑠𝑠𝑐𝑐: width of the compressed diagonal struts; 
𝛼𝛼: angle of the inclined tensioned ties; 
θ: angle of the compressed diagonal struts. 

For defining the different values of flexural reinforcement, nine values of the non-dimensional depth of the neutral 
axis/effective beam height (kx = x/d) were considered, varying from 0.05 to 0.45, that is the limiting value defined in 
Brazilian Standard for usual concrete (fck ≤ 50 MPa). 

From each defined parameter kx, the corresponding value of maximum resistant bending moment (Md) can be 
evaluated. From the obtained values of these maximum bending moments, different pairs of moments and shear forces 
are evaluated, i.e., for obtaining the maximum resistant value of the shear force corresponding to a certain value of 
fraction of the maximum resistant bending moment. 

Ten values of fraction of the maximum moment are analyzed, varying between 0.1 Md to 1.0 Md. For each value of 
moment fraction, the maximum simultaneous allowed shear force is evaluated, following the criteria of ABNT 
NBR 6118 [7], considering also its limits for verification of maximum compressive stresses in the inclined struts. 

Concerning the inclination of the concrete struts (θ), three different values were investigated: 
a) θ1 = 45°, according to Model I of resistance of ABNT NBR 6118 [7]; 
b) θ2 = 30°, minimum value according to Model II of ABNT NBR 6118 [7]; 
c) θ3 - angle evaluated in each case according fib Model Code 2010 [10]. 

For evaluating the eventual contribution of secondary reinforcement in flexural resistance, present in all actual 
structures, three different situations of actual reinforcement were considered (see Figure 2): 
a) only basic flexural and shear reinforcement (Model A); 
b) Model A reinforcement plus top horizontal reinforcement (Model B); 
c) Model B reinforcement plus skin reinforcement. 

 
Figure 2. Transversal sections of the models for analysis 

It is important to note that the flexural reinforcement of model A correspond to the conventional design defined in 
ABNT NBR 6118 [7]. In order to evaluate the influence of the secondary superior reinforcement (Model B) and this 
secondary reinforcement plus the skin reinforcement (Model C), these reinforcements were added to the flexural 
reinforcement according to the recommendations of this Standard. 

3 PROPERTIES OF THE ANALYZED BEAM 
For the several analyses, a rectangular beam has been considered, of 30 cm width and 80 cm height. Considered 

concrete cover is 3 cm. Concerning the materials, concrete class C25 (fck = 25 MPa), steel reinforcement CA 50 (fyk = 
500 MPa, fyd = 435 MPa) and nominal coarse aggregate diameter 10 mm are considered. 
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The stress-strain relationship for the concrete, in its parabolic branch, as defined in ABNT NBR 6118 [7], is 
reproduced in Equation 1, in which, for concrete with fck ≤ 50 MPa, the considered values are n = 2, εc2 = 2.0 mm/m 
and εcu = 3.5 mm/m (in rupture). 

σc = 0.85 𝑓𝑓𝑐𝑐𝑐𝑐  �1 − �1 −  εc
εc2
�
𝑛𝑛
�  (1) 

The value for maximum tension of concrete is, according to ABNT NBR 6118 [7], fctd,inf, as defined in Equation 2, 
being: 

𝑓𝑓𝑐𝑐𝑠𝑠𝑐𝑐,𝑖𝑖𝑛𝑛𝑖𝑖 = 𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐,𝑖𝑖𝑖𝑖𝑖𝑖

1.4
  (2) 

and: 

𝑓𝑓𝑐𝑐𝑠𝑠𝑐𝑐,𝑖𝑖𝑛𝑛𝑖𝑖 = 0.7 𝑓𝑓𝑐𝑐𝑠𝑠,𝑚𝑚  (3) 

where: 

𝑓𝑓𝑐𝑐𝑠𝑠,𝑚𝑚 = 0.3 𝑓𝑓𝑐𝑐𝑐𝑐
2/3  (4) 

Considering fck = 25 MPa, for input in the software, the tension concrete resistance is fctd,inf = 1.28 MPa. The inferior 
value of the concrete tension resistance was adopted to be consistent with the ABNT NBR 6118 [7] criterion for the 
shear concrete resistance, that considers this value. 

4 LOAD CASES TO BE ANALYZED 
As previously stated, nine cases are analyzed, for different values of parameter kx varying between 0.05 to 0.45, and 

for each of these values, maximum bending moments resisted by the section are evaluated, considering: 

𝑘𝑘𝑧𝑧 = 1 − 0.4 𝑘𝑘𝑥𝑥  (5) 

𝑘𝑘𝑚𝑚𝑐𝑐 = 0.68 𝑘𝑘𝑥𝑥 𝑘𝑘𝑧𝑧  (6) 

Where 𝑘𝑘𝑧𝑧 is the non-dimensional value of level arm/effective beam height (z /d) and kmd is a non-dimensional bending 
moment, as defined in Equation 7. 

𝑀𝑀𝑐𝑐 = 𝑘𝑘𝑚𝑚𝑐𝑐  𝑏𝑏𝑠𝑠 𝑑𝑑2 𝑓𝑓𝑐𝑐𝑐𝑐  (7) 

Equations 5 to 7 allows for the evaluation of the maximum bending moments Md as a function of kx. 
From the values of Md, the corresponding values of the flexural reinforcement As are evaluated, with Equation 8: 

As = Md
kz 𝑐𝑐 𝑖𝑖𝑦𝑦𝑦𝑦

  (8) 

Table 1 presents the numerical values associated with each analyzed case. 
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Table 1. Summary of numerical values of each case 

Case kx kz kmd Msd (kNm) As (cm2) 
1 0.050 0.980 0.033 87.47 2.93 
2 0.100 0.960 0.065 171.36 5.87 
3 0.150 0.940 0.096 251.69 8.80 
4 0.200 0.920 0.125 328.44 11.73 
5 0.250 0.900 0.153 401.63 14.66 
6 0.300 0.880 0.180 471.24 17.60 
7 0.350 0.860 0.205 537.29 20.53 
8 0.400 0.840 0.228 599.76 23.46 
9 0.450 0.820 0.251 658.67 26.39 

For each of the nine cases presented next, ten different pairs of maximum bending moments x shear forces were 
evaluated, each of them associated with a different fraction of the maximum moment Md. These fractions correspond 
to values between 0.1 Md to 1.0 Md. 

The maximum shear forces corresponding to each value of fraction of the maximum moment Md are evaluated 
considering Equation 9 from ABNT NBR 6118 [7], which defines the forces 𝐹𝐹𝑠𝑠𝑐𝑐,𝑐𝑐𝑐𝑐𝑐𝑐 in the flexural reinforcement, for 
the simultaneous action of bending moments and shear forces. 

𝐹𝐹𝑠𝑠𝑐𝑐,𝑐𝑐𝑐𝑐𝑐𝑐 = �𝑀𝑀𝑠𝑠𝑦𝑦
𝑧𝑧

+ |𝑉𝑉𝑠𝑠𝑐𝑐|(cot𝜃𝜃 − cot𝛼𝛼) 1
2
� ≤ 𝑀𝑀𝑠𝑠𝑦𝑦,𝑚𝑚á𝑥𝑥

𝑧𝑧
  (9) 

With: 

𝐹𝐹𝑠𝑠𝑐𝑐,𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑓𝑓𝑦𝑦𝑐𝑐  𝐴𝐴𝑠𝑠  (10) 

𝑧𝑧 = 𝑘𝑘𝑧𝑧 𝑑𝑑  (11) 

Therefore, the maximum allowed shear force is as defined in Equation 12. 

𝑉𝑉𝑠𝑠𝑐𝑐 = �Fsd,cor −
𝑀𝑀𝑠𝑠𝑦𝑦
𝑧𝑧
�  2

(cot 𝜃𝜃−cot𝛼𝛼)
  (12) 

For the angle 𝛼𝛼, the value 90° is taken (vertical stirrups). For the angle 𝜃𝜃, three possibilities are analyzed, θ1=45°, 
θ2=30° e θ3 evaluated according to fib Model Code 2010 [10]. The fib expression for the minimum value of 𝜃𝜃 is 
reproduced in Equation 13. 

𝜃𝜃𝑚𝑚𝑖𝑖𝑛𝑛 = 20° + 10000 𝜀𝜀𝑥𝑥  (13) 

Where: 

𝜀𝜀𝑥𝑥 =
𝑀𝑀𝐸𝐸𝑦𝑦
𝑧𝑧 +𝑉𝑉𝐸𝐸𝑦𝑦+0.5 𝑁𝑁𝐸𝐸𝑦𝑦

2 𝐸𝐸𝑠𝑠 𝐴𝐴𝑠𝑠
≤ 0.003  (14) 

and: 

𝜀𝜀𝑥𝑥: specific stress at the center of the effective height 
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𝑀𝑀𝐸𝐸𝑐𝑐: acting bending moment 

𝑁𝑁𝐸𝐸𝑐𝑐: acting axial force 

𝐸𝐸𝑠𝑠: steel Young modulus 

If the value of 𝜀𝜀𝑥𝑥 results in negative values, it should be taken as zero. 
Since for the evaluation of the shear force as defined in Equation 12 is necessary to know the value of 𝜃𝜃, and for 

the evaluation of 𝜃𝜃𝑚𝑚𝑖𝑖𝑛𝑛, as defined in Equation 13 in necessary to know the value of the shear force, a interactive process 
is necessary until the values of the two angles be coincident. 

Then, it is possible to proceed with the evaluation of the shear reinforcement, according to Equation 15. 

Vsd ≤ VRd3 = Vc + Vsw  (15) 

In order to fix one of the variables of the design, the stirrup spacing is defined as 20 cm, and for defining the 
necessary shear reinforcement per meter, (𝐴𝐴𝑠𝑠𝑠𝑠/𝑠𝑠), a fictitious stirrup “leg” area Aø is defined as: 

Aø = sadot 𝐴𝐴𝑠𝑠𝑠𝑠/𝑠𝑠 1
𝑛𝑛
  (16) 

Where: 
sadot: adopted stirrup spacing; 
𝐴𝐴𝑠𝑠𝑠𝑠/𝑠𝑠 : necessary shear reinforcement per meter; 
𝑛𝑛: number of stirrup “legs”, fixed in this study as two; 
Aø: area of one stirrup “leg”. 

For the evaluation of the eventual contribution of the superior secondary reinforcement in the flexural resistance, 
two bars of 8 mm diameter were considered in the analyses. 

Besides this secondary reinforcement, the eventual contribution of the skin reinforcement is also considered. 
According to ABNT NBR 6118 [7], skin reinforcement is necessary on beams with height superior to 60 cm, with area 
per meter equal to 0.10% of the concrete section in each vertical face, not superior to 5 cm2/m per face and with spacing 
not superior to 20 cm. 

The defined data can be then introduced in the software Response-2000 [8]. The main screen of the software is 
shown in Figure 3. 

 
Figure 3. Main screen of Response-2000 
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For the Response-2000 [8] runs it is necessary to point out that the concrete resistance fc’ considered in the program, 
correspond to the maximum concrete stress 0.85 fcd defined in the Brazilian Standard. 

5 RESULTS 

Complete results of the performed analysis can be found in Sá [9]. For the sake of concision, results presented herein 
are only for the value kx= 0.45 which correspond to the maximum flexural reinforcement without compression 
reinforcement. 

The presented results correspond to the three considered angles of the diagonal compression struts. For each of 
them, results corresponding to three reinforcement models are presented: flexural and shear reinforcement (Model A); 
Model A plus top secondary reinforcement (Model B); Model B plus skin reinforcement (Model C). 

Each set of results, initially are presented tables in which: “Case” refers to a fraction, between 1.0 and 0.1 of the 
maximum moment Msd,max resisted with the reinforcement evaluated with 𝑉𝑉𝑠𝑠𝑐𝑐 = 0 in Equation 9; “Msd

” correspond 
to Msd,max times the fraction corresponding to the analyzed case; “Vsd” is the shear force evaluated according to 
Equation 12; “Vsd

final” is “Vsd” limited to Vrd2 which is the maximum shear force defined in ABNT NBR 6118 [7] 
corresponding to the maximum compression stress in the diagonal strut (in the analyzed case Vrd2 = 911.25 𝑘𝑘𝑁𝑁); 
“Vc” is the part of the shear force resisted by the complimentary mechanisms in concrete according to ABNT 
NBR 6118 [7]; “Vsw” is the part of the shear force resisted by the shear reinforcement. This is the shear reinforcement 
that will be considered in Response-2000 [8] runs, also considering the minimum shear reinforcement of 3.08 cm2/m. 

Then, Tables 2 to 5 and Figures 4 and 5 are presented with the relationships between bending moments and 
allowable shear forces, obtained with the equations of ABNT NBR 6118 [7] and with Response-2000 [8] for 
reinforcement Models A, B and C. 

• Results for θ1 = 45° (according to Model I of resistance of ABNT NBR 6118 [7]) 

Table 2.  Shear design for θ1. 

Case Msd (kNm) Vsd (kN) Vsdfinal (kN) Vc (kN) Vsw (kN) 
1 658.67 0.00 0.00 161.59 0.00 
2 592.80 229.50 229.50 161.59 67.91 
3 526.93 459.00 459.00 161.59 297.41 
4 461.07 688.50 688.50 161.59 526.91 
5 395.20 918.00 911.25 161.59 749.66 
6 329.33 1147.50 911.25 161.59 749.66 
7 263.47 1377.00 911.25 161.59 749.66 
8 197.60 1606.50 911.25 161.59 749.66 
9 131.73 1836.00 911.25 161.59 749.66 
10 65.87 2065.50 911.25 161.59 749.66 

Table 3.  Shear forces obtained with θ1. 

Case NBR 6118 Model A Model B Model C 
Msd (kNm) Vsdfinal (kN) VRd (kN) VRd/Vsd VRd (kN) VRd/Vsd VRd (kN) VRd/Vsd 

1 658.67 0.00 0.00 - 0.00 - 0.00 - 
2 592.80 229.50 131.05 0.57 142.18 0.62 173.06 0.75 
3 526.93 459.00 374.62 0.82 392.18 0.85 444.02 0.97 
4 461.07 688.50 640.57 0.93 653.22 0.95 696.78 1.01 
5 395.20 911.25 838.44 0.92 845.87 0.93 840.64 0.92 
6 329.33 911.25 817.53 0.90 813.25 0.89 850.21 0.93 
7 263.47 911.25 704.44 0.77 757.79 0.83 798.83 0.88 
8 197.60 911.25 581.64 0.64 713.25 0.78 735.30 0.81 
9 131.73 911.25 433.88 0.48 588.94 0.65 698.29 0.77 
10 65.87 911.25 306.19 0.34 381.61 0.42 591.55 0.65 
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Figure 4. Shear forces obtained with θ1. 

• Results for θ2 = 30° (according to Model II of resistance of ABNT NBR 6118 [7]) 

Table 4.  Shear design for θ2. 

Case Msd (kNm) Vsd (kN) Vsdfinal (kN) Vc1 (kN) Vsw (kN) 
1 658.67 0.00 0.00 161.59 0.00 
2 592.80 132.50 132.50 161.59 0.00 
3 526.93 265.00 265.00 134.97 130.04 
4 461.07 397.51 397.51 100.85 296.66 
5 395.20 530.01 530.01 66.73 463.28 
6 329.33 662.51 662.51 32.61 629.90 
7 263.47 789.17 789.17 0.00 789.17 
8 197.60 789.17 789.17 0.00 789.17 
9 131.73 789.17 789.17 0.00 789.17 
10 65.87 789.17 789.17 0.00 789.17 

Table 5.  Shear forces obtained with θ2.  

Case NBR 6118 Model A Model B Model C 
Msd (kNm) Vsdfinal (kN)  VRd (kN) VRd/Vsd VRd (kN) VRd/Vsd VRd (kN) VRd/Vsd 

1 658.67 0.00 0.00 - 0.00 - 0.00 - 
2 592.80 132.50 131.05 0.99 142.18 1.07 173.06 1.31 
3 526.93 265.00 170.74 0.64 176.86 0.67 186.88 0.71 
4 461.07 397.51 314.43 0.79 317.08 0.80 329.62 0.83 
5 395.20 530.01 464.19 0.88 466.90 0.88 471.03 0.89 
6 329.33 662.51 603.87 0.91 603.09 0.91 602.99 0.91 
7 263.47 789.17 628.72 0.80 624.69 0.79 664.25 0.84 
8 197.60 789.17 520.28 0.66 563.75 0.71 597.17 0.76 
9 131.73 789.17 388.99 0.49 509.99 0.65 557.52 0.71 
10 65.87 789.17 277.25 0.35 342.70 0.43 496.57 0.63 

 
Figure 5. Shear forces obtained with θ2 
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• Results for θ3 (according to fib Model Code 2010 [10]) 
For obtaining the maximum allowable shear force, it is necessary firstly to define the strut angle 𝜃𝜃. For determining 

𝜃𝜃𝑚𝑚𝑖𝑖𝑛𝑛 is necessary to know the maximum shear force. Therefore, an interactive process is necessary for equaling the 
two angles. Tables 6 to 8 present the determination of the angles 𝜃𝜃 for each considered case. 

Table 6. Values of inclination angles 𝜃𝜃 according to fib Model Code 2010 [10] 

Case c Msd (kNm) Θ (°) Vsd (kN) εx θmin (°) 
1 1.0 658.67 30.35 0.00 0.00104 30.35 
2 0.9 592.80 30.54 135.39 0.00105 30.54 
3 0.8 526.93 30.74 273.02 0.00107 30.74 
4 0.7 461.07 30.97 413.28 0.00110 30.97 
5 0.6 395.20 31.23 556.69 0.00112 31.23 
6 0.5 329.33 31.53 703.91 0.00115 31.53 
7 0.4 263.47 31.86 855.83 0.00119 31.86 
8 0.3 197.60 32.25 1013.63 0.00122 32.25 
9 0.2 131.73 32.71 1179.02 0.00127 32.71 
10 0.1 65.87 33.26 1354.47 0.00133 33.25 

Table 7. Shear design for θ3. 

Case Msd (kNm) Vsd (kN) Θ (°) Vrd2 (kN) Vsd
final (kN) Vc1 (kN) Vsw (kN) 

1 658.67 0.00 30.35 794.70 0.00 161.59 0.00 
2 592.80 135.39 30.54 797.59 135.39 161.59 0.00 
3 526.93 273.02 30.74 800.74 273.02 133.42 139.60 
4 461.07 413.28 30.97 804.21 413.28 98.30 314.98 
5 395.20 556.69 31.23 808.04 556.69 62.83 493.86 
6 329.33 703.91 31.53 812.31 703.91 26.92 676.99 
7 263.47 855.83 31.86 817.09 817.09 0.00 817.09 
8 197.60 1013.63 32.25 822.48 822.48 0.00 822.48 
9 131.73 1179.02 32.71 828.64 828.64 0.00 828.64 
10 65.87 1354.47 33.26 835.74 835.74 0.00 835.74 

Table 8.  Shear forces obtained with θ3. 

Case NBR 6118 Model A Model B Model C 
Msd (kNm) Vsd

final (kN)  VRd (kN) VRd/Vsd VRd (kN) VRd/Vsd VRd (kN) VRd/Vsd 

1 658.67 0.00 0.00 - 0.00 - 0.00 - 
2 592.80 135.39 131.05 0.97 142.18 1.05 173.06 1.28 
3 526.93 273.02 170.74 0.63 176.86 0.65 186.88 0.68 
4 461.07 413.28 336.91 0.82 337.12 0.82 352.40 0.85 
5 395.20 556.69 501.69 0.90 504.68 0.91 509.20 0.91 
6 329.33 703.91 653.14 0.93 651.32 0.93 651.91 0.93 
7 263.47 817.09 654.76 0.80 653.61 0.80 699.52 0.86 
8 197.60 822.48 534.64 0.65 605.11 0.74 638.77 0.78 
9 131.73 828.64 398.11 0.48 549.75 0.66 604.55 0.73 
10 65.87 835.74 295.46 0.35 356.29 0.43 538.47 0.64 

 
Figure 6. Shear forces obtained with θ3 
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6 DISCUSSION OF RESULTS 

Observing the results illustrated in Figures 4 to 6, it can be observed that shear design criteria defined in ABNT 
NBR 6118 [7] are in good agreement with results obtained with the Response-2000 [8] analyses. 

However, for low values of bending moments, the allowable shear forces predicted by ABNT NBR 6118 [7] are 
not attained in the Response-2000 [8] runs. This is because for low values of bending moments, shear forces cause 
tension forces in the superior part of the beams, where there is not enough flexural reinforcement. 

This can occur, as already pointed out by Kotsovou [6], in continuous beams, in spans where there is a change of 
sign of the bending moments, particularly in points where the bending moments are equal to zero and an important 
value of shear force is present. 

Clearly, the safety in this point can only be achieved with the consideration of an adequate compression 
reinforcement. For showing this, another situation is analyzed, considering a compression reinforcement equal to 
the main flexural reinforcement. This is done for the already defined Model A. The analyzed section is presented in 
Figure 7. 

 
Figure 7.  Transversal section with symmetrical reinforcement 

The section is processed again, considering the compression reinforcement, being the results presented in Tables 9 
to 11 and in Figures 8 to 10. The tables also present the relationship between allowable shear forces obtained with 
Response-2000 [8] and the ones predicted by ABNT NBR 6118 [7]. 

Considering the scope of this study, values of this relationship smaller than 1.00 would indicate the cases in which 
that ABNT NBR 6118 [7] is not safe enough. These can be considered as the final results of the study. 

Table 9. Relationship between allowable shears, NBR6118/Response-2000, angle θ1  

Case NBR 6118 Model A 
Msd (kNm) Vsdfinal (kN)  VRd (kN) VRd/Vsd 

1 658.67 0.00 0.00 - 
2 592.80 229.50 180.24 0.79 
3 526.93 459.00 411.22 0.90 
4 461.07 688.50 656.28 0.95 
5 395.20 911.25 840.72 0.92 
6 329.33 911.25 851.88 0.93 
7 263.47 911.25 853.98 0.94 
8 197.60 911.25 820.61 0.90 
9 131.73 911.25 817.65 0.90 

10 65.87 911.25 818.31 0.90 
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Figure 8. Shear forces obtained with θ1. symmetrical reinforcement 

Table 10. Relationship between allowable shear, NBR6118/Response-2000, angle θ2. 

Case NBR 6118 Model A 
Msd (kNm) Vsdfinal (kN)  VRd (kN) VRd/Vsd 

1 658.67 0.00 0.00 - 
2 592.80 132.50 180.24 1.36 
3 526.93 265.00 191.63 0.72 
4 461.07 397.51 337.01 0.85 
5 395.20 530.01 480.50 0.91 
6 329.33 662.51 597.44 0.90 
7 263.47 789.17 687.46 0.87 
8 197.60 789.17 676.36 0.86 
9 131.73 789.17 653.55 0.83 

10 65.87 789.17 653.82 0.83 

 
Figure 9. Shear forces obtained with θ2. symmetrical reinforcement 

Table 11. Relationship between allowable shear, NBR6118/Response-2000, angle θ3. 

Case NBR 6118 Model A 
Msd (kNm) Vsdfinal (kN)  VRd (kN) VRd/Vsd 

1 658.67 0.00 0.00 - 
2 592.80 135.39 180.24 1.33 
3 526.93 273.02 191.63 0.70 
4 461.07 413.28 358.75 0.87 
5 395.20 556.69 515.81 0.93 
6 329.33 703.91 646.83 0.92 
7 263.47 817.09 722.71 0.88 
8 197.60 822.48 721.19 0.88 
9 131.73 828.64 709.27 0.86 

10 65.87 835.74 720.36 0.86 
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Figure 10. Shear forces obtained with θ3. symmetrical reinforcement 

Another important issue is the value of Vc, part of the shear force resisted by the complimentary mechanisms of 
concrete, to be considered in the design. Some standards, such as Eurocode 2 even neglect this contribution. Only for 
angle θ2, a comparison is made, as shown in Figures 11 and 12, with/ without Vc,, in which is clear that, without the 
consideration of VC, better results are achieved. 

 
Figure 11. Comparison of results for θ2 – With Vc 

 
Figure 12. Comparison of results for θ2 – Without Vc 

7 PRACTICAL EXAMPLE 

To evaluate the eventual consequence in the current design of beams of the presented results, an example is 
presented, taken from an actual project. 
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For the analysis and design of the beam, the system TQS [11] has been used. This system of complete analysis and 
design of building structures is presently one of the most used in Brazil. 

Figures 13 and 14 show, respectively, formwork and perspective drawings of the analyzed beam. 

 
Figure 13. Formwork drawing of the analyzed beam 

 
Figure 14. Perspective of the model. 

Applied distributed loads in the beam are of 50 kN/m, besides the self-weight, automatically determined by the 
software. This loading has been adequately chosen in order that the limit of kx = 0.45 be attained. The beams are 
considered as simply supported in the extreme supports. 

Figure 15 shows the bending forces and shear forces diagrams, as well as the selected sections in which the analyses 
are made: Sections S1 and S4 are a distance d of the supports, Section S2 is in the point of maximum positive bending 
moment and Section S3 is in the point of zero moment. 

 
Figure 15. Diagrams of bending moments and shear forces and selected sections. 

The shear design is done according to Model I of ABNT NBR 6118 [7]. Table 12 present bending moments and 
shear forces in the selected sections, with their characteristic and design values, considering γf = 1.4. 
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Table 12. Characteristic and design forces 

Section TQS Characteristic TQS Design 
Mk (kNm) Vk (kN)  Md (kNm) Vd (kN) 

S1 108.44 126.23 151.82 176.72 
S2 249.00 0.00 348.60 0.00 
S3 0.00 -167.90 0.00 -235.06 
S4 -254.74 -237.84 -356.64 -332.98 

Figure 16 presents the complete reinforcement detailing, automatically performed by the software TQS [11]. 

 
Figure 16. Reinforcement detailing 

Tables 13 and 14 show the manual shear design of the selected sections, in order to check the design done by 
TQS [11]. 

Table 13. Shear design. Forces. 

Section |Vd|  
(kN) 

bw  
(m) 

d  
(m) 

VRd2  
(kN) 

Vc  
(kN) 

Vsw  
(kN) 

S1 176.72 0.30 0.75 976.34 173.14 3.58 
S2 0.00 0.30 0.75 976.34 173.14 0.00 
S3 235.06 0.30 0.75 976.34 173.14 61.92 
S4 332.98 0.30 0.75 976.34 173.14 159.84 

Table 14. Shear design. Reinforcement. 

Section Asw/scalc  
(cm2/m) 

Asw/smin  
(cm2/m) 

Asw/s  
(cm2/m) Npernas ø (mm) s (cm) 

S1 0.12 3.08 3.08 2 8.0 32.66 
S2 0.00 3.08 3.08 2 8.0 32.66 
S3 2.11 3.08 3.08 2 8.0 32.66 
S4 5.45 3.08 5.45 2 8.0 18.46 

The shear design of the central section is presented in Tables 15 and 16. It can be observed that the shear 
reinforcement designed by TQS [11] is correct. 
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Table 15. Shear design. Central support. Forces. 

|Vd,máx|  
(kN) 

bw  
(m) 

d  
(m) 

VRd2  
(kN) 

Vc  
(kN) 

Vsw  
(kN) 

381.36 0.30 0.75 976.34 173.14 208.22 

Table 16. Shear design. Central support. Reinforcement. 

Asw/scalc  
(cm2/m) 

Asw/smin  
(cm2/m) 

Asw/s  
(cm2/m) Npernas ø (mm) s (cm) 

7.10 3.08 7.10 2 8.0 14.17 

The obtained reinforcement is input for analyses with the software Response-2000 [8]. 
Table 17 shows a comparison between maximum shear forces obtained with TQS [11] and the ones obtained with 

Response-2000 [8]. 

Table 17. Comparison between maximum allowable shear forces. 

Section Response-2000 TQS VRd/Vsd MS,d (kNm) VR,d (kN) VS,d (kN) 
S1 151.82 253.05 176.72 1.43 
S2 348.60 191.14 0.00 - 
S3 0.00 -236.18 -235.06 1.00 
S4 -356.64 -421.49 -332.98 1.27 

In all the analyzed sections, the effective resistant shear forces are equal or superior to the acting shear force, 
showing the safety of the criteria of ABNT NBR 6118 [7]. 

Special attention is given to the point of zero moment. For a better understanding of the behavior in S3, some results 
obtained with Response-2000 [8] are presented in Figures 17 to 19. 

 
Figure 17. General results of the section – Response-2000 
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Figure 18. Results related to the cracks – Response-2000 

 
Figure 19. Results related to the reinforcement – Response-2000 

It can be observed that the section is fully cracked throughout is height. This is due to the fact that, since the moment 
is null, the compression due to the flexural binary does not exist, being then the beam totally tensioned by the force due 
to the compressed diagonal, making all the section more fragile. 

Evaluating the results related to the reinforcement, the rupture of the section is due to the yielding of the transversal 
reinforcement in the cracks, which is a verification made in the MCFT, not done in the usual shear design. 

Another observation is that the MCFT considers the presence of all the reinforcement present in the section, 
including the skin reinforcement, not considered in the usual design. For evaluate the importance of this detail, the 
beam is verified also without the skin reinforcement. Results are presented in Table 18. 
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Table 18. Comparison between maximum allowable shear forces. No skin reinforcement. 

Section Response-2000 TQS VRd/Vsd MS,d (kNm) VR,d (kN)  VS,d (kN) 
S1 151.82 264.79 176.72 1.50 
S2 348.60 80.51 0.00 - 
S3 0.00 -218.04 -235.06 0.93 
S4 -356.64 -415.95 -332.98 1.25 

As seen in Table 18, without the skin reinforcement, the relationship resisting/ acting shear force is now 0.93, i.e. 
the beam is not able to resist to the acting shear force according to the MCFT. 

Another analysis is done, considering skin reinforcement, but not respecting the minimum reinforcement of ABNT 
NBR 6118 [7]. The shear design is shown in Table 19. 

Table 19. Shear design. No minimum reinforcement. 

Section Asw/scalc  
(cm2/m) Npernas ø (mm) s (cm) 

S1 0.12 2 5.0 321.48 
S2 0.00 2 5.0 - 
S3 2.11 2 6.3 29.55 
S4 5.45 2 8.0 18.46 

Since the design of section S1 led to a great reinforcement spacing a value of 30 cm is adopted for the Response-
2000 [8] runs. For section S2 the same spacing is considered. 

Comparison between allowable shear forces is presented in Table 20. 

Table 20 Comparison between maximum allowable shear forces. No minimum shear reinforcement 

Section Response-2000 TQS VRd/Vsd MS,d (kNm) VR,d (kN) VS,d (kN) 
S1 151.82 191.29 176.72 1.08 
S2 348.60 100.33 0.00 - 
S3 0.00 -224.68 -235.06 0.96 
S4 -356.64 -347.03 -332.98 1.04 

In this case, the results of the previous analytical results are confirmed, and a safety relationship is usually slightly 
superior to 1.00. 

However, in section S3, although not being the one of maximum shear force, present insufficient safety. The TQS 
design, strictly in accordance with ABNT NBR 6118 [7], presents a resisting shear force of 235.06kN. The shear force 
evaluated with Response-2000 [8] is 224.68kN, showing that the section of null moment could be the critical one in a 
continuous beam, for the design following the criteria of ABNT NBR 6118 [7]. 

8 CONCLUSIONS 
From the extensive studies summarized herein, some conclusions can be drawn. 
Considering the sophisticated design criteria of MCFT, the state-of-the-art criteria for the combined bending 

moments-shear forces design according to the fib Model Code 2000 [10], the results obtained applying the criteria of 
ABNT NBR 6118 [7] led to a safe and economical design. 

Nevertheless, in situations of small bending moments and high shear forces, such as points of zero moments in 
continuous beams, the actual criteria can lead to results against safety. As shown in the text, in these regions the situation 
of the concrete section presents great fragility, being tensioned throughout its high. Critical design situations can be 
presented in these regions, not considered in the usual design. 
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Another point that deserves future attention is that better results are obtained with the shear forces being totally 
resisted by the shear reinforcement (Vc = 0), indicating that perhaps the value of Vc could be overestimated by ABNT 
NBR 6118 [7]. 

Regarding the secondary reinforcement, is has been shown that the superior horizontal reinforcement can be 
considered in the usual evaluation of the resistance, but its contribution is small. Inversely, skin reinforcement is not 
usually considered in the evaluation of the resistance, but its contribution can be relatively important. 

As pointed out by Schulz [12] shear rupture mechanisms in reinforced concrete sections are very complex, of fragile 
character and without possibility of redistribution of forces. This opens a vast field of research in this subject. 
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Abstract: The use of construction waste as aggregate in the production of concrete is becoming a more frequent 
alternative due to the advantages associated with the sustainability aspect. Results obtained in experimental tests with 
recycled aggregate concrete suggest that mechanical properties such as elastic modulus, compressive, tensile and 
flexural strength tend to reduce with partial or total replacement of natural aggregate by recycled one. On the other 
hand, the use of steel fiber reinforcement can minimize the reduction of these properties, since the fibers tend to 
improve the material strength and ductility. This work proposes a numerical approach, seeking to better predict and 
understand the structural mechanical behaviors and failure patterns of reinforced recycled aggregate concrete slabs 
with and without steel fiber. Based on the finite element method, an appropriated constitutive damage model is 
employed to represent the nonlinear behavior of the conventional/recycled concrete, while an elastic-perfectly plastic 
model is used to describe the mechanical behavior of the reinforcements. To couple the independent FE meshes and 
incorporate the mutual interaction between the different components, rigid and non-rigid coupling technique is used 
to represent the perfect adherence or the bond-slip behavior. Seven concrete slabs were numerically analyzed either 
with different percentages of recycled aggregate replacement (0, 50 and 100%) or steel fibers content (0.0, 0.5 and 
1.0%) and the results were compared with the experimental ones. The results showed that the applied methodology 
is capable of simulating with good accuracy the punching shear failure mechanism of the slabs. It was observed that 
the punching ultimate load decreased with increase of recycled aggregate content, as well as that the steel fiber 
addition can minimize the negative effects of recycled aggregate employment. 

Keywords: recycled aggregate, steel fiber, punching failure, finite element, constitutive models. 

Resumo: A utilização de resíduos da construção civil como agregado na produção de concreto vem se tornando uma 
alternativa cada vez mais frequente devido às vantagens associadas ao aspecto da sustentabilidade. Resultados obtidos 
em ensaios experimentais com concreto de agregado reciclado sugerem que propriedades mecânicas como módulo de 
elasticidade, resistência à compressão, tração e flexão tendem a diminuir com a substituição parcial ou total do agregado 
natural pelo reciclado. Por outro lado, a utilização de reforço de fibras de aço pode minimizar a redução dessas 
propriedades, uma vez que as fibras tendem a melhorar a resistência e a ductilidade do material. Este trabalho propõe 
uma abordagem numérica, buscando melhor prever e entender os comportamentos mecânicos estruturais e os modos de 
falha de lajes de concreto com agregado reciclado armado com e sem fibra de aço. Com base no método dos elementos 
finitos, um modelo constitutivo de dano apropriado é empregado para representar o comportamento não linear do 
concreto convencional/reciclado, enquanto que um modelo elástico-perfeitamente plástico é usado para descrever o 
comportamento mecânico das armaduras. Para acoplar as malhas de EF independentes e incorporar a interação mútua 
entre os diferentes componentes, a técnica de acoplamento rígido e não rígido é usada para representar a aderência perfeita 
ou o comportamento de perda de aderência (bond-slip). Sete lajes de concreto foram analisadas numericamente com 
diferentes porcentagens de substituição de agregado reciclado (0, 50 e 100%) ou teores de fibras de aço (0,0; 0,5 e 1,0%) 
e os resultados foram comparados com os experimentais. Os resultados mostraram que a metodologia aplicada é capaz 
de simular com boa precisão o mecanismo de ruptura por punção das lajes. Observou-se que a capacidade de carga à 
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punção diminuiu com o aumento do teor de agregado reciclado, assim como que a adição de fibra de aço pode minimizar 
os efeitos negativos do emprego de agregado reciclado. 

Palavras-chave: agregado reciclado, fibras de aço, falha por punção, elementos finitos, modelos 
constitutivos. 
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1 INTRODUCTION 
Flat reinforced concrete slabs can suffer punching shear failure under the action of concentrated load, in general, at 

the column location. Some conditions which influence punching behavior are slab area, position of force application, 
concrete compressive strength, span length, slab thickness, flexural reinforcement and supporting conditions. Due to 
its brittle and sudden failure mechanism, combined with environmental actions that seek to partially or totally replace 
the natural coarse aggregates by recycled aggregate, the punching shear failure in recycled aggregate concrete (RAC) 
slabs has been a topic of great interest for the scientific community, since the use of recycled aggregates can 
significantly reduce the mechanical properties of the concrete, contributing negatively to this failure mode [1]–[3]. 

Driven by some of its advantages, such as its easy molding and both relatively high compressive strength and low 
cost, concrete is one of the most widely used building materials, requiring a large availability of natural aggregates, 
around 60%-75% of the total concrete volume, whose production contributes significantly to carbon emission [4]. 
Another result of concrete large-scale use for decades is the large amount of waste produced by construction activities 
or demolitions, whose disposal also negatively contributes to the environment [5]. Thus, the use of recycled concrete 
aggregates (RCA), which are obtained by crushing concrete waste, brings great economic and environmental 
advantages, being an alternative to natural aggregates [4], [5]. However, its effects on the mechanical properties of the 
new recycled aggregate concrete need to be better understood. Due to its high degree of heterogeneity, recycled concrete 
may have lower mechanical properties than conventional concrete, such as, for example, lower compressive and tensile 
strengths, as well as significant reductions in the modulus of elasticity and fracture energy [6]–[9]. 

Seeking to overcome these disadvantages, recent studies have investigated the benefits arising from the inclusion of steel 
fibers in their composition, which could improve the mechanical properties of the recycled aggregate concrete [10]–[12]. As 
demonstrated in the studies carried out by these authors, the appropriate addition of steel fiber volumetric ratios can mitigate the 
disadvantages provided by the replacement percentages of recycled aggregates, such as compressive, tensile and bending 
strengths, providing beneficial effects on the fracture propagation process in recycled concrete. Experimental results performed 
by Xie et al. [13] also indicate a significant increase in flexural and tensile strength, highlighting the bridging effect provided by 
the fibers, which works to contain fracture initiation and propagation. Previous experiments carried out by Carneiro et al. [14] 
also showed similar results, as the addition of fibers resulted in the increase of all mechanical properties and better controlled the 
fracture propagation process in recycled concrete. The experimental studies provided by Xiao et al. [1] also show that steel fibers 
can improve the punching shear and energy dissipation capacities, as well as the ductility and deformations, even for the slabs 
with a total replacement of natural aggregate by recycled one. 

Efforts have been made to develop numerical models to simulate and better understand the effects arising from both 
the natural aggregate and the partial or total replacement of natural aggregate by recycled aggregate, on the mechanical 
properties of conventional and fiber-reinforced recycled concrete [15]–[20]. In these models, more realistic geometric 
representations of the recycled concrete constituents can be adopted, making it possible to explicitly consider some of 
its heterogeneity, normally observed in the micro and mesoscopic scales, to the numerical analyses. Although this 
explicit representation can bring more accurate answers, the analyzes can become extremely computationally 
expensive, making it impossible to carry out 3D problems or perform a large number of simulations, considering varied 
conditions, for example, different replacement percentages of recycled aggregates. On the other hand, macroscopic 
models can be used, considering recycled concrete as a homogeneous material, using homogenized elastic and fracture 
properties (average properties), making it possible to carry out three-dimensional analyzes with much less 
computational time, and still bring valuable answers about the mechanical behavior of this material. 

Therefore, this work proposes a numerical approach to predict and better understand the punching failure behavior 
of reinforced recycled aggregate concrete slabs either with different replacement percentages of recycled concrete or 
steel fiber volumetric ratios, which were experimentally performed by Xiao et al. [1], comparing both the experimental 
found in the literature [1] and numerical responses obtained. The numerical model is based on the Finite Element 
Method, in which regular tetrahedral finite elements are used to discretize the recycled concrete domain on the 
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macroscopic scale, while unidimensional finite elements are used to discretize the steel bars and fibers reinforcements. 
Based on the Continuum Damage Mechanics Theory (CDMT), the constitutive damage model proposed by 
Cervera et al. [21] is used to represent the nonlinear behavior of the recycled concrete, while an elastic-perfectly plastic 
model described in Simo and Hughes [22] is employed to simulate the yielding process of steel bars and fibers. To 
couple these independent FE meshes, the rigid and non-rigid coupling scheme proposed by Bitencourt et al. [23], [24] 
is properly used to respectively represent the perfect bond or the complex bond-slip phenomenon between the recycled 
concrete and the steel bars and fibers reinforcements. Seeking to improve the computational stability and robustness of 
the solution involving cracks propagation in the RAC, mechanical behavior of steel bars and fiber-RAC bond-slip 
relation, for all the constitutive models adopted the implicit-explicit integration scheme proposed by Oliver et al. [25] 
and efficiently applied for elastoplasticity problems by Prazeres et al. [26] is employed. 

2 METHODOLOGY 

The proposed 3D numerical model to simulate reinforced recycled aggregate concrete slabs with different contents 
of recycle aggregates and steel fibers is based on the Finite Element Method, assuming a macroscopic scale approach, 
in which the concrete is treated as a homogeneous material, employing homogenized material properties. The main 
ingredients of the numerical modeling process, formulated and implemented an in-house FE computer program in 
MATLAB®, can be divided into two parts: the FE modeling strategy, in which the tasks still in the pre-processing stage 
are performed; the constitutive models applied to simulate the individual mechanical behavior of the different 
components of the slabs (i.e. recycled concrete, steel bars and fibers and even the mutual interaction between them) 
that working together are able to represent the complex punching failure phenomenon of RAC slabs. 

2.1 FE Modeling strategy 

The first modeling step is to geometrically design the slab components and apply the boundary conditions (essential 
and natural), as illustrated in Figure 1, where due to the symmetry of problem, only a quarter of slab is numerically 
modeled, in which the normal displacements on the two symmetry-planes are restricted. Then, the independent FE 
meshes of the recycled concrete, steel bars and fibers reinforcements are generated, as illustrated in Figure 2, using the 
pre and post processing program GiD®, developed by CMNE (“International Center for Numerical Methods in 
Engineering”) of the Polytechnic University of Catalonia. The concrete domain is discretized by conventional 
tetrahedral finite elements and both the steel bars and fibers by one-dimensional truss elements. The support that allows 
upward vertical displacement is also modeled by one-dimensional bar elements. 

 

Figure 1. Dimensions of experimental (a) and numerically modeled slab, with its boundary conditions (b). 
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Figure 2. Independent meshes of concrete (a), steel bars (b) and fibers (c). 

To couple these independent meshes, the coupling finite elements (CFEs) proposed by Bitencourt et al. [21] are used, as 
illustrated in Figure 3. These coupling elements are defined from the conventional four-nodded tetrahedral elements with an 
additional node that corresponds to the node of the bars or fibers, called as loose node by the authors [21], located in the domain 
of the corresponding tetrahedron (Figure 4). As demonstrated by the authors, the CFEs technique do not increase the number of 
degrees of freedom of the system and both rigid and non-rigid coupling scheme can be assumed [23], [24]. 

 
Figure 3. Details about the CFEs meshes used to couple the steel bars (a) and fibers (b) in the RAC mesh. 

 
Figure 4. CFE defined from four-nodded tetrahedral element with the additional coupling node. 
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2.2 Constitutive models 

2.2.1 Continuum damage model for RAC 

To represent the nonlinear behavior of the RAC, the damage model proposed by Cervera et al. [21] is used, in which 
for the sake of simplicity the compressive behavior is assumed to be linear elastic. Thus, the effective stress tensor (𝛔𝛔�) 
is split in tensile (𝛔𝛔�+) and compressive (𝛔𝛔�−) components, and only the tensile damage variable (d+) is defined and 
applied to reduce the effective tensile stress (𝛔𝛔�+), as described by Equation 1. 

𝛔𝛔 = (1 − d+) 𝛔𝛔�+ +  𝛔𝛔�− (1) 

where 0 ≤ d+≤ 1 and σ is the current stress tensor. 

The equivalent effective tensile norm 𝜏𝜏̅+ is defined according to Equation 2, as: 

𝜏𝜏̅+ = �𝝈𝝈�+ ∶ 𝐃𝐃0
−1:𝝈𝝈�+ (2) 

where 𝐃𝐃0
−1 is the inverse fourth-order linear-elastic constitutive tensor. 

To determine the elastic domain and the beginning of degradation growth, the damage criteria 𝑔𝑔+(tension) is 
introduced by Equation 3: 

𝑔𝑔+ (𝜏𝜏̅+, 𝑟𝑟+) =  𝜏𝜏̅+ −  𝑟𝑟+  ≤ 0  (3) 

The variable 𝑟𝑟+ is the current damage thresholds and its evolution can be obtained by assuming the highest value 
reached by 𝜏𝜏̅+, as described by Equation 4. 

𝑟𝑟+ = max(𝑟𝑟0+, max(𝜏𝜏̅+)) (4) 

The initial value of the initial damage thresholds 𝑟𝑟0+ is the tensile strength of the material (𝑓𝑓t). 

Finally, the damage evolution rule for tension is given by Equation 5: 

𝑑𝑑+ = 1 −  𝑟𝑟0
+

𝑟𝑟+
 e
𝐴𝐴+ (1−𝑟𝑟

+

𝑟𝑟0
+)

 (5) 

where 𝐴𝐴+  is the softening parameter derived from the fracture energy and the characteristic length. 

More details about this model can be found Cervera et al. [21]. 

2.2.2 Elastoplastic model for steel bars and fibers reinforcements 

To represent the mechanical behavior of the steel bars and fibers a perfect elastoplastic model is used. As illustrated 
in Figure 5, the stress-strain constitutive relation is based on the Young’s modulus 𝐸𝐸𝑠𝑠 and the yield stress 𝑓𝑓𝑦𝑦 properties 
of the material. Details about this model can be found in Simo and Hughes [22]. 
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Figure 5. Perfect elastoplastic model assumed for the bars and fibers. 

2.2.3 CFE model for bars and fibers reinforcements-RAC interactions 
To represent the mutual interaction between the reinforcements (steel bars and fibers) and the RAC, the rigid and 

non-rigid coupling technique proposed by Bitencourt et al. [23], [24] is used, which has also recently been used to 
couple non-conforming meshes in multiscale concrete approaches [27]–[29]. 

According to this technique, in which independent FE meshes can be assumed, the reinforcement contribution is 
added according to the global internal force vector (Fint) and stiffness matrix (K) presented in Equations 6 and 7. 
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 (7) 

In these equations A is the conventional FE assembly operator. The first, second and third terms are related to the 
respective independent FE meshes of the RAC, steel bars and fibers. The fourth term is associated with the CFE scheme. 

As demonstrated by the authors [23], [24] this technique can be used to represent rigid coupling (perfect bond) between the 
reinforcements and the RAC. In this case, it is sufficient to assume a linear relationship between reaction force, 𝐅𝐅, and relative 
displacement, ⟦𝐔𝐔⟧, described in Equation 8, and assume high values for the penalty parameters �̃�𝐶 presented in Equation 9. 

𝐅𝐅 = 𝐂𝐂⟦𝐔𝐔⟧                                                                                                                                                                      (8) 

𝐂𝐂 = �
�̃�𝐶 0 0
0 �̃�𝐶 0
0 0 �̃�𝐶

� (9) 

On the other hand, a non-rigid coupling can be considered, in which the complex bond-slip phenomenon between 
reinforcements and RAC is explicitly simulated. Thus, the relationship described in Equation 8 is now governed by an 
appropriate constitutive damage model with a hardening/softening law formulated to properly describe the bond-slip 
curve proposed by CEB Fib Model Code [30] (See Figure 6), in which the shear stress (τ) as a function of the relative 
displacement (s) for monotonic pullout test is given by Equation 10. 

 
Figure 6. Interface stress bond–slip relationship (monotonic loading) proposed by CEB Fib Model Code [30]. 
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𝑠𝑠1
�
𝛼𝛼

 if s ≤  𝑠𝑠1  
𝜏𝜏𝑚𝑚𝑚𝑚𝑚𝑚 if 𝑠𝑠1 ≤ 𝑠𝑠 ≤  𝑠𝑠2 

𝜏𝜏𝑚𝑚𝑚𝑚𝑚𝑚 −  �𝜏𝜏𝑚𝑚𝑚𝑚𝑚𝑚−𝜏𝜏𝑓𝑓�(𝑠𝑠−𝑠𝑠2)

(𝑠𝑠3−𝑠𝑠2)
 if 𝑠𝑠2 ≤ 𝑠𝑠 ≤  𝑠𝑠3 

𝜏𝜏𝑓𝑓 if 𝑠𝑠 >  𝑠𝑠3 

  (10) 

It is important to note that α, maximum shear stress τmax, residual shear stress τf and the relative displacements si (i = 1, 2, 3) 
are parameters associated with concrete strength (fck), bar geometry, confining situation and bond condition [30]. More details 
description of this model can be found in Bitencourt et al. [23], [24]. 

For the sake of simplicity, in the proposed approach a rigid coupling (perfect-bond) between the steel bars and RAC 
is assumed, while the described non-rigid coupling is used to represent the bond-slip behavior between the steel fibers 
and the RAC. 

3 NUMERICAL SIMULATIONS 
The numerical modeling performed in this study was based on the experimental tests proposed by Xiao et al. [1], in which a 

series of reinforced concrete slabs with different contents of recycled coarse aggregate and steel fibers were tested in laboratory, 
in order to investigate the complex punching shear behavior. The natural coarse aggregates were gravel stones, and the recycled 
coarse aggregates used came from the demolition of concrete with average compressive strength of 30 MPa, with diameter size 
dimensions varying from 5 to 15 mm and from 15 to 25 mm. The steel fibers were wire-type shaped with angles on both ends, 
average length of 50 mm, diameter of 0.9 mm, with volumetric ratios of 0.5% (39.3 kg/m3) and 1.0% (78.5 kg/m3) being used. 
The reinforcements were hot-rolled ribbed bars, with 12 mm diameter, 100 mm apart with reinforcement ratio of 1.142%. The 
slabs were positioned in a reinforced concrete frame with an angle steel frame in four simply-supported edges boundary 
conditions, applying concentrated load with constant speeds, until the complete failure of the slabs. 

In this paper, the slabs numerically simulated are: 0% (RAC0), 50% (RAC50-0%) and 100% (RAC100-0%) of 
recycled aggregate replacement with bars and without fibers; 50% of recycled aggregate with bars and varying the 
amount of fibers in 0.5% and 1% (SFRAC50-0.5% and SFRAC50-1%, respectively) and 100% of recycled aggregate, 
with bars varying the fiber content in 0.5% and 1%. (SFRAC100-0.5% and SFRAC100-1%, respectively). 

The numerical parameters used are presented in Table 1. The Young’s modulus was provided by the experimental 
results [1] and the Poisson’s ratio, as its value was not informed in the experiment, the typical value of 0.2 was adopted. 
The average tensile strength ( 𝑓𝑓ct,m) was obtained by Equation 11 (NBR 6118 [31]), for concrete classes up to C50: 

 𝑓𝑓ct,m = 0,3 𝑓𝑓ck 
2
3  (11) 

where 𝑓𝑓ck is the characteristic compressive strength of concrete. 
The value of fracture energy (𝐺𝐺F) was given by Equation 12, according to CEB Fib Model Code [30]. 

 𝐺𝐺F =  𝐺𝐺F0 �
𝑓𝑓cm
10
�
0,7

 (12) 

where fcm is the average compressive strength and 𝐺𝐺F0 is constant, determined by the maximum diameter of the coarse 
aggregates (CEB Fib Model Code [30]). The aggregates in the experiment had a maximum diameter of 25 mm. Thus, 
the value 𝐺𝐺F0 = 0.04575 Nmm/mm2 is used. 

Table 1. Parameters assumed for the RAC. 

Specimen Modulus of elasticity (MPa)  
(x 104) Tensile strength (MPa) Fracture energy 

(N/mm) Poisson Ratio 

RAC0 3.73 3.50 0.1205 0.2 
RAC50-0% 2.96 3.10 0.1061 0.2 

SFRAC50-0,5% 2.96 3.10 0.1061 0.2 
SFRAC50-1% 2.96 3.10 0.1061 0.2 
RAC100-0% 2.74 2.80 0.0952 0.2 

SFRAC100-0,5% 2.74 2.80 0.0952 0.2 
SFRAC100-1% 2.74 2.80 0.0952 0.2 
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For the steel bars and fibers the perfect elastoplastic model described in subsection (2.2.2) is used, assuming the 
same Young’s modulus of 𝐸𝐸𝑠𝑠 = 200 𝐺𝐺𝐺𝐺𝐺𝐺 and yield strength of 𝑓𝑓𝑦𝑦 = 390𝑀𝑀𝐺𝐺𝐺𝐺 for both. According to the models 
presented in subsection (2.2.3), a perfect bond between the steel bars and RAC is considered by using the penalty 
parameter value of �̃�𝐶 = 107 N/mm, while a bond-slip between the steel fibers and RAC is modeled by assuming 𝜏𝜏𝑚𝑚𝑚𝑚𝑚𝑚 =
8.50 𝑀𝑀𝐺𝐺𝐺𝐺, 𝜏𝜏𝑓𝑓 = 4.50 𝑀𝑀𝐺𝐺𝐺𝐺, 𝑆𝑆1 = 0.01 𝑚𝑚𝑚𝑚, 𝑆𝑆2 = 0.01 𝑚𝑚𝑚𝑚, 𝑆𝑆3 = 6.50 𝑚𝑚𝑚𝑚 and 𝛼𝛼 = 0.4. 

One-dimensional finite elements (truss elements) with linear elastic model only in compression were used to model 
the interaction between the slabs and the unilateral continuous elastic support, in which the loss of contact between 
them can occur freely. 

The stiffness was obtained by multiplying the influence area by the support reaction modulus of 0.4 MPa/mm, that 
showed to be an adequate value to represent the reinforced concrete frame with an angle steel frame and also the initial 
stiffness of the numerical curves. 

In all analyzes performed the load was incrementally applied in 1500 steps, controlling the vertical displacement in 0.04 mm 
per step. 

3.1 Concrete with 0%, 50% and 100% of recycled aggregates without fibers 
Herein the numerical responses written in terms of the Force vs. displacements curves are compared against the 

experimental developed by Xiao et al. [1] for the reinforced concrete slabs with 0% (reference concrete), 50% and 
100% of recycled aggregates with conventional steel bars and without fibers, as well as the failure pattern, are presented. 

Figure 7 illustrates both the numerical and experimental curves obtained for the reference concrete (RAC0). In general, the 
numerical responses reproduced well some notable experimental results aspects, especially the ultimate load and the typical 
punching failure pattern (punching cone formation) shown in Figures 8 and 9. In Figure 8 the displacement field in the vertical 
direction (z-direction) is showed, while in Figure 9a-e the tensile damage distribution is presented, in which the mentioned 
punching failure propagation process can be observed for different loading steps. In the initial stage of loading no crack occurs. 
With increasing load, it is possible to notice that cracks propagate radial to the slab from the applied load location to the edge 
(Figure 9a-c). At more advanced levels of loading, it is possible to observe the formation of curved cracks around the loading 
area (Figure 9d and 9e), which agrees with the experimental results reported by Xiao et al. [1]. 

 
Figure 7. Force x displacement curves of RAC0 slabs. 

 
Figure 8. Deformed configuration (scaling factor of 2 times) with the displacement field (in mm) of RAC0 slab, at the end of loading. 
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Figure 9. Tensile damage distribution obtained for different loading steps: (a) 100, (b) 300, (c) 500, (d) 1000 and (e) 1500. 

The numerical force-displacements curves for the recycled concrete with 50% and 100% of recycled aggregates are 
plotted with the experimental curves in Figure 10a and 10b. It is possible to note that the responses obtained with the 
proposed methodology are in good agreement with the results found in the literature [1]. The deformed configurations 
(scaling factor of 2 times the original one) with the displacement fields in the z-directions of these slabs are illustrated 
in Figure 11, in which the punching failure patterns with an oblique cone formation can also be observed. 

The numerical curves obtained for the three replacement percentages of recycled aggregates are presented in Figure 12. 
It is worth noting how the peak-load (punching ultimate load) and the energy dissipation are reduced as the percentage of 
recycled aggregates is increased, showing that the applied methodology can reproduce well the recycled aggregate effect by 
reducing the homogenized fracture properties as the recycled aggregate content is increased. 

 
Figure 10. Force x displacement curves of (a) RAC50 and (b) RAC100 slabs. 

 
Figure 11. Deformed shapes (scaling factor of 2 times) with the displacement fields (in mm) of the (a) RAC50 and (b) RAC100 

slabs, at the end of loading. 
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Figure 12. Numerical force x displacement curves of RAC0, RAC50 and RAC100 slabs. 

3.2 Concrete with 50% of recycled aggregates and 0.5% and 1.0% of fibers 
This section presents the numerical results obtained for the recycled concrete with 50% of replacement of recycled coarse 

aggregates, assuming 0.5% and 1.0% of steel fibers. Figure 13a and 13b illustrates the numerical force-displacement curves 
obtained compared with the experimental responses provided by Xiao et al. [1]. Comparing the plotted results it is worthy to note 
how the proposed approach can reproduce the experimental results, as well as how the addition of fibers is able to mitigate the 
disadvantages provided by the replacement of natural by recycled aggregates, as it can be proven in Figure 14, in which both 
numerical curves showed in this section are compared against the experimental one obtained for the reference concrete (RAC0) 
showed in section 3.1. The mentioned advantages may be related to the bridging effect provided by the fibers, which works to 
contain fracture initiation and propagation, as described by Xie et al. [13]. It is important to point out that these same beneficial 
effects on the mechanical properties of the RAC produced by the addition of fiber were observed in experimental studies obtained 
by other authors [10] [11] [12]. In Figure 15a-c it is possible to observe the tensile stress field of the fibers for different loading 
steps, which work to prevent crack propagation in the RAC and, consequently, contributing to the reduction of the drawbacks of 
replacement of the natural aggregates by the recycled aggregates. 

Figure 16a-d shows the distribution of the tensile damage variable at step 1000 in two different views for the slabs 
with 0.5% (Figure 16a and 16c) and 1.0% (Figure 16b and 16d) of steel fibers. It is important to note that in both 
analyzes the oblique cone formation is observed. However, with the increasing of steel fibers volumetric ratio the cut 
cone integrity is improved, as illustrated in Figure 16c and 16d, in which the initial transition process of the punching 
failure pattern to bending-punching failure pattern is observed, in agreement with the experimental results. 

 
Figure 13. Force x displacement curves of (a) SFRAC50-0.5% and (b) SFRAC50-1.0% slabs. 

 
Figure 14. Numerical force x displacement curves obtained for slabs with RAC0, SFRAC50-0.5% and SFRAC50-1.0%. 
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Figure 15. Tensile stress field obtained for the fibers for different loading steps: (a) 100, (b) 500 and (c) 1500. 

 
Figure 16. Tensile damage distribution in two different views at step 1000 for slabs with 50% of recycled aggregates and steel 

fiber volumetric ratios of 0.5% (a and c) and 1.0% (b and d). 

3.3 Concrete with 100% of recycled aggregates and 0.5% and 1.0% of fibers 

Figure 17a and 17b illustrates the numerical force-displacement curves obtained compared against the experimental 
responses provided by Xiao et al. [1]. Again, the numerical responses were able to represent well the experimental 
responses, as well as the beneficial effects produced by the addition of steel fibers, that is, reducing the drawbacks 
caused by the complete replacement of the natural aggregates by the recycled aggregates, as it can also be seen in both 
numerical curves obtained in this section, plotted with the curve obtained for the reference concrete in section 3.1, 
illustrated in Figure 18. Note that, with the increasing of steel fibers volumetric ratio, the punching ultimate load is 
improved. Also note that even for the total replacement of the natural aggregate, the numerical responses with the 
addition of fibers show better results than that obtained for the reference concrete, such as the ultimate load, ductility, 
and energy consumption. However, the punching failure patterns with the cut oblique cone formations are still observed 
by the distribution of the tensile damage variable illustrated in Figure 19a-d. However, for the steel fiber volumetric 
ratio of 1.0%, again the transition process of the punching failure pattern to bending-punching failure pattern is noted. 
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Figure 17. Force x displacement curves of (a) SFRAC100-0.5% and (b) SFRAC100-1.0% slabs. 

 
Figure 18. Numerical force x displacement curves obtained for slabs with RAC0, SFRAC100-0.5% and SFRAC100-1.0%. 

 
Figure 19. Tensile damage distribution in two different views at step 1000 for slabs with 100% of recycled aggregates and steel 

fiber volumetric ratios of 0.5% (a and c) and 1.0% (b and d). 

4 CONCLUSIONS 
In the present paper a numerical approach implemented into an in-house finite element code has been proposed to simulate 

and to better understanding the punching failure behavior of reinforced concrete slabs (i) without fibers with only natural coarse 
aggregates (natural/reference concrete) and with recycled aggregate replacement percentages of 50% and 100%, and (ii) also 
using different steel fibers volumetric ratios of 0.5% and 1.0% for slabs with recycled aggregates. To simulate the nonlinear 



A. H. C. Siqueira, M. Gimenes, O. L. Manzoli, and E. A. Rodrigues 

Rev. IBRACON Estrut. Mater., vol. 16, no. 3, e16310, 2023 13/14 

behavior of the natural and recycled concrete the constitutive damage model proposed by Cervera et al. [21] was used, while an 
elastic-perfectly plastic model found in Simo and Hughes [22] was used to represent the mechanical behavior of the reinforcing 
steel bars and fibers. The coupling scheme proposed by Bitencourt et al. [23], [24], either to simulate the perfect-bond (rigid 
coupling) between the steel bars and recycled concrete or to model the complex bond-slip phenomenon (non-rigid coupling) 
defined by the CEB Fib Model Code [30] between the steel fiber and recycled concrete, was also properly implemented. To 
improve the stability and robustness of the solution involving cracks propagation in the RAC, mechanical behavior of steel bars 
and the fiber-RAC bond-slip relation, the implicit-explicit integration scheme (Impl-Ex) proposed by Oliver et al. [25] was 
employed for all these constitutive models adopted. 

In this context, the slabs described above were simulated, in which the qualitative and quantitative numerical results 
obtained presented good agreement with the experimental responses provided by Xiao et al. [1]. For the slabs without 
fibers, with the increase of the recycled aggregate replacement percentages, the punching ultimate load is reduced, as 
well as the ductility and the energy consumption. The punching failure pattern was observed, with both integrity reduced 
and formation of a more pronounced oblique cone, as the percentage of recycled aggregate is increased. On the other 
hand, with the addition and increase of steel fiber volumetric ratio, the punching ultimate load, the ductility and energy 
consumption were improved, mitigating the disadvantages provided by the replacement of natural aggregate by recycled 
one, and even showing better results than that obtained for the reference concrete, proving to be in full agreement with 
the experimental results found in the literature [1] and [10]–[12]. 

Therefore, based on the good numerical results obtained, it can be highlighted that the proposed approach to simulate 
the punching failure behavior of reinforced concrete slabs is very efficient, and can provide valuable answers about this 
failure mechanism, mainly in the presence of alternative materials such as recycled aggregate and fibers. It is also 
important to highlight that the different materials can be discretized in a completely independent way. Furthermore, the 
constitutive models used are relatively simple and easy to be implemented in conventional FE programs, which used 
together are able to efficiently represent the complex punching failure phenomenon. 
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Abstract: Finite element analysis with nonlinear material behavior modeling can be used to design concrete structures. 
This study aimed to develop a computational model to represent the shear behavior of concrete beams without transverse 
reinforcement described in the literature, with or without steel fibers. Two different approaches of finite element analysis 
were investigated, namely smeared and discrete crack models. The results of the smeared crack model were compared 
with the results of double-notched push-through tests, and an empirical equation for the shear retention factor of plain 
concrete was suggested. The computational model using a discrete crack approach with representation of the aggregate 
interlocking mechanism was compared with the results of push-of test, and an accurate correlation was observed up to 
the maximum shear stress. It was concluded that the discrete crack approach provided the most accurate representation 
of the shear behavior of a non-reinforced beam with a shear span-to-depth ratio of 2.17. However, for a non-reinforced 
beam with a shear span-to-depth ratio of 2.66, the smeared crack approach accurately represents the shear strength and 
stiffness of the beam. The shear retention factor had little influence on the overall behavior of a steel fiber-reinforced 
concrete beam. Finally, it was concluded that a variable shear retention factor should be used in the smeared crack 
approach with fixed crack, as a constant shear retention factor tends to overestimate the shear strength of beams. 

Keywords: nonlinear finite element analysis, shear, steel fiber-reinforced concrete, shear retention. 

Resumo: O Método dos elementos finitos considerando o comportamento não-linear do material pode ser usado no 
projeto de estruturas de concreto. Este trabalho teve como objetivo desenvolver um modelo computacional para 
representar o comportamento ao cisalhamento de vigas de concreto sem armadura transversal descritas na literatura, com 
ou sem a incorporação de fibras de aço. Duas abordagens diferentes pelo método dos elementos finitos foram 
investigadas, a saber, modelos com fissuração discreta ou distribuída. Os resultados da modelagem com fissuração 
distribuída foram comparados com os resultados de ensaios de cisalhamento direto em corpos de prova com duplo 
entalhe, sendo proposta uma equação empírica para o fator de retenção ao cisalhamento do concreto simples. O modelo 
computacional usando uma abordagem de fissuração discreta com representação do mecanismo de intertravamento do 
agregado foi comparado com os resultados de ensaios de cisalhamento direto, tendo sido observada uma boa correlação 
até a tensão de cisalhamento máxima. Concluiu-se que a melhor representação do comportamento de uma viga de 
concreto armado sem estribos e com uma relação entre vão cisalhamento e altura de 2,17 foi obtida com a abordagem de 
fissuração discreta. No entanto, para uma viga sem estribos e com uma relação entre vão de cisalhamento e altura de 
2,66, a abordagem de fissuração distribuída representou com precisão a resistência ao cisalhamento e a rigidez da viga. 
O valor escolhido para o fator de retenção ao cisalhamento teve pouca influência no comportamento de uma viga de 
concreto reforçado com fibras de aço. Por fim, concluiu-se que na abordagem com fissuração distribuída e fissura fixa 
deve-se utilizar um fator de retenção ao cisalhamento variável, pois o fator de retenção ao cisalhamento constante tende 
a superestimar a resistência à força cortante das vigas. 

Palavras-chave: análise não linear pelo método dos elementos finitos, cisalhamento, concreto reforçado com 
fibras de aço, fator de retenção ao cisalhamento. 
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1 INTRODUCTION 
Several parameters have a significant influence on the shear resistance of concrete. In normal-strength concrete, 

cracking commonly occurs throughout the matrix and in the interface zone between the matrix and coarse aggregate 
because of the high strength of the latter. High-strength concrete has a different mode of fracture in that cracks develop 
through coarse aggregate, creating a smoother crack surface. This mechanism is known as aggregate interlock. 

Shear transfer along a rough crack depends on aggregate size, crack width, and concrete compressive strength. 
Aggregate interlock experiments show that the resistance on the crack surface depends not only on tangential crack 
displacements but also on normal crack displacements and their interaction. This phenomenon is denoted as crack 
dilatancy. 

Deng et al. [1] demonstrated that coarse aggregate size does not directly influence the cracking load of a beam 
without transverse reinforcement tested in shear. However, the ultimate load of the beam was found to increase with 
increasing aggregate size, indicating that aggregate size directly influences shear capacity. Sells et al. [2] showed that 
coarse aggregate size had little impact on shear resistance, but the effect of aggregate type appeared to be highly 
significant. Compared to limestone aggregate, a material with a weak nature, river gravel improved the shear resistance 
of reinforced concrete beams. 

It is recognized that the use of steel fibers in concrete promotes greater tensile strength, creating a bridging effect 
on cracks. As a result, aggregate interlock linked to coarse aggregates can be optimized, given that fibers reduce crack 
width, thereby increasing interlocking between coarse aggregates on the fracture surface [3], [4]. 

There are several methods for modeling cracking in nonlinear finite element analyses of reinforced concrete, with 
smeared and discrete approaches being the most common. Araújo et al. [5] suggested that the discrete crack model is 
preferable for structures with few cracks. The discrete crack approach considers a crack to be a geometric discontinuity 
in the finite element mesh; therefore, it is necessary to define the direction and position of cracks before proceeding 
with the analysis. This approach can be used to solve problems involving push-off tests and pre-cracked structures, 
among others. In this approach, the aggregate interlock phenomenon can be implemented in interface elements by using 
empirical and analytical formulas that simulate the transfer of shear stresses through cracked concrete planes. Examples 
of empirical and analytical formulations for aggregate interlock can be found in previous studies [6]–[9]. 

In the smeared model, a crack is not represented by a single crack but rather by a cracked element area. The finite 
element mesh does not need to be redefined during the analysis, unlike in the discrete crack approach. The smeared 
crack concept is suitable for analyses of adequately reinforced structures where cracks are distributed. When the 
maximum principal stress exceeds the ultimate strength of the material, cracks will appear in the direction perpendicular 
to the direction of the maximum principal stress at Gauss points of finite elements. Smeared crack models commonly 
use a total strain-based approach, typically assuming a rotating or fixed crack direction. 

As cracks appear in concrete and crack width increases, the ability of the crack surface to transmit shear stresses 
decreases. In smeared crack models, such a loss is accounted for by a shear retention factor (0 ≤ 𝛽𝛽 ≤ 1), which reduces 
the elastic shear modulus upon cracking of concrete. Slobbe et al. [10] explain that the shear retention factor can be 
interpreted as a means of modeling aggregate interlock. The relationship between the shear retention factor and the 
crack shear modulus – a mode II fracture parameter of concrete – can be explained by noting that the reduced shear 
stiffness is associated with the total strain, while the crack shear modulus is associated with the crack strain. 

The assumption of a linear relationship between shear stresses and strains after cracking creates multiple problems. 
Smeared crack models are extremely sensitive to the shear retention factor, which is either taken as a constant or as a 
function of current crack normal strain [11]. This is particularly relevant because the β value is often chosen rather 
arbitrarily. Large values for the β factor can result in stress locking, whereas small values may lead to convergence 
problems. 

Several authors have proposed different values for the shear retention factor. For example, Araújo et al. [5] used a 
constant β value of 0.01 when modeling the results of direct shear and bending tests of reinforced concrete beams. The 
same authors used β values of up to 0.5 for steel fiber-reinforced concrete beams. Sagaseta [12] reported that a constant 
β value of 0.1 or 0.2 is commonly used but noted, however, that, according to experimental evidence, this factor is not 
constant and decreases as crack width increases. Scotta et al. [13] showed that the adoption of constant β values greater 
than 0.2 overestimates the strength of concrete beams without stirrups. Furthermore, the authors did not observe any 
variation in beam resistance with β values above 0.2. Because of this, they recommended that a variable value should 
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be used for the shear retention factor, with a linear decay rate ranging from 1 to 0. This conclusion agrees with the 
observations of Hendriks et al. [14], who strongly recommended the adoption of a variable shear retention factor in 
fixed crack models. Models with constant shear retention are not recommended, because they tend to overestimate the 
stiffness of beams and slabs. Moreover, for beams and slabs without transverse reinforcement, the adequacy of a 
variable shear retention factor should be explicitly verified. Alternatively, for beams, shear stiffness could be gradually 
reduced to zero when the crack width is half the average aggregate size. 

Several studies in the literature have proposed expressions for the reduced shear modulus of cracked concrete. These 
expressions are dependent on the crack normal strain (εnn) and the stress-free crack normal strain (εnn,ult). In these studies, 
the shear retention factor decreases as the crack normal strength increases, which is attributed to the reduction in 
interlock of aggregate particles as the crack opening increases. When the shear retention factor tends to zero, it indicates 
that the shear stiffness from aggregate interlock across macro-cracks is being disregarded. This has no significant 
consequences if the crack normal stress is tensile instead of compressive. 

Al-Mahaidi [15] proposed a variable β value that depends on tensile strength (ft), modulus of elasticity (E), and 
crack normal total strain (εnn), according to Equation 1. 

𝛽𝛽 = 0.4 𝑓𝑓t
𝐸𝐸𝜀𝜀nn

 (1) 

Figueiras [16] proposed a linear decay model for the shear retention factor that starts at 0.25 and depends on the 
crack normal total strain and ultimate normal strain of the element �𝜀𝜀nn,ult = 0.0045�. Equation 2 expresses this 
relationship. 

𝛽𝛽 = 0.25 �1 − 𝜀𝜀nn
𝜀𝜀nn,ult

� (2) 

Rots and Blaauwendraad [17] proposed a similar decay model that depends on the crack normal strain of the element 
and factor k, which is generally equal to 1, as given by Equation 3. 

𝛽𝛽 = �1 − 𝜀𝜀nn
𝜀𝜀nn,ult

�
𝑘𝑘
 (3) 

Červenka et al. [18] proposed a logarithmic decay model as a function of the crack normal strain and the geometric 
rate of reinforcement (𝜌𝜌) that crosses the section, expressed by Equation 4. 

𝛽𝛽 = −1
10−167(𝜌𝜌−0.005)

ln � 1000𝜀𝜀nn
7+333(𝜌𝜌−0.005)

� (4) 

In the previous equations, the stress-free crack normal strain (εnn,ult) is not considered a separate material in tension. 
Instead, it is a result of the crack bandwidth and the properties of the concrete in tension, such as tensile strength, 
fracture energy, and the chosen softening diagram for concrete. 

Although a variable shear retention factor is more adequate to describe shear transfer in fixed cracked models than 
a constant shear retention factor [17], it has certain limitations in representing shear transfer through a macro-cracked 
plane. Therefore, studies investigating the most appropriate value for the shear retention factor in finite element 
modeling of concrete structures are still needed. 

2 EXPERIMENTAL PROCEDURES 
Tests were carried out to obtain in advance the parameters for the computational modeling of concrete beams 

without transverse reinforcement subjected to shear failure. Two types of direct shear tests were performed: a double-
notched push-through test and a push-off test on a specimen with a pre-cracked shear plane. Details of test procedures 
are described elsewhere [3]. 
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2.1 Double-notched push-through tests 
These tests were conducted on a plain concrete mixture comprising a coarse aggregate with a maximum dimension 

of 9.5 mm (F-00-1) and 12.5 mm (F-00-2). The mechanical properties of the concrete used in these tests are shown in 
Table 1. At least three 150 × 150 × 500 mm prismatic specimens were used for each mixture. Prior to the test, 35 mm 
deep, 5 mm wide notches were cut along the perimeter of the transversal section of the specimens, in the middle third 
of the span. Therefore, each specimen had two shear crack planes 163 mm from the end, with approximate dimensions 
of 80 × 80 mm. After the test, the effective dimension of the shear plane was evaluated. 

Table 1. Mechanical properties of concrete. 

Mixture vf (%) 
𝒇𝒇𝐜𝐜𝐜𝐜 (MPa) 𝒇𝒇𝐜𝐜𝐜𝐜𝐜𝐜 (MPa) 𝑬𝑬𝐜𝐜𝐜𝐜 (GPa) 𝑮𝑮𝒇𝒇𝑰𝑰  (N/mm) 

Mean SD Mean SD Mean SD Mean SD 
F-15-2 1.50 68.74 8.57 3.93 1.02 40.39 1.84 5.96 0.97 
F-00-2 0.00 65.08 4.73 4.13 0.90 39.04 0.74 0.16 0.01 
F-00-1 0.00 66.29 6.54 5.18 - 37.96 1.67 - - 

vf: volume of steel fibers; fcm: mean value of compressive strength of concrete; fctm: mean value of axial tensile strength of concrete; Ecm: mean value of 
modulus of elasticity of concrete; 𝐺𝐺𝑓𝑓

𝐼𝐼 : fracture energy of concrete. 

The specimen was supported by two edges 163 mm apart. Thus, a narrow region of the specimen between the 
loading and support edges was directly subjected to shear stress. One end was supported by a bearing surface, which 
provided both horizontal and vertical restraining forces. At the other end, a roller support produced only a vertical 
restraining force. Additional roller supports were used on the upper face of the specimen where force was applied by 
the machine. In the original test setup, the shear plane is always accompanied by a normal stress due to loads and 
reactions acting centrally on the loading plates. Consequently, the shear plane is subject to global bending and arch 
effect, which compress the upper face of the shear plane and tended to overestimate its shear capacity [3], [19], [20]. 
However, the test setup used in this study was modified and does not introduce a normal stress on the shear planes due 
to the roller supports used on the specimen supports and the machine's load cell. Furthermore, specimens were 
instrumented to measure shear slip and crack dilatancy on both shear planes. The test apparatus is shown in Figure 1. 

Displacement was applied to the middle part of the specimen between two shear planes using a non-closed loop 
machine. The velocity of displacement was set at 0.02 mm/min throughout the test. 

 
Figure 1. (a) Double-notched push-through test setup (dimensions in mm) and (b) instrumentation. 

2.2 Push-off tests 
Six Z-type push-off specimens with dimensions of 160 × 250 × 612 mm were cast. Three specimens were prepared 

using a plain concrete (F-00-2) and another three using a concrete mixture with 1.5% steel fibers (F-15-2). Coarse 
aggregate with a maximum dimension of 12.5 mm was used. Steel fibers with a hooked end and a circular cross-section 
were used. According to the manufacturer, the fiber length is 35 mm, the diameter is 0.55, and the aspect ratio is 64. 
The minimum tensile strength of fibers was 1150 MPa. The mechanical properties of the concrete used in these tests 
are also shown in Table 1. In these specimens, the shear plane measured 120 × 120 mm. 
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Specimens were reinforced with a pair of 6.3 mm diameter stirrups (connectors) oriented normal to the shear plane. 
These stirrups were used to provide normal stress to the shear plane during the test. Adhesion between stirrups and 
concrete was eliminated near the shear plane in order to reduce its influence on crack dilatancy and shear strength 
resulting from the dowel action of the bar. This was achieved by wrapping the bar with scotch tape and grease at a 
distance of 120 mm from the shear plane. A previous study [7] suggested that this procedure is adequate to eliminate 
the dowel action of the reinforcement, which would only contribute to the normal compression of the shear plane. Strain 
gages were placed on the stirrups, near the shear plane, to measure the strain of bars during the test. 

Push-off tests were conducted in two steps. In the first step, the shear plane of specimens was pre-cracked by 
applying a splitting load. On both sides of the specimens, there was a 20 mm deep notch where two knives were 
positioned to induce the pre-cracking of the shear plane. This procedure is similar to one previously described [21]. 
Loading was applied by displacement control at a rate of 0.010 mm/min until an average crack width of 0.10 mm was 
produced in the shear plane. Then, the rate was decreased to 0.005 mm/min and kept constant until the average crack 
width reached about 0.30 mm. Shear crack width was measured using three linear transducers and a clip gage, as shown 
in Figure 2. Measurements were taken in loading and unloading stages. The strain in stirrups was also measured during 
this step. It was verified that the stirrup stress did not reach the yield strength of steel on any of the specimens; i.e., all 
stirrups remained within the linear elastic regime in this first step of the test. 

In the second step, the specimen was placed under an electromechanical machine. Load was applied to the top side of the 
specimen. A roller bearing was attached between plates positioned on the lower side of the specimen to avoid any external 
horizontal restraint of crack dilatancy during the test. Loading was applied by displacement control at the following rates: 
0.004  mm/min for 3 min, 0.02 mm/min until the maximum load was achieved, and 0.05 mm/min until the end of the test. 

Four horizontal and two vertical linear transducers were used to measure crack width (w) and the average slip of 
the shear plane. All instrumentation had an accuracy of 0.01 mm. The instrumentation layout is shown in Figure 3. 

 
Figure 2. Test setup in the pre-cracking stage: (a) frontal view of specimen (dimensions in mm), (b) lateral view of specimen 

(dimensions in mm), and (c) splitting test. 

 
Figure 3. Push-off test instrumentation: (a) front and opposite faces and (b) test setup in the push‐off stage. 
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3 FINITE ELEMENT ANALYSIS OF DIRECT SHEAR TEST RESULTS 
In this study, finite element analysis was performed using the commercial software DIANA FEA 10.1 [22], which 

includes several constitutive models for concrete and masonry. 

3.1 Double-notched push-through specimen 
A 3D finite element model with a smeared crack approach was used to model specimen with F-00-2 mixture, as 

shown in Table 1. The objective of this analysis was to determine values for the shear retention factor (β) of concrete 
without steel fibers. 

3.1.1 Mesh, material properties, and loading 
The geometry and constraints of the finite element model match those of test supports, as shown in Figure 4. The geometry 

in black represents specimen supports and the load plate (upper side) on which displacement was imposed. The geometry in 
red illustrates the notch region. Points a and b, in green, were used to determine the relative slip of the shear plane. 

Because of finite element size limitations imposed by the notch width, which limits the finite element size to 5 mm 
in the notch region, a regular mesh with 5 mm elements was used. The isoparametric elements with linear interpolation 
(HX24L element type) were used to model concrete and steel plates, resulting in a total of 98,130 elements in the 
computational model. 

 
Figure 4. Geometry of the double-notched push-through specimen with uncracked planes (dimensions in mm). 

Concrete was described by a total strain model with fixed crack. The equation proposed in Section 5.1.8.1 of Model 
Code 2010 [23] was used to define the uniaxial compressive behavior of concrete. The uniaxial tensile behavior of 
concrete without steel fiber was modeled as a linear softening model based on mode I fracture energy. Table 1 shows 
the values of compression strength, uniaxial tensile strength, modulus of elasticity, and mode I fracture energy 
determined experimentally. The steel plates used as supports and for applying loads were modeled assuming a linear 
elastic behavior with a modulus of elasticity of 210 GPa and a Poisson's ratio of 0.3. 

Analyses were run in displacement control mode to obtain a post-peak response. Displacement was imposed in 33 
steps of 0.03 mm in the z-direction, resulting in a total displacement of 0.99 mm on the upper face of the specimen. The 
maximum slip values observed in the tests were much lower than this value. The quasi-Newton iteration method, based 
on the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm, was used to reduce processing time, with a maximum of 
40 iterations per load step. A convergence criterion based on an energy criterion with a tolerance of 0.1% was used as 
it is often easier to satisfy than the force criterion. 

3.1.2 Result analysis 
A parametric study was conducted for different values of the β factor, which was considered constant. Figure 5a 

shows the relationship between shear stress and shear slip measured using the finite element model. As expected, this 
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figure indicates an increase in shear resistance as the β values increase. Figure 5b presents the outcomes obtained using 
the variable shear retention factor suggested by Al Mahaidi [15], Figueiras [16], Rots and Blaauwendraad [17], and 
Červenka et al. [18]. It was noted that different equations for the β factor may influence shear behavior, including the 
maximum shear stress of the shear plane. 

Because of the roller support used in the test, there was no impediment to crack dilatancy in the shear plane after 
matrix cracking. Therefore, the reduction in the shear stiffness of the shear plane was estimated by measuring the crack 
width in the shear plane adjacent to the roller support of the specimen with mixture F-00-1, as shown in Figure 6. 
Table  2 and Figure 7a present a proposed trilinear model for the β factor. Before concrete cracking, full shear retention 
should be employed (β = 1). After concrete cracking, the β factor was adjusted according to the decrease in the slope 
of the relationship between shear stress and crack width observed in the test data (Figure 6). A minimum β factor of 
0.01 was set, and an ultimate normal strain of 0.0045 was admitted, in accordance with values used by several authors, 
such as Figueiras [16] and Rots and Blaauwendraad [17]. 

 
Figure 5. Influence of (a) constant shear retention factor and (b) variable shear retention factor on double-notched push-through 

test results (F-00-2). 

 
Figure 6. Relationship of shear stress and crack width in double-notched push-through tests (F-00-1). 

Table 2. Empirical values of variable shear retention factor (β) estimated from double-notched push-through test results (F-00-1). 

Stage Shear stress (τ) 
(MPa) 

Crack width (w) 
(mm) α (MPa/mm) β Normal strain (εnn) x10-3 

1 2.0 0.008 250 1 0.107 
2 2.4 0.015 57 0.228 0.200 
3 - - - 0.01 4.500 
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Figure 7. (a) Proposed equations for the variable shear retention factor (β) and (b) shear stress–slip curves obtained using the finite 

element model and several variable shear retention equations. 

Despite the roller support not applying normal stress on the shear plane, the acting and reaction forces were not aligned, 
resulting in bending in the shear plane. Consequently, the crack width measured on the bottom face of the specimen was divided 
by the distance between the neutral axis and the position of the horizontal linear variable displacement transducer (LVDT) during 
the elastic phase to obtain the strain. In the test setup, this distance is approximately half the height of the specimen, or 75 mm. 
Table 2 shows the normal strain and corresponding β factor, which were determined based on the reduction of stiffness (α) in the 
relationship between shear stress and crack width (or normal strain) presented in Figure 6. In the first stage, β factor was assumed 
to be 1 because the value of the normal strain at the end of this stage (τ = 2 MPa) is close to the theoretical elastic distortion strain 
for concrete, i.e., γ = τ / G = 0.126 x 10-3. For this analysis, G was adopted as E / [2(1 + ν)] = 15817 MPa, where the coefficient 
of Poisson of concrete (ν) was assumed to be 0.2. Therefore, in the first stage, the slope would be close to the elastic shear 
modulus of the concrete used in the tests. 

Figure 7a shows the final proposed curve for the β factor. In the figure, the curve is compared with other shear 
retention curves available in the literature. The empirical β factor determined experimentally exhibits similar behavior 
to the equations suggested by Figueiras [16] and Červenka et al. [18], which demonstrate the effectiveness of the test 
setup used in this analysis for estimate the values of the β factor. This was possible because, without normal stress 
confining the shear plane and assuming a plane strain state, the maximum shear strain can be assumed to be 
approximately equal to the maximum normal strain measured by the LVDT. Figure 7b shows the relationship between 
shear stress and shear slip estimated by the finite element model using several variable shear retention equations, 
including the β factor suggested in this study. The use of the empirical β factor and the other two equations for variable 
shear retention factor results in no significant difference in the curves. 

Table 3 presents the maximum resistance load of specimens obtained from both the tests and finite element analysis. 
With the use of the empirical β factor suggested in this study, as well as the equations proposed by Figueiras [16] and 
Červenka et al. [18], a difference of less than 5% was observed in the maximum load between the finite element analysis 
and test results, indicating the similarity between these three proposed formulations for variable β factor. It is noteworthy 
that the difference of less than 5% with constant shear retention was also obtained with a β factor of approximately 0.05. 

Table 3. Maximum resistance load of the double-notched push-through specimen. 

Shear retention factor Maximum load (kN) Difference from test result 
Experimental result (F-00-2) 79.62 ± 3.2 - 

β = 0.01 (constant) 68.71 −13.70% 
β = 0.02 (constant) 71.15 −10.64% 
β = 0.03 (constant) 73.28 −7.96% 
β = 0.04 (constant) 76.41 −4.03% 
β = 0.05 (constant) 78.62 −1.25% 

Al Mahaidi [15] (variable) 70.51 −11.44% 
Červenka et al. [18] (variable) 76.79 −3.55% 

Rots and Blaauwendraad, k = 1 [17] (variable) 95.04 19.37% 
Rots and Blaauwendraad, k = 2 [17] (variable) 86.17 8.23% 

Figueiras [16] (variable) 78.41 −1.52% 
Proposed β factor (variable) 79.43 0.24% 
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3.2 Push-off specimens 
In this phase of the study, aggregate interlock resistance was modeled using the discrete crack approach with the 

interface elements available in DIANA FEA 10.1 software. The same method was used by Blomfors et al. [24] to 
simulate beams without stirrups and with pre-existing cracks. However, the authors used a three-dimensional model 
and did not explicitly consider aggregate interlock resistance. In this study, two-dimensional plane stress was used 
because of the limitation of the software version, which only contained analytical equations for crack dilatancy in two-
dimensional interface elements. 

3.2.1 Mesh, material properties, and loading 
The geometry of the push-off specimen is shown in Figure 8, with translational constraints in the x-direction on the 

right face of the specimen and in the y-direction at the base. In this configuration, the left L-shaped block is free to 
move along the x-direction, as it was during the test. 

Stirrups are represented by L2TRU truss elements inserted across the shear plane. In the shear plane, given the elimination 
of adhesion, truss elements had no connection with concrete elements of the mesh. The physical thickness of the specimen is 
160 mm; however, the finite element model is only 120 mm thick, which is the thickness of the shear plane. 

The mesh of concrete and steel plates is composed of plane stress elements with quadratic interpolation (CQ16M 
type). The finite element size was set at 25 mm (Figure 8). The constructive reinforcement of the model was represented 
by embedded reinforcement. Within the shear plane, interface elements that incorporate some analytical equations of 
aggregate interlock were used (CL12I type). 

 
Figure 8. Push-off specimen with pre-cracked shear plane (dimensions in mm). 

The mechanical properties of plain (F-00-2 mixture) and fiber-reinforced concrete (F-15-2 mixture) are presented in Table  1. 
The constitutive law used to model the push-off plain concrete specimen is the same as that described by the finite element model 
of the double-notched push-through specimen with the variable shear retention factor proposed in this study. 

Embedded reinforcements were assumed to have linear elastic behavior, with a modulus of elasticity of 210 GPa, 
representing the steel used as constructive reinforcement. The truss elements that cross the shear plane were assumed 
to have non-linear behavior, which was determined from a characterization test of the steel. The modulus of elasticity 
of the reinforcement was set at 202 GPa, also obtained from the steel characterization test. 

Normal and tangent stiffnesses of interface elements were defined by inverse analysis: the values for the finite 
element model that best matched the initial stiffness were selected. Normal stiffness was found to be 1x108 N/mm; and 
tangential stiffness, 1x106 N/mm. 

Aggregate interlock was considered in the interface element of the finite element model. Thus, crack dilatancy, 
which is more advanced than standard discrete cracking for sliding along rough macro-cracks, was used in interface 
elements. The parameters of the crack dilatancy model were maximum aggregate size (12.5 mm), compressive strength, 
and mode I fracture energy (values shown in Table 1). Given that the shear plane was pre-cracked before the direct 
shear test, the tensile strength of the interface was assumed to be zero. The software contains various models for 
aggregate interlock in two-dimensional interface elements. Variation of the crack dilatancy model did not influence the 
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results of computational modeling; therefore, the two-phase model proposed by Walraven and Reinhardt [7] was 
applied to the current finite element model. 

A bilinear tension softening diagram was constructed for finite element modeling of the push-off specimen with 
steel fiber-reinforced concrete. The stress–strain diagram of steel fiber-reinforced concrete was obtained through 
inverse analysis of toughness test results of F-15-2 mixture, which was performed according to ASTM C1609 [25]. In 
the referred test, an unnotched prismatic specimen (150 × 150 × 500 mm3) is bent by four-point loading. Inverse analysis 
consists in generating a stress–strain diagram via computational modeling of toughness test data, providing a load–
displacement curve similar to the curve obtained from the test. 

It is worth noting that the smeared crack approach assumes that the deformations of a single crack can be distributed 
over a characteristic length (lc). In the case of plain reinforced concrete modeling, this characteristic length is 
approximately equal to the size of one finite element. For steel fiber-reinforced concrete, the same assumption can be 
made, but some considerations may be required when modeling a combination of fiber-reinforced concrete and 
conventional reinforcement. When cracks are distributed throughout the structure, rather than localized to a specific crack, 
the characteristic length may need to be adjusted. If the crack pattern is unrealistic and too many elements are cracked, the 
ductility and load resistance can be overestimated if the characteristic length is assumed to be the size of one finite element. 
In this scenario, the characteristic length should be selected as the size of multiple elements, but not exceeding the average 
expected crack spacing [26]. For this reason, the mesh size used in the inverse analysis of the prismatic specimen was 
chosen to be the same as that used in the finite element modeling of the push-off specimen, which was 25 mm. Therefore, 
the characteristic length was not determined in this analysis and the stress-strain diagram obtained is specific to this mesh 
size. It should be adjusted using an appropriate characteristic length for other mesh sizes. 

Figure 9a and Table 4 show the bilinear tension softening diagram of steel fiber-reinforced concrete obtained by inverse 
analysis. Figure 9b compares the load–displacement curve obtained from the ASTM C1609 test [25] to that of the finite element 
model. The area under the curve of the inverse analysis differed in less than 5% from the area under the curve of the test. 

 
Figure 9. (a) Bilinear tension softening diagram for steel fiber-reinforced concrete and (b) load–displacement curve obtained 

according to ASTM C1609 for F-15-2 mixture. 

Table 4. Points of the bilinear tension softening diagram for steel fiber-reinforced (F-15-2 mixture). 

Point Tensile stress (MPa) Total strain (x10-3) 
1 3.93 0.09 
2 1.80 50 
3 0.7 1000 

Analyses were also run under displacement control to obtain the post-peak response. Displacement was imposed 
with 400 steps of 0.005 mm in the y-direction, resulting in a total displacement of 2 mm on the upper face of the push-
off specimen. The maximum slip values observed in the tests were close to this value. The quasi-Newton iteration 
method based on the BFGS algorithm was also used, but the maximum iterations per load step were increased to 1000 
due to the difficulty in satisfying the convergence criterion with the interface elements. In this analysis, a convergence 
criterion based on an energy criterion with a tolerance of 0.1% was also used. 
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3.2.2 Result analysis 
Figure 10 shows the relationships between shear stress, normal stress, crack width, and shear plane slip for the push-

off specimen without steel fibers (F-00-2 mixture). For a crack width of zero, the stiffness predicted by the finite element 
model was equal to experimental values. For increasing crack widths, the model curve ranged within the limits of test 
curves. The maximum shear stress predicted by the finite element model (6.89 MPa) showed reasonable agreement 
with the average stress obtained from the test (6.99 MPa), differing by only 1.4%. 

The finite element model had a similar behavior to the experimental specimen. It is noted that, in the initial stage, 
normal stress was low and there was no crack width on the shear plane. Then, the normal stress across the crack 
increased with crack width and shear slip at the interface. Normal reinforcement did not yield when the maximum shear 
stress was reached, different from the observed in the test specimen. Nevertheless, the finite element model successfully 
simulated the relationship between experimental shear stress and normal stress up to the maximum shear stress. 

As observed in the test, steel fibers increased shear strength according to the finite element model (Figure 11). The 
maximum shear stress estimated by the finite element model was 9.46 MPa, being 8.5% lower than the average value 
obtained in the test (10.34 MPa). The finite element model adequately predicted crack width evolution up to the 
maximum shear stress but differed from experimental specimens in the post-peak stage, given that the DIANA FEA 
analysis does not consider steel fibers in aggregate interlock models. As explained by Araújo et al. [3], steel fibers 
crossing the shear plane begin to contribute to shear strength only after the maximum aggregate interlock capacity is 
reached, and their contribution depends on maximum aggregate size. 

 
Figure 10. Relationship curves for the push-off specimen without steel fibers (F-00-2). 

A good correlation between experimental and model results for the normal stress versus shear stress curve was 
observed up to maximum shear stress, even though the finite element model showed a smaller crack width in the shear 
plane. After this, the finite element model showed a decrease in shear stress, which was not observed in the test 
specimen because of the normal reinforcement. It is concluded that the finite element model was able to accurately 
represent the push-off specimen with steel fiber-reinforced concrete only up to the maximum shear stress because the 
finite element model did not consider the presence of steel fibers crossing the cracked plane. Previous studies explicitly 
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simulated steel fibers in the cracked plane in mode I fracture but did not consider the interaction between fibers and 
aggregate interlock in the cracked plane [27]. Other studies have analyzed the interaction between steel fibers and 
aggregate interlock and proposed analytical solutions, but did not present computational modeling [28], [29]. Some 
other studies have proposed constitutive models for fiber-reinforced concrete by coupling the fiber and the aggregate 
interlock, but they have not correlated their results with the shear retention factor [30], [31]. 

 
Figure 11. Relationship curves for the push-off specimen with steel fibers (F-15-2). 

Despite the limitations of the finite element model in simulating aggregate interlock with steel fibers, it was able to 
predict the influence of steel fibers on the shear strength (Figure 12). Therefore, an interface element with crack 
dilatancy models associated with the tensile behavior of steel fiber-reinforced concrete can be used to simulate a push-
off specimen of fibrous concrete with a pre-cracked shear plane only up to the maximum shear stress. More studies 
should be conducted on the representation of the crack shear modulus of steel fiber-reinforced concrete through a shear 
retention factor, primarily to characterize the mode II fracture parameter of the steel fiber-reinforced concrete. 

 
Figure 12. Shear stress versus crack width for push-off specimens with and without steel fibers. 



D. L. Araújo, C. R. Siqueira Filho, and F. A. Lobo 

Rev. IBRACON Estrut. Mater., vol. 16, no. 3, e16311, 2023 13/21 

4 FINITE ELEMENT MODEL OF REINFORCED CONCRETE BEAMS WITHOUT STIRRUPS 
In the current study, two approaches were used to model the shear strength of reinforced concrete beams with a shear span-

to-depth ratio (a/d) less than 3 and no transverse reinforcement, under plane stress. Two beams tested by Araújo et al. [32] and 
one beam tested by Garcia [33] were used. Of the beams tested by Araújo et al. [32], the V-0-0 and V-1-0 beams were selected, 
which had a shear span-to-depth ratio (a/d) of 2.17. The first beam was composed of plain concrete, and the second beam 
contained 1% steel fibers, similar to the fibers used in the experimental procedure presented in item 2. Both beams had a 
maximum aggregate size of 12.5 mm (Figure 13a). Of the beams tested by Garcia [33], the beam 1R was selected, which had a 
shear span-to-depth ratio (a/d) of 2.66, no steel fibers, and maximum aggregate size of 19 mm (Figure 13b). 

 
Figure 13. Geometry of reinforced concrete (RC) beams used for modeling (dimensions in mm). 

These beams cover two types of potential shear failure. Beams with shear span that are short, with an aspect ratio 
(a/d) ranging from 1 to 2.5, develop inclined cracks near the supports and can support loads through arch action. The 
ultimate failure of these beams occurs due to a splitting failure or crushing of the compression zone over the top of the 
crack, which is referred to as shear compression-failure. In shear spans that are slender, with an aspect ratio ranging 
from about 2.5 to about 6, the beam fails with inclined cracks due to the combined effect of shear force and bending 
moment. This failure type mobilizes several mechanisms in the reinforced concrete beam, such as cantilever action, 
residual tensile strength action, dowel action, and aggregate interlock [34, 35]. 

4.1 Finite element mesh 
In the finite element model with a discrete crack approach, the shear crack in reinforced concrete beams was described by 

interface elements, and aggregate interlock was represented by the crack dilatancy model. This modeling approach was used 
only for beams with plain concrete, as finite element modeling results of the push-off specimen demonstrated that aggregate 
interlock models did not accurately represent the post-peak behavior of specimens with steel fiber-reinforced concrete. For all 
reinforced concrete beams, only the mid-span was modeled, given the symmetry of the beam and the applied loading. 

A shear crack with an angle of 42° was observed in V-0-0 beam, which started from the point of applied load up to the 
longitudinal reinforcement on the lower face of the beam. The finite element mesh shown in Figure 14a was generated, where 
red lines represent the interface elements used to simulate the shear crack of the beam. In the smeared crack approach, the beam 
had the same finite element mesh as in the discrete crack approach but without interface elements to simulate the shear crack (see 
Figure 14b). The size of finite elements was 10 mm in both approaches for the V-0-0 beam. The mesh for the V-1-0 beam was 
identical, with the exception that only the smeared crack approach was used to model this beam. 
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During testing of beam 1R, a shear crack with an angle of 45° was observed, and a finite element mesh (shown in 
Figure 15a) was developed. Interface elements were also used to model the shear crack. Figure 15b shows the mesh used 
in the smeared crack approach. Each finite element mesh had a dimension of 10 mm. All beams were modelled using a 
finite element with quadratic interpolation. Beam reinforcements were represented by embedded reinforcement elements. 

 
Figure 14. Finite element mesh of reinforced concrete beam V-0-0. 

 
Figure 15. Finite element mesh of reinforced concrete beam 1R. 

4.2 Material properties and constitutive laws 
The mechanical properties of plain concrete and steel fiber-reinforced concrete beams are described in Table 5, and 

the mechanical properties of beam reinforcements are given in Table 6. 
The compressive behavior of concrete was modeled using a parabolic curve based on fracture energy, and the tensile 

behavior of plain concrete was modeled using a linear softening diagram based on mode I fracture energy. For plain 
concrete, the crack bandwidth was automatically calculated as the square root of the finite element area, according to the 
method proposed by Rots [36]. The compressive fracture energy was defined as 100 times the mode I fracture energy. 

Table 5. Mechanical properties of concrete. 

Beam Fiber 
content (%) 

Coarse 
aggregate (mm) 𝒇𝒇𝐜𝐜 (MPa) 𝒇𝒇𝐜𝐜𝐜𝐜 (MPa) 𝑬𝑬𝐜𝐜 (GPa) 𝑮𝑮𝒇𝒇𝑰𝑰  (N/mm) 𝑮𝑮𝐜𝐜 (N/mm) 𝜈𝜈 

V-0-0 0.00 12.50 46.30 3.70 27.73 0.146 14.6 0.3 
V-1-0 1.00 12.50 56.87 3.28 31.78 Table 6 341.1 0.3 

1R 0.00 19.00 70.20 3.24 28.82 0.156 15.59 0.3 
fc: compressive strength of concrete; fct: axial tensile strength of concrete; Ec: modulus of elasticity of concrete; 𝐺𝐺𝑓𝑓𝐼𝐼: fracture energy of concrete; 𝐺𝐺c: 
compressive fracture energy of concrete; ν: Poisson’s ratio of concrete. 

Table 6. Mechanical properties of beam reinforcements. 

Beam 1R V-0-0 and V-1-0 
Bar diameter (mm) 6.3 8.0 20.0 6.3 20.0 

Modulus of elasticity (GPa) 173.33 203.57 162.02 210.00 210.00 
Yield strength (MPa) 390 570 546 600 500 

 
The tensile behavior of the steel fiber-reinforced concrete in the V-1-0 beam was represented by a bilinear tension softening 

diagram, as shown in Figure 9a. The stress and strain values for this diagram were obtained by Araújo et al. [5] using an inverse 
analysis on prismatic specimens under four-point loading, as presented in Table 7. The compressive fracture energy was defined 
as 100 times the area under the tensile stress-strain curve multiplied by the crack bandwidth, which was adopted as the size of 
the finite element (10 mm). 
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Table 7. Bilinear tension softening of the steel fiber-reinforced concrete of beam V-1-0. 

Point Tensile stress (MPa) Strain (‰) 
1 3.28 0.103 
2 1.64 12.00 
3 0.00 50.00 

 
The same stiffnesses that were determined by finite element analysis of the push-off test were applied for the discrete 

crack approach using interface elements. However, for beams, the tensile strength of the interface element was assumed 
to be equal to the tensile strength of concrete, given that the shear plane of beams was not previously cracked. Different 
crack dilatancy models in interface elements were used for computational modeling of beams. 

4.3 Result analysis 
Table 8 shows the maximum load of beams obtained using the smeared crack approach and different values for the 

shear retention factor (β). The use of the empirical β factor proposed in this study (Table 2) allowed good representation 
of the maximum load of the two test beams without fibers. The equation proposed by Al Mahaidi [15] has a similar 
variation of the empirical β factor and also displays good precision in evaluating the maximum load of beams without 
fibers. The equations proposed by Figueiras [16] and Červenka et al. [18] allowed good representation of the maximum 
load of the beams V-0-0 and 1R, respectively. For V-1-0 beam with steel fiber-reinforced concrete, the equations 
proposed by Červenka et al. [18] and Figueiras [16] and the empirical β factor proposed in this study (Table 2) predicted 
the maximum load of steel fiber-reinforced concrete beams with an error of less than 10%. 

Table 8. Maximum load of beams estimated by the finite element model using the smeared crack approach. 

Shear retention factor 
V-0-0 V-1-0 1R 

Maximum load 
(kN) 

Difference 
from test 

Maximum load 
(kN) 

Difference 
from test 

Maximum load 
(kN) 

Difference 
from test 

Experimental result 172.50 - 260.00 - 133.00 - 
β = 0.01 145.66 −15.56% 276.77 6.45% 153.67 15.54% 
β = 0.05 153.95 −10.75% 263.97 1.53% 128.75 −3.20% 
β = 0.10 153.77 −10.86% 248.54 −4.41% 127.46 −4.17% 
β = 0.30 184.76 7.11% 287.71 10.66% 132.88 −0.09% 

Al Mahaidi [15] 169.05 −2.00% 170.10 −34.58% 135.62 1.97% 
Červenka et al. [18] 198.95 15.33% 279.78 7.61% 128.07 −3.71% 

Rots and Blaauwendraad,  
k = 1 [17] 

204.11 18.32% 231.34 11.02% 128.56 −3.34% 

Figueiras [16] 177.13 2.68% 248.54 −4.41% 105.10 −20.98% 
Proposed β factor 174.47 1.14% 282.44 8.63% 138.74 4.32% 

When a constant β factor is used, the resistance of the finite element model usually increases with increasing β. 
However, there is no unique value that can be used to accurately estimate the strength of the three beams, and the best 
prediction for each beam was obtained with different β values. 

Table 9 describes the results obtained using the discrete crack approach, represented by interface elements, for 
beams without steel fiber-reinforced concrete. The models for crack dilatancy proposed by Walraven and Reinhardt [7] 
and Li et al. [9] were the ones that best predicted the maximum load for V-0-0 beam. For beam 1R, all models predicted 
the maximum load of the beam with an error of less than 10%. 

Figure 16 compares the load–displacement curves of the V-0-0 beam obtained from the experimental test and the 
finite element model using the two approaches. For low constant β factor values, the stiffness of the cracked beam 
estimated by the finite element model was found to be similar to the initial experimental stiffness, but the maximum 
load of the beam was lower. By contrast, the finite element model with the variable β factor estimated the maximum 
load of the beam with more precision. However, it also exhibited less displacement than was observed during the test 
after the formation of the flexural cracks. On the order hand, the finite element model with a discrete crack approach 
accurately represented the cracking shear load of the beam. i.e., 96.2 kN in the model compared to 87.5 kN in the test. 
Furthermore, beam stiffness was accurately represented after formation of the shear crack. It is important to note that 



D. L. Araújo, C. R. Siqueira Filho, and F. A. Lobo 

Rev. IBRACON Estrut. Mater., vol. 16, no. 3, e16311, 2023 16/21 

vertical beam displacement was not measured up to the maximum load; thus, the analysis refers to the loading where 
the vertical displacement was measured in the test. 

Table 9. Maximum load of beams estimated by the finite element model using the discrete crack approach. 

Crack dilatancy model 
V-0-0 1R 

Maximum load 
(kN) Difference from test Maximum load 

(kN) Difference from test 

Experimental result 172.50 - 133.00 - 
Li et al. [9] 164.05 −4.89% 141.73 6.62% 

Walraven and Reinhardt [7] 172.09 −0.24% 140.73 5.71% 
Walraven [6] 134.18 −22.21% 137.35 3.27% 

Gambarova and Karakoç [8] 155.21 −10.03% 143.62 7.98% 

 
Figure 16. Load–displacement curve of the mid-span of the reinforced concrete beam V-0-0 (a/d = 2.17). 

The good results of the discrete crack approach with interface elements for representation of the shear crack of the 
V-0-0 beam can be explained by the crack pattern. Both modeling approaches had a crack pattern similar to that 
observed at the end of the test (Figure 17); however, the finite element model with the discrete crack approach showed 
a wider crack width and more sliding along the crack, as simulated by interface elements, than the smeared crack 
approach. A secondary shear crack was observed, with branches near the point of load application. Hence, the discrete 
crack approach was capable of providing a more precise estimation of the stiffness of short shear-span beams when 
failure occurred due to shear-compression with a single shear crack and a low quantity of flexural cracks. 

 
Figure 17. Crack pattern of the reinforced concrete beam V-0-0 (a/d = 2.17). 
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Figure 18 shows the load–displacement curves of beam 1R, which were estimated from the experimental test and 
the finite element model using two modeling approaches. Overall, minimal variations in maximum load were observed 
when the smeared crack approach was utilized, regardless of whether a constant β factor (0.05 < β < 0.3) or a variable 
β factor. Also, the use of the discrete crack approach with interface elements provided similar maximum load values, 
regardless of the crack dilatancy model used. 

 
Figure 18. Load–displacement curves of the mid-span of the reinforced concrete beam 1R (a/d = 2.66). 

The cracking behavior of beam 1R was well represented by both smeared and discrete crack approaches. Such a 
finding is due to the failure mode of the beam, which has a shear span-to-depth ratio (a/d) of 2.66. Because the 
concentrated load was further from the support, the beam developed several flexural cracks before the appearance of 
the main shear crack, which defined the maximum load of the beam (Figure 19). This ensured that beam displacement 
was not predominantly influenced by sliding along the main shear crack, having a greater contribution from flexural 
cracks. Thus, the discrete crack approach simulated a main shear crack with the same pattern as that predicted by the 
smeared crack approach. In this beam, with slender shear-span, the smeared crack approach was sufficient to represent 
the stiffness of the beam after concrete cracking. 

Figure 20 compares the experimental and predicted load–displacement curves of the fibrous concrete beam V-1-0. 
The smeared crack approach revealed a small influence of the shear retention factor on the response of the beam. The 
different β factor values afforded similar maximum loads. This finding demonstrates that the tensile behavior of fibrous 
concrete is more important than the shear retention factor of steel fiber-reinforced concrete beams, even in the case of 
shear failure. 

The crack pattern of beam V-1-0 is depicted in Figure 21. Given that steel fibers provide greater resistance to flexural 
cracking, there is greater flexural cracking during the test. Thus, although the beam had a shear span-to-depth ratio (a/d) 
of 2.17, unlike reinforced concrete beam V-0-0 without fibers, the smeared crack approach adequately represented 
beam stiffness after concrete cracking. 
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Figure 19. Crack pattern of the reinforced concrete beam 1R (a/d = 2.66). 

 
Figure 20. Load–displacement curves of the mid-span of the fibrous concrete beam V-1-0 (a/d = 2.17). 

 
Figure 21. Crack pattern of the fibrous concrete beam V-1-0 (a/d = 2.17). 

5 CONCLUSIONS 
In this study, finite element models were developed to simulate direct shear tests and reinforced concrete beams 

without transverse reinforcement and with span-to-depth ratios of 2.17 and 2.66. Several shear retention factors (β 
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factor) were used to determine their effectiveness. The empirical β factor was deduced from double-notched push-
through tests, which predicted well the shear strength of reinforced concrete beams without steel fibers. The behavior 
of the proposed β factor was similar to the equations proposed by Figueiras [16] and Červenka et al. [18], which 
confirms the effectiveness of the test setup adopted in this study. Furthermore, the variable β factor suggested by Al 
Mahaidi [15] was also accurate to predict the shear strength of reinforced concrete beams without steel fibers. 

On the other hand, when a constant β factor is used, the shear strength of finite element models usually increases as 
β factor increases. However, there is no unique value that can precisely estimate the shear strength of reinforced concrete 
beams. This conclusion is consistent with the observations of Hendriks et al. [14], who strongly recommended utilizing 
a variable shear retention factor in fixed crack models. Constant β factor models are not advisable since they tend to 
overestimate the stiffness of beams and slabs. 

A finite element model was developed to simulate push-off specimens with a pre-cracked shear plane using crack 
dilatancy models implemented in interface elements. Different models for aggregate interlock did not provide 
significant differences, suggesting that they are equivalent for simulating push-off specimens. Finite element models 
predicted greater shear slip and lower crack width than that observed in the test, indicating the need for further analysis 
of the interaction between aggregate interlock, steel fiber, and dowel rebar. 

Finite element modeling using the smeared crack approach for beams without transverse reinforcement is a viable 
alternative for cases where the shear crack fracture is unknown. In this case, the smeared crack approach was precise 
enough to estimate the resistance, stiffness, and crack pattern of beams without transverse reinforcement and a shear 
span-to-depth ratio of 2.66. This was due to the densely distributed flexural and shear cracks that governed the overall 
behavior of the beam. 

For beams without transverse reinforcement and with a shear span-to-depth ratio of 2.17, the stiffness of the cracked 
beam was better represented by the discrete crack approach. These beams exhibited only a few flexural cracks before 
the appearance of the critical shear crack, indicating that the smeared crack approach is not suitable for accurately 
representing the overall behavior of these beams. An appropriate solution for beam with shear compression-failure is 
to use the smeared crack approach as a qualitative predictor of crack localization, followed by a more precise analysis 
using the predefined crack, which can be represented by the discrete crack approach with interface elements. 

For beams with steel fiber-reinforced concrete, the shear retention factor had a slight influence on beam behavior 
due to the greater ductility in tension of the fibrous concrete. Additionally, different values of the β factor in finite 
element analysis with the smeared crack approach had little impact on the stiffness and shear strength of the beam. If a 
constant β factor is used in modeling, a value less than 0.1 is recommended. 

It is important to note that these conclusions were obtained from modeling only three beams, and thus, further 
research should be conducted to confirm these results for beams with different concrete strength and geometry. 
Nevertheless, these results are a significant contribution to guiding designers in finite element modeling of beams and 
slabs without transverse reinforcement. 
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Abstract: The possibility of the occurrence of a second punching shear failure and of a Progressive Collapse 
after a punching shear failure had occurred in one flat slab column connection is investigated in two building 
structures, using Eberick and SAP2000 softwares and the Yield Line Method, and codes ACI318:2019, 
EUROCODE2:2004 and NBR6118:2014. It is shown that slab column connections should be designed and 
detailed to prevent Progressive Collapse and that Integrity Reinforcement should always be present, and that 
the remaining capacity of floors after punching failures depends on the i) post-punching resistance of the 
connection being punched; ii) post-punching resistance of the neighbors’ connections; iii) flexural resistance 
of the slabs, and that the flexural resistance of the slab’s floors can be evaluated by the Yield Line Method. 

Keywords: progressive collapse, flat slab, punching shear, yield line theory. 

Resumo: A possibilidade da ocorrência de uma segunda ruptura por punção e colapso progressivo depois de 
uma ruptura por punção em uma ligação laje-pilar foi investigado em duas estruturas, usando os softwares 
Eberick e SAP2000, Método das Linhas de Ruptura e as normas ACI318:2019, EUROCODE2:2004 e 
NBR6118:2014. Verifica-se que a ligação laje-pilar deve ser projetada para prevenir o colapso progressivo, 
as armaduras contra o colapso progressivo devem estar sempre presentes, a capacidade remanescente da laje 
lisa depois de uma ruptura por punção depende da resistência pós punção da ligação puncionada, resistência 
pós punção das ligações vizinhas sobrecarregadas, resistência de flexão da laje conforme o Método das Linhas 
de Ruptura. 

Palavras-chave: colapso progressivo, laje lisa, punção cisalhante, linhas de ruptura. 
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1 INTRODUCTION 
This study aims to verify using a software the post-punching shear behavior of reinforced concrete flat slab structures 

considering the partial or total failure of the slab-column connection, using SAP 2000 [1] and Eberick 2022 [2] software’s. 
When a slab-column connection fails, there may be an overload on neighboring supports and new failures may 

occur in a chain reaction [3]. Thus, the effect known as progressive collapse arises. 
The causes of this phenomenon include improper renovation of structure, fire, vehicle collision, substandard 

material, design and/or execution errors. The accident that occurred with the Liberdade Building, in Rio de Janeiro, 
highlights the tragic damage caused after the loss of a support [4]. 

Progressive collapse of a building can be trigged by a punching shear failure even eight months after a slab-column 
connection punching shear resistance was exceeded by almost four times [5]. 

https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0002-5644-4570
https://orcid.org/0000-0001-9417-9010
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Flat slabs are structural elements that are rested by columns and are very susceptible to progressive collapse, as there is less 
capacity for redistribution of loads and a brittle failure by punching with few pathology warnings. The advantages of using this 
structural system are lower ceiling heights, concrete forms simplifications and lower costs during construction. 

In order to avoid progressive collapse and improve post-punching shear behavior, well anchored reinforcement can be 
used at the bottom of slab-column connections and is necessary to create alternative load paths, ductility, and continuity in 
the structure [6], [7], and this integrity bottom reinforcement is required and adopted in most codes [8]–[10]. 

The utilization of the Yield Line Theory to evaluate the post punching capacity of a flat floor submitted to a punching 
shear failure and its relation to the possibility of the occurrence of a progressive collapse has been adopted for some 
time [6], [11], and this use has been continued [12]. 

And as progressive collapse is not a well comprehensively explored phenomenon, due to its many implications [13], 
investigations continue to being done on the subject [14], [15], as post-punching shear behavior is one of the main factors that 
will interfere on the behavior of the floor slab and on the possibility of a progressive collapse and its possible tragic consequences. 

2 METHODOLOGIES 
Two flat slab buildings structures are analyzed, first the support reactions are obtained, then one column is removed, 

simulating a punching shear failure at this connection, and the redistribution of the support reactions at the remaining 
columns are followed, checking for the possibility of a progressive collapse at all slab columns connections. 

After the slab punching shear failure, the loads found were compared with the loads obtained according to the intact 
structure, thus verifying the increase or decrease of the reactions at the connections. 

It was then analyzed if there was a possibility of new failures at the most loaded connections by means of a new 
verification of the punching shear, considering the acting and the shear strength stresses. 

The possibility of punching shear failures was checked using the codes ACI 318 [16], EUROCODE [9] and NBR 
6118 [10], according to its requirements regarding critical surfaces, punching shear reinforcement, and checking the 
possibility of splitting or crushing of the concrete. 

According to NBR 6118 [10], with the presence of shear reinforcement at the column region there are three 
calculated design stresses (𝜏𝜏𝑆𝑆𝑆𝑆1, 𝜏𝜏𝑆𝑆𝑆𝑆2, 𝜏𝜏𝑆𝑆𝑆𝑆3) determined with Equation 1, where 𝐹𝐹𝑆𝑆𝑆𝑆 = reaction at the connection; 𝑢𝑢 = 
critical perimeter; 𝑑𝑑 = effective height; 𝑀𝑀𝑆𝑆𝑆𝑆𝑆𝑆 and 𝑀𝑀𝑆𝑆𝑆𝑆𝑆𝑆= bending moments; 𝐾𝐾1 and 𝐾𝐾2 depends on the columns sides 
ratio; and 𝑊𝑊𝑝𝑝1 and 𝑊𝑊𝑝𝑝2 = plastic resistant modulus, while the resistant stresses are determined by Equations 2 to 4, 
where 𝑓𝑓𝑐𝑐𝑐𝑐 and 𝑓𝑓𝑐𝑐𝑆𝑆 = respectively the characteristic and design concrete strength; 𝜌𝜌 = reinforcement ratio; 𝐴𝐴𝑠𝑠𝑠𝑠 and 𝑠𝑠𝑟𝑟 = 
respectively the shear reinforcement area and spacing and 𝑓𝑓𝑆𝑆𝑠𝑠𝑆𝑆 = design yielding limit. 

𝜏𝜏𝑆𝑆𝑆𝑆 = 𝐹𝐹𝑆𝑆𝑆𝑆
𝑢𝑢∙𝑆𝑆

+ 𝐾𝐾1∙𝑀𝑀𝑆𝑆𝑆𝑆𝑆𝑆
𝑊𝑊𝑝𝑝1∙𝑆𝑆

+ 𝐾𝐾2∙𝑀𝑀𝑆𝑆𝑆𝑆𝑆𝑆

𝑊𝑊𝑝𝑝2∙𝑆𝑆
 (1) 

𝜏𝜏𝑅𝑅𝑆𝑆1 = 0.27 ∙ (1 − 𝑓𝑓𝑐𝑐𝑐𝑐
250

) ∙ 𝑓𝑓𝑐𝑐𝑆𝑆 (2) 

𝜏𝜏𝑅𝑅𝑆𝑆2 = 0.10 ∙ (1 + �20
𝑆𝑆

) ∙ (100 ∙ 𝜌𝜌 ∙ 𝑓𝑓𝑐𝑐𝑐𝑐)
1
3 + 1.5 ∙ 𝑆𝑆

𝑠𝑠𝑟𝑟
∙  𝐴𝐴𝑠𝑠𝑠𝑠∙𝑓𝑓𝑆𝑆𝑠𝑠𝑆𝑆

𝑢𝑢∙𝑆𝑆
 (3) 

𝜏𝜏𝑅𝑅𝑆𝑆3 = 0.13 ∙ (1 + �20
𝑆𝑆

) ∙ (100 ∙ 𝜌𝜌 ∙ 𝑓𝑓𝑐𝑐𝑐𝑐)1/3 (4) 

For EUROCODE [9] the three calculated design stresses (𝜎𝜎𝑆𝑆𝑆𝑆1, 𝜎𝜎𝑆𝑆𝑆𝑆2 e 𝜎𝜎𝑆𝑆𝑆𝑆3) are determined by Equation 5, similar to 
Equation 1, according to Equations 6 to 8, similar to Equations 2 to 4, but with a limit for a size effect on the slab 
thickness and a higher load factor. 

𝜎𝜎𝑆𝑆𝑆𝑆 = 𝐹𝐹𝑆𝑆𝑆𝑆
𝑢𝑢∙𝑆𝑆

+ 𝐾𝐾1∙𝑀𝑀𝑆𝑆𝑆𝑆𝑆𝑆
𝑊𝑊𝑝𝑝1∙𝑆𝑆

+ 𝐾𝐾2∙𝑀𝑀𝑆𝑆𝑆𝑆𝑆𝑆

𝑊𝑊𝑝𝑝2∙𝑆𝑆
 (5) 

𝜎𝜎𝑅𝑅𝑆𝑆1 = 0.30 ∙ (1 − 𝑓𝑓𝑐𝑐𝑐𝑐
250

) ∙ 𝑓𝑓𝑐𝑐𝑆𝑆 (6) 
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𝜎𝜎𝑅𝑅𝑆𝑆2 = 0.09 ∙ (1 + �20
𝑆𝑆

) ∙ (100 ∙ 𝜌𝜌 ∙ 𝑓𝑓𝑐𝑐𝑐𝑐)
1
3 + 1.5 ∙ 𝑆𝑆

𝑠𝑠𝑟𝑟
∙  𝐴𝐴𝑠𝑠𝑠𝑠∙𝑓𝑓𝑆𝑆𝑠𝑠𝑆𝑆

𝑢𝑢∙𝑆𝑆
 (7) 

𝜎𝜎𝑅𝑅𝑆𝑆3 = 0.12 ∙ (1 + �20
𝑆𝑆

) ∙ (100 ∙ 𝜌𝜌 ∙ 𝑓𝑓𝑐𝑐𝑐𝑐)1/3 (8) 

ACI 318 [16] presents Equations 9 to 13, the first for the determination of the acting and the others for the resistant shear 
stresses, where 𝑉𝑉 = load transferred by the slab; 𝑏𝑏𝑜𝑜 = critical perimeter; 𝑀𝑀𝑠𝑠𝑐𝑐 = bending moment at the connection; 𝐽𝐽𝑐𝑐 = geometric 
property of the section; 𝛾𝛾𝑣𝑣 = parcel of the moment transferred by shear and 𝐶𝐶𝐴𝐴𝐴𝐴 = eccentricity of the critical perimeter; 𝛽𝛽 = ratio 
between the column sides and 𝜆𝜆𝑠𝑠 = size effect; 𝑓𝑓′𝑐𝑐 = concrete strength; 𝐴𝐴𝑣𝑣 and 𝑠𝑠 = respectively the shear reinforcement area and 
spacing and 𝑓𝑓𝑆𝑆𝑦𝑦 = design yielding limit; 𝛼𝛼𝑠𝑠 depends on the column position. 

𝑉𝑉𝑢𝑢 = 𝑉𝑉
𝑏𝑏𝑜𝑜∙𝑆𝑆

+ 𝛾𝛾𝑣𝑣∙𝑀𝑀𝑆𝑆𝑆𝑆∙𝐶𝐶𝐴𝐴𝐴𝐴 
𝐽𝐽𝑐𝑐

 (9) 

𝑣𝑣𝑛𝑛 = 0.75 ∙ 0.17 ∙ �1 + 2
𝛽𝛽
� ∙ 𝜆𝜆𝑠𝑠 ∙ �𝑓𝑓′𝑐𝑐 + 0.75 ∙ 𝐴𝐴𝑣𝑣∙𝑓𝑓𝑆𝑆𝑦𝑦

𝑠𝑠∙𝑏𝑏𝑜𝑜
 (10) 

𝑣𝑣𝑛𝑛 = 0.75 ∙ 0.083 ∙ �𝛼𝛼𝑠𝑠∙𝑆𝑆
𝑏𝑏𝑜𝑜

+ 2� ∙ 𝜆𝜆𝑠𝑠 ∙ �𝑓𝑓′𝑐𝑐 + 0.75 ∙ 𝐴𝐴𝑣𝑣∙𝑓𝑓𝑆𝑆𝑦𝑦
𝑠𝑠∙𝑏𝑏𝑜𝑜

 (11) 

𝑣𝑣𝑛𝑛 = 0.75 ∙ 0.25 ∙ 𝜆𝜆𝑠𝑠 ∙ �𝑓𝑓′𝑐𝑐 + 0.75 ∙ 𝐴𝐴𝑣𝑣∙𝑓𝑓𝑆𝑆𝑦𝑦
𝑠𝑠∙𝑏𝑏𝑜𝑜

 (12) 

𝑣𝑣𝑐𝑐𝑜𝑜𝑢𝑢𝑦𝑦 = 0.75 ∙ 0.17 ∙ 𝜆𝜆𝑠𝑠 ∙ �𝑓𝑓′𝑐𝑐 (13) 

The reinforcement against progressive collapse (integrity reinforcement) were determined according to Equations 14 
to 17, according respectively to the NBR 6118:2014 [10], GSA:2013 [17], CEB:2010 [8] e ACI 352:2011 [18], where 
𝛼𝛼𝑢𝑢𝑢𝑢𝑦𝑦 = angle between the reinforcement and the plan of the slab; and 𝐿𝐿1 e 𝐿𝐿2 = spans at the two directions. 

𝐴𝐴𝑠𝑠 ≥
1.5∙𝐹𝐹𝑆𝑆𝑆𝑆
𝑓𝑓𝑆𝑆𝑆𝑆

 (14) 

𝐴𝐴𝑠𝑠 ≥
(0.17∙𝑏𝑏∙𝑆𝑆∙𝑓𝑓𝑐𝑐𝑆𝑆)

𝑓𝑓𝑆𝑆𝑆𝑆
 (15) 

𝐴𝐴𝑠𝑠 ≥
𝐹𝐹𝑆𝑆𝑆𝑆

𝑓𝑓𝑆𝑆𝑆𝑆∙ (𝑓𝑓𝑦𝑦/𝑓𝑓𝑆𝑆)𝑐𝑐∙𝑠𝑠𝑠𝑠𝑛𝑛𝛼𝛼𝑢𝑢𝑢𝑢𝑦𝑦
 (16) 

𝐴𝐴𝑠𝑠 ≥
0.5∙𝑊𝑊𝑢𝑢∙ 𝐿𝐿1∙𝐿𝐿2

𝑓𝑓𝑆𝑆𝑆𝑆
 (17) 

The Yield Line Theory was also used to analyze the possibility of progressive collapse in the structure after the 
failure of a slab-column connection. The remaining flexural capacity of the slab was verified in the region where a 
support was removed using the Virtual-Work Method, procedure that has been used before [6], [11], and [12]. 
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3 RESULTS AND DISCUSSIONS 

3.1 First example 
The analysis of the structure was carried out according to a structural design available in two lecture notes used in 

the UFMG (Federal University of Minas Gerais) course, authored by Chaves [19], and Silva [20]. 
The post-punching shear behavior was analyzed using the computer program SAP2000 [1] using the Finite Element Method. 

A comparison of the Integrity Reinforcement according to NBR 6118:2014 [10], GSA:2013 [17], CEB:2010 [8] and ACI 
352:2011 [18] was also presented. 

As shown in Figure 1, there is an advance of the slab at the edges (overhang) to increase the stiffness of the connection and 
there is no presence of beams or openings at the floor for the passage of electrical or hidro-sanitary pipes. 

The reinforced concrete building has three floors, a ceiling height of 289 cm and twelve columns. The slabs were 
designed with a thickness of 16 cm, and with columns with a square cross section of 30 cm x 30 cm. 

The concrete strength is 30 MPa and the reinforcement steel grade of 500 MPa. The Elasticity Modulus of the 
concrete was taken as 26072 MPa. The reinforcement adopted at the analysis was the same used at the lecture notes of 
UFMG [19] and [20], designed by the Equivalent Frame Method. In general bars with eight millimeters of diameter 
each 15 or 20 centimeters were used at the two directions, and for the connections close to the corners ten millimeters 
bars each 10 centimeters were used at the two directions. For the internal connections 12.5 mm bars each 12 centimeter 
was used at the two directions. Besides this, all connections presented punching shear reinforcement. 

 
Figure 1. Floor plan of the structure – Dimensions in m. 

According to the structural design in the lecture notes and NRB 6120 [21], a live load of 1.50 kN/m2 and a total 
dead load of 8.08 kN/m2, considering also distributed on the floor a wall located in the middle of the slab and a wall 
located at the periphery of the floor slab were used in the structural analysis, as shown in Table 1. 

Table 1. Load used. 

Overview Amount 
Dead load (distributed): Load (kN/m2) 

Self-weight of slab (h = 16.0 cm) 25.0 ∙ 0.16 = 4.00 
Cladding 0.80 

Wall (middle of the slab) 1.00 
Wall (periphery of the slab) 2.28 

Live load: Load (kN/m2) 
Load in residential building 1.50 

The slab was modeled with a “Four nodes Thin-Shell element type”, considering at the analysis only the translation 
normal to the slab plane. In the discretization of the slab, rectangular elements measuring 20 cm x 20 cm were used and 
the columns were modeled in the structural frame as frame-type connected in an element node. 
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Only a linear elastic structural analysis of the structure was performed, therefore, the reinforcement at columns was 
not determined and second-order effects were not considered. 

3.1.1 Punching shear assessment 
According to the results obtained by the codes NBR 6118:2014 [10], EUROCODE 2:2004 [9] and ACI 318:2019 [16], it 

was found that the slab-column connections presented a satisfactory strength to punching shear in order to withstand the loads 
that act on the intact structure. According to Table 2, the reactions and bending moments of the supports of the undamaged 
structure were obtained from the software SAP2000 [1]. 

Table 2. Reactions and the moments of the support in the structure without damage. 

Column 𝑵𝑵𝒌𝒌 (kN) 𝑴𝑴𝒙𝒙 (kNm)  𝑴𝑴𝒚𝒚 (kNm) Column 𝑵𝑵𝒌𝒌 (kN) 𝑴𝑴𝒙𝒙 (kNm)  𝑴𝑴𝒚𝒚 (kNm) 
P1 177.10 21.80 23.00 P7 290.50 0.00 4.20 
P2 228.60 4.50 18.10 P8 239.30 20.50 0.00 
P3 228.60 4.50 18.10 P9 177.10 21.80 23.00 
P4 177.10 21.80 23.00 P10 228.60 4.50 18.10 
P5 239.30 20.50 0.00 P11 228.60 4.50 18.10 
P6 290.50 0.00 4.20 P12 177.10 21.80 23.00 

The effective depth (13 cm) and reinforcement ratio were determined according to the structural design presented 
at the reference. All connections presented studs type shear reinforcement, with four layers 6.23 cm2 each at columns 
P1, P4, P9 and P12, and five layers 6.23cm2 each for the other columns, spacing between studs equal to 10 cm and 6 
cm from the first layer to the column face. Table 3 shows the shear stresses in the slab-column connections analyzed. 

Table 3. Shear stresses at the critical section. 

Codes Stress (MPa) P1 P2 P6 
 𝜏𝜏𝑟𝑟𝑆𝑆3 0.70 0.74 0.78 
 𝜏𝜏𝑠𝑠𝑆𝑆3 0.48 0.48 0.57 

NBR 6118 𝜏𝜏𝑟𝑟𝑆𝑆2 1.53 1.56 1.60 
 𝜏𝜏𝑠𝑠𝑆𝑆2 1.03 1.06 1.17 
 𝜏𝜏𝑟𝑟𝑆𝑆1 5.09 5.09 5.09 
 𝜏𝜏𝑠𝑠𝑆𝑆1 3.73 3.15 2.86 
 𝜎𝜎𝑟𝑟𝑆𝑆3 0.58 0.61 0.64 
 𝜎𝜎𝑠𝑠𝑆𝑆3 0.52 0.51 0.61 

EUROCODE 𝜎𝜎𝑟𝑟𝑆𝑆2 1.42 1.45 1.48 
 𝜎𝜎𝑠𝑠𝑆𝑆2 1.03 1.06 1.17 
 𝜎𝜎𝑟𝑟𝑆𝑆1 5.28 5.28 5.28 
 𝜎𝜎𝑠𝑠𝑆𝑆1 3.73 3.15 2.86 
 𝑣𝑣𝑐𝑐𝑜𝑜𝑢𝑢𝑦𝑦 0.70 0.70 0.70 

ACI 𝑉𝑉𝑢𝑢2 0.43 0.43 0.52 
 𝑣𝑣𝑛𝑛 2.17 2.17 2.17 
 𝑉𝑉𝑢𝑢1 1.34 1.31 1.38 

In Table 3: 
• 𝜏𝜏𝑟𝑟𝑆𝑆3 and 𝜏𝜏𝑠𝑠𝑆𝑆3 are the strength and acting stresses outside the shear reinforcement, 
• 𝜏𝜏𝑟𝑟𝑆𝑆2 and 𝜏𝜏𝑠𝑠𝑆𝑆2 are the strength and acting stresses at the shear reinforcement region, 
• 𝜏𝜏𝑟𝑟𝑆𝑆1 and 𝜏𝜏𝑠𝑠𝑆𝑆1 are the strength and acting stresses at the periphery of the column, 
• 𝜎𝜎𝑟𝑟𝑆𝑆3 and 𝜎𝜎𝑠𝑠𝑆𝑆3 are the strength and acting stresses outside the shear reinforcement, 
• 𝜎𝜎𝑟𝑟𝑆𝑆2 and 𝜎𝜎𝑠𝑠𝑆𝑆2 are the strength and acting stresses at the shear reinforcement region, 
• 𝜎𝜎𝑟𝑟𝑆𝑆1 and 𝜎𝜎𝑠𝑠𝑆𝑆1 are the strength and acting stresses at the periphery of the column, 
• 𝑣𝑣𝑛𝑛 e 𝑉𝑉𝑢𝑢1 are the strength and acting stresses at the shear reinforcement region, 
• 𝑣𝑣𝑐𝑐𝑜𝑜𝑢𝑢𝑦𝑦 and 𝑉𝑉𝑢𝑢2 are the strength and acting stresses outside the shear reinforcement. 
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Figure 2 shows the acting and strength stresses ratio in the slab-column connections and as it can be seen, the 
analyzed supports present good punching shear strength, since the acting stresses were smaller than the capacity. 
EUROCODE [9] was the standard that presented the highest shear stress ratios in all the supports studied. 

The possibility of progressive collapse is always relevant when the acting and the strength stresses ratio are high, 
not to mention the possibility of an overload or errors being done at the construction phase, for example. The highest 
ratios of the acting over the resistant stresses were taken as potential failures possibilities and the behavior of the floor 
slab and the remaining connections was then examined following these failures. 

 
Figure 2. Acting and strength stresses ratio in the support. 

3.1.2 Integrity reinforcement 
Table 4 shows the integrity reinforcement designed according to the equations provided by the NBR 6118:2014 [10], 

GSA:2013 [17], CEB:2010 [8] and ACI 352:2011 [18] standards, basically considering the column reaction and the yield 
strength of the reinforcement. 

Figure 3 shows a comparison between the amount of reinforcement found by the codes, with values being not so 
different, and ACI 352 [18] being surprisingly less conservative. 

Table 4. Integrity reinforcement area. 

Column 𝑵𝑵𝒌𝒌 (kN) NBR 6118 (cm2) GSA (cm2) CEB (cm2) ACI (cm2) 
P1 177.10 7.33 10.81 8.23 6.46 
P2 228.60 9.46 10.81 10.62 6.46 
P6 290.50 12.03 10.81 13.50 6.46 

 
Figure 3. Comparison of reinforcement steel area. 

3.1.3 Post punching shear pattern 
After a punching shear failure at an internal slab-column connection, the possibility of a new punching failure at the 

neighboring connections was verified, considering zero or a partial residual strength at the damaged support. Table 5 shows 
the columns reactions when a punching failure is admitted at edge column P2. 
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Table 5. Reactions and bending moments of support after P2 punching shear. 

Column 𝑵𝑵𝒌𝒌 (kN) 𝑴𝑴𝒙𝒙 (kNm)  𝑴𝑴𝒚𝒚 (kNm) Column 𝑵𝑵𝒌𝒌 (kN) 𝑴𝑴𝒙𝒙 (kNm)  𝑴𝑴𝒚𝒚 (kNm) 
P1 271.00 127.10 17.30 P7 267.80 7.30 1.90 
P2 - - - P8 235.70 19.00 0.90 
P3 349.40 74.80 18.90 P9 172.10 11.30 20.90 
P4 158.20 20.50 13.90 P10 207.90 4.30 5.70 
P5 208.20 30.90 13.20 P11 223.40 4.50 12.20 
P6 411.20 10.90 42.40 P12 178.90 22.60 23.70 

Figure 4 shows the columns reactions changes for the neighbor’s connections following a punching shear failure at 
column P2, compared with the intact structure. Only the most affected columns connections are shown, together with 
column P12, far from column P2, for comparison. 

As seen, with a total failure at P2 column connection a load increase of 53.0% is obtained at column P1, or an 
increase of 45.1% is obtained with a residual strength of 15% at column P2, stating the high probability of the 
occurrence of new failures in sequence, not to mention that the bending moments increased more than five times at P1 
connection. 

 
Figure 4. Variation of support reactions after failure at P2. 

Integrity reinforcement at the failed slab-column connection can provide up to 60% residual strength, according to 
experimental research carried out by Melo [6], and by Lima [22] at the University of Brasília, allowing that failed 
connection can withstand more load and less load being spread to the other supports. 

Big increases are always found at the “first neighbor line” supports close to a failed connection, as was seen at 
column connections P1 and P3 after failure at column connection P2. At a “second neighbor line” the load decrease, as 
seen at column connections P5 and P7. On the other hand, column connection P12, that is far from the failure has only 
a small increase in its load, as seen in Figure 4. 

Table 6 shows the shear stresses for the internal slab-column connection P1, considering a zero or partial residual 
strength at the damaged connection, after a punching shear failure at connection P2. 

The possibility of progressive collapse in the building would be avoided if the acting and strength stress ratio would 
be less than one, the defined limit, guaranteeing that the remaining strength is bigger than the actual acting load. 
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Table 6. Shear stresses in P1 after failure at P2. 

Codes Stress (MPa) P1 No residual reaction in P2 P1 60% of residual reaction in P2 
 𝜏𝜏𝑟𝑟𝑆𝑆3 0.70 0.70 
 𝜏𝜏𝑠𝑠𝑆𝑆3 0.93 0.66 

NBR 6118 𝜏𝜏𝑟𝑟𝑆𝑆2 1.53 1.53 
 𝜏𝜏𝑠𝑠𝑆𝑆2 2.19 1.50 
 𝜏𝜏𝑟𝑟𝑆𝑆1 5.09 5.09 
 𝜏𝜏𝑠𝑠𝑆𝑆1 9.34 6.02 
 𝜎𝜎𝑟𝑟𝑆𝑆3 0.58 0.58 
 𝜎𝜎𝑠𝑠𝑆𝑆3 0.98 0.70 

EUROCODE 𝜎𝜎𝑟𝑟𝑆𝑆2 1.42 1.42 
 𝜎𝜎𝑠𝑠𝑆𝑆2 2.19 1.50 
 𝜎𝜎𝑟𝑟𝑆𝑆1 5.28 5.28 
 𝜎𝜎𝑠𝑠𝑆𝑆1 9.34 6.02 
 𝑣𝑣𝑐𝑐𝑜𝑜𝑢𝑢𝑦𝑦 0.70 0.70 

ACI 𝑉𝑉𝑢𝑢2 0.79 0.58 
 𝑣𝑣𝑛𝑛 2.17 2.17 
 𝑉𝑉𝑢𝑢1 2.97 2.00 

Figure 5 shows the acting and strength stresses ratios at the column P1, considering a residual strength of 0% or 
60% at P2, aiming to verify the post-punching shear behavior of the analyzed structure. 

 
Figure 5. Shear stresses ratio in P1 for zero and for 60% of residual reaction in P2. 

It is seen that according to NBR6118 [10] and EUROCODE [9] standards there is a great possibility of new punching 
shear failures in the structure, even with the presence of integrity reinforcement at P2, due to the large increase in 
reaction at P1. 

3.1.4 Estimating the floor remaining capacity following a punching shear failure by the Yield Line Theory 
The flexural capacity of the slab was determined after punching shear failure of a slab-column connection close to 

the edge (P2), without considering any residual strength. After the loss of support in the structure, the loads were 
redistributed to the columns, with an increase or decrease in reactions. 

The Yield Line Method is applied for calculating the remaining capacity of the floor after a shear punching had 
occurred, taking in account all the well anchored flexural reinforcement according to the structural concrete 
requirements that crosses the supposed yield line rupture mechanisms and then can provide yielding resisting moment. 

As seen in Figure 6, one possible yield line pattern is adopted after a punching shear had occurred in P2 connection, 
the Virtual Work Principle is used to calculate the remaining capacity of the floor by the Yield Line Method, assuming 
a virtual unitary displacement at the point “J”, in this case where the slab/column connection failed, and all the 
contributions of the hogging and sagging reinforcement is considered, provide it is well anchored and crosses the yield 
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lines. The volume of the deformed shape when the virtual unitary displacement (J) is applied is shown in Figure 7, 
considering the rotations of the floor. 

 
Figure 6. Positive and negative yield line configuration. 

 
Figure 7. Deformation of a slab – Dimensions in cm. 

Figures 8, 9, 10 and 11 show the positive and negative yielding resisting moments strengths of the floor slab, 
determined taking in account all the well anchored flexural reinforcement that crosses the assumed yield line pattern. 

 
Figure 8. Positive moment strengths in the X direction – Dimensions in m.  
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Figure 9. Positive moment strengths in the Y direction – Dimensions in m. 

 
Figure 10. Negative moment strengths in the X direction – Dimensions in m. 

 
Figure 11. Negative moment strengths in the Y direction – Dimensions in m. 

As seen the Yield Line Method can be calculated by the Virtual-Work Method considering the external work 
required by the load and the internal work used by the slab or floor to deform itself. 

The external work required by a load applied uniformly on a slab can be determined by the product of the failure 
load and the volume of the displaced slab after the application of the virtual displacement. The internal work can be 
defined as the product of the strength moments and rotations in the slab [23]. 
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The calculated collapse load (5.39 kN/m2) was 44% lower than the predicted actual load on the slab (9.58 kN/m2), 
after the loss of support P2, stating the real and big possibility of the occurrence of progressive collapse in the structure. 

As Yield Line is a Superior Limit Method [23]–[25] other possible collapse mechanism could have been found with 
an even lower collapse load but there is no need for this search as the floor slab is already in a critical condition for the 
possibility of occurrence of a progressive collapse for the one yield line pattern investigated. 

As was seen the Yield Line Method can be applied to verify the possibility of a progressive collapse following a 
punching shear failure at a connection. It should also be mentioned that for this analysis no residual strength at the 
damaged slab-column connection was considered. If integrity reinforcement at P2 was considered the situation would 
be less severe, as the collapse load would be higher. 

3.2 Second Example 
The studied building was designed in 2015 [26] and its post-punching shear behavior was analyzed using the 

software for structural design in reinforced concrete Eberick [2], using “Grid Analogy”, basically with plate elements 
connected to bars in two orthogonal directions presenting bending stiffness that can be adjusted. 

The building structure has six floors, with a garage parking on the third floor formed by a 35 cm thick waffle slab 
and a ceiling height of 270 cm, two rigid cores formed by the stairs and elevator shaft, and floor openings for hydro-
sanitary pipes. There is also a car access ramp at the left corner and presence beams connecting the columns at the 
periphery of the building. 

The slab / column connections located at the third floor of the building were studied. Concrete with 30 MPa strength were 
adopted, and a cross-section of the ribbed slab and the floor plan of the structure are shown respectively in Figures 12 and 13. 

 
Figure 12. Section of the waffle slab – Dimensions in cm. 

 
Figure 13. Floor plan of the parking – Dimensions in cm. 
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Horizontal forces from wind action were considered on the structure according to NBR 6123 [27], and Table 7 
presents the gravity loads adopted at the structural design, according to NBR 6120 [21]. A live load of 5.0 kN/m2 and 
a dead load of 6.02 kN/m2 were used on the floor slab of the third floor. 

Table 7. Load used. 

Overview Amount 
Dead Load (distributed): Load (kN/m2) 

Self-weight of slab 4.60 
Cladding 1.23 

Wall 0.19 
Live Load: Load (kN/m2) 

Load in parking building 5.00 

3.2.1 Punching shear assessment 
Punching shear was checked at three internal slab columns connections (P11, P23 and P27) of the intact structure, 

susceptible to punching shear failures, and according to the shear stresses obtained by the codes NBR 6118:2014 [10], 
EUROCODE 2:2004 [9] and ACI 318:2019 [16]. 

Table 8 shows all columns reactions and bending moments for the intact structure, calculated by the Eberick software [2]. 
Columns P11, P23 and P27 have respectively cross sections of 50 cm x 35 cm, 50 cm x 30 cm and 80 cm x 30 cm. 

Table 8. Reactions and the moments of the support in the structure without damage. 

Column 𝑵𝑵𝒌𝒌 (kN) 𝑴𝑴𝒙𝒙 (kNm)  𝑴𝑴𝒚𝒚 (kNm) Column 𝑵𝑵𝒌𝒌 (kN) 𝑴𝑴𝒙𝒙 (kNm)  𝑴𝑴𝒚𝒚 (kNm) 
P1 117.30 9.50 28.30 P18 465.70 3.50 30.10 
P2 99.60 18.10 4.00 P19 220.40 0.30 14.10 
P3 134.90 15.50 44.40 P20 82.90 5.40 41.30 
P4 156.80 31.50 18.80 P21 128.10 7.50 35.90 
P5 215.00 34.30 9.50 P22 193.00 10.20 39.10 
P6 145.90 11.40 26.90 P23 415.70 1.30 57.30 
P7 546.40 83.60 23.50 P24 163.40 11.30 65.20 
P8 500.70 33.50 20.50 P25 240.30 13.60 102.60 
P9 332.90 6.00 43.30 P26 317.90 9.00 29.20 
P10 159.70 39.60 40.90 P27 530.00 25.70 107.30 
P11 332.10 20.20 15.70 P28 424.30 3.40 33.90 
P12 56.90 1.90 6.20 P29 186.40 4.40 36.20 
P13 86.30 4.60 28.30 P30 153.60 27.80 40.90 
P14 243.40 31.90 54.20 P31 278.30 59.40 0.60 
P15 373.90 75.50 31.80 P32 255.40 48.40 1.40 
P16 590.70 20.50 69.10 P33 131.00 35.30 19.70 
P17 173.10 9.10 45.60 - - - - 

The top flexural reinforcement was 12.5 mm bars each ten centimeters and 16 mm bars each fifteen centimeters 
respectively for the x and y directions for column P11 connection, 12.5 mm bars each ten centimeters for the two 
directions for column P23 connection, and 16 mm bars each ten centimeters and 12.5 mm bars each ten centimeters 
respectively for the x and y directions for column P27 connection. 

For the bottom flexural reinforcement was 10 mm bars each ten centimeters for the two directions for column P11 
and P27 connections, and 10 mm bars each fifteen centimeters for the two directions for column P23 connection. For 
the ribs 12.5- or 16-mm bars were used at the bottom and 12.5 mm at the top at the two directions. 

Shear reinforcement was present at all internal connections, designed by the NBR 6118 [10], in four layers, each 
with 4.36 cm2 for the regions of columns P11 and P23, and with 4.98 cm2 for the region of column P27, the first layer 
being 16 cm from the column and the others 24 cm apart. 
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Table 9 presents the acting and strength stress at the studied connections, according to the three codes presented, 
and Figure 14 presents the stress ratio for verifying the stability of the structure. It can be seen that the strength capacity 
is higher than the actual acting load for all three the studied columns regions, and the structure can be considered safe. 

Connections at columns P11, P23 and P27 were chosen as are susceptible to punching shear failures even though 
P27 would be the most susceptible as seen in Figure 14. 

Table 9. Shear stresses at the critical section. 

Codes Stress (MPa) P11 P23 P27 

 𝜏𝜏𝑟𝑟𝑆𝑆3 0.52 0.51 0.56 

 𝜏𝜏𝑠𝑠𝑆𝑆3 0.15 0.19 0.24 

NBR 6118 𝜏𝜏𝑟𝑟𝑆𝑆2 0.61 0.61 0.65 

 𝜏𝜏𝑠𝑠𝑆𝑆2 0.31 0.40 0.52 

 𝜏𝜏𝑟𝑟𝑆𝑆1 5.09 5.09 5.09 

 𝜏𝜏𝑠𝑠𝑆𝑆1 1.29 2.00 1.99 

 𝜎𝜎𝑟𝑟𝑆𝑆3 0.48 0.48 0.52 

 𝜎𝜎𝑠𝑠𝑆𝑆3 0.16 0.20 0.26 

EUROCODE 𝜎𝜎𝑟𝑟𝑆𝑆2 0.52 0.52 0.55 

 𝜎𝜎𝑠𝑠𝑆𝑆2 0.31 0.40 0.52 

 𝜎𝜎𝑟𝑟𝑆𝑆1 5.28 5.28 5.28 

 𝜎𝜎𝑠𝑠𝑆𝑆1 1.29 2.00 1.99 

 𝑣𝑣𝑐𝑐𝑜𝑜𝑢𝑢𝑦𝑦 0.66 0.66 0.66 

ACI 𝑉𝑉𝑢𝑢2 0.14 0.17 0.22 

 𝑣𝑣𝑛𝑛 1.17 1.18 1.17 

 𝑉𝑉𝑢𝑢1 0.43 0.58 0.69 

 
Figure 14. Acting and strength stresses ratio in support. 

Estimations with NBR 6118 [10] and EUROCODE [9] are close, as the acting shear stresses are calculated in almost 
the same way, while the resisting shear stresses differs as the European code has a higher safety factor for the concrete 
strength and limits the top reinforcement ratio and the size effect. 

3.2.2 Integrity reinforcement 
The Table 10 shows the results obtained by the NBR 6118:2014 [10], GSA:2013 [17], CEB:2010 [8] and ACI 

352:2011 [18] codes, for the integrity reinforcement steel areas. The most conservative standard was found, while 
Figure 15 shows a comparison of the reinforcement areas. 



B. C. P. Galdino and G. S. Melo 

Rev. IBRACON Estrut. Mater., vol. 16, no. 3, e16312, 2023 14/19 

Table 10. Integrity reinforcement area. 

Column 𝑵𝑵𝒌𝒌 (kN) NBR 6118 (cm2) GSA (cm2) CEB (cm2) ACI (cm2) 
P11 332.10 13.75 25.55 15.43 5.62 
P23 415.70 17.21 25.55 19.32 4.67 
P27 530.00 21.94 25.55 24.63 5.77 

 
Figure 15. Comparison of reinforcement steel areas. 

It can be seen that the GSA [17] standard is the most conservative in all cases, presenting the largest reinforcement 
areas against progressive collapse, leading to a possibly lower possibility of propagation of a collapse. For P11 it is 
observed that the GSA standard [17] has a steel area 86% larger than the Brazilian standard NBR 6118 [10], as the 
GSA [17] does not consider the support reactions in the calculation of the reinforcement, while for P27 the difference 
is small difference between GSA [17] and CEB [8]. 

3.2.3 Post punching shear pattern 
The analysis of the post punching shear behavior of the slab studied was carried out considering as previous a total 

or partial loss of a slab-column connection after a punching shear failure, comparing the bending moments and column 
reactions, and checking the possibility of the damage being spread through other connections. 

Table 11 shows changes in reaction and in bending moments when slab-column connection P23 is removed, and 
Figure 16 shows the internal connections with the highest variations in percentage. 

Table 11. Reactions and moments of support after P23 punching shear. 

Column 𝑵𝑵𝒌𝒌 (kN) 𝑴𝑴𝒙𝒙 (kNm)  𝑴𝑴𝒚𝒚 (kNm) Column 𝑵𝑵𝒌𝒌 (kN) 𝑴𝑴𝒙𝒙 (kNm)  𝑴𝑴𝒚𝒚 (kNm) 
P1 116.70 9.30 27.90 P17 182.30 7.20 50.10 
P2 99.60 18.10 3.30 P18 520.00 3.20 27.60 
P3 134.60 15.50 43.6 P19 210.10 0.20 18.20 
P4 158.50 32.20 19.4 P20 82.40 5.70 46.60 
P5 217.40 33.80 10.50 P21 117.10 7.90 38.10 
P6 145.40 10.80 27.3 P22 220.10 8.50 35.10 
P7 545.00 82.90 23.3 P23 - - - 
P8 486.40 30.00 22.60 P24 164.50 12.10 63.50 
P9 325.00 7.60 40.40 P25 242.60 16.00 99.70 
P10 160.50 39.30 43.40 P26 334.60 10.40 36.80 
P11 325.70 20.30 12.10 P27 714.30 34.70 105.40 
P12 58.40 1.90 5.90 P28 415.00 1.90 41.00 
P13 85.20 4.70 26.70 P29 185.00 4.20 38.30 
P14 242.30 32.00 59.80 P30 155.40 28.10 43.00 
P15 379.40 74.60 30.60 P31 273.40 54.20 0.50 
P16 752.10 25.20 158.6 P32 245.60 55.70 1.20 

- - - - P33 130.90 34.50 22.20 
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Column P23 was chosen to be removed to guarantee high loads at neighboring internal slab-column connections, 
more susceptible to punching shear failures, and avoiding the periphery columns with beams. 

 
Figure 16. Variation of support reactions after failure at P23. 

As seen in figure 16 the most loaded support following a failure at P23 is slab / column connection P27, presenting 
a 34.8% load increase in comparison with the intact structure, and is investigated. 

Considering a residual strength of 15% in connection P23 the load increase in P27 drops to 29.6%, possibly still a 
high value that could contribute to spread the failure. With integrity reinforcement the residual strength could go up to 
60%, reducing the load increase to 13.9% at P27, practically putting aside the possibility of progressive collapse with 
a 15% residual strength at connection P23 and the presence of the integrity reinforcement. 

Table 12 shows the punching shear stresses in the region of slab column connection P27 when zero or 60% residual 
strength is considered for connection P23, and Figure 17 shows the comparison between the actual acting load and the 
strength capacity for these simulations. 

It can be seen that the integrity reinforcement is effective in reducing the acting and strength stress ratio, preventing 
the possibility of a progressive collapse in the building, according to the NBR 6118 [10] and ACI 318 [16] standards. 

Table 12. Shear stresses in P27 after failure at P23. 

Codes Stress (MPa) P27 No residual reaction in P23 P27 60% of residual reaction in P23 
 𝜏𝜏𝑟𝑟𝑆𝑆3 0.56 0.56 
 𝜏𝜏𝑠𝑠𝑆𝑆3 0.32 0.27 

NBR 6118 𝜏𝜏𝑟𝑟𝑆𝑆2 0.65 0.65 
 𝜏𝜏𝑠𝑠𝑆𝑆2 0.67 0.58 
 𝜏𝜏𝑟𝑟𝑆𝑆1 5.09 5.09 
 𝜏𝜏𝑠𝑠𝑆𝑆1 2.45 2.18 
 𝜎𝜎𝑟𝑟𝑆𝑆3 0.52 0.52 
 𝜎𝜎𝑠𝑠𝑆𝑆3 0.34 0.29 

EUROCODE 𝜎𝜎𝑟𝑟𝑆𝑆2 0.55 0.55 
 𝜎𝜎𝑠𝑠𝑆𝑆2 0.66 0.58 
 𝜎𝜎𝑟𝑟𝑆𝑆1 5.28 5.28 
 𝜎𝜎𝑠𝑠𝑆𝑆1 2.45 2.18 
 𝑣𝑣𝑐𝑐𝑜𝑜𝑢𝑢𝑦𝑦 0.66 0.66 

ACI 𝑉𝑉𝑢𝑢2 0.29 0.25 
 𝑣𝑣𝑛𝑛 1.17 1.17 
 𝑉𝑉𝑢𝑢1 0.88 0.77 
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Figure 17. Shear stresses ratio in P27 for zero and for 60% of residual reaction in P23. 

3.2.4 Predicting the floor remaining capacity following a punching shear failure by the Yield Line Theory 
Assuming that there was a punching shear failure at P23, the flexural capacity of the slab was calculated and the possibility 

of a progressive collapse in the structure was checked, as the Yield Line Method is applied for calculating the remaining capacity 
of the floor after a punching shear had occurred, taking in account all the well anchored flexural reinforcement, according to the 
structural concrete requirements, that crosses the supposed yield line rupture mechanisms and then can provide yielding resisting 
moment. Yield lines were drawn considering that the collapse would be restricted around the damaged slab column region. 
Figure 18 presents a yield line pattern considering a possible slab collapse scenario, assuming negative lines connecting P16, 
P18, P27 and P22, and a positive line connecting P16, P23 and P27. 

 
Figure 18. Positive and negative yield line configuration. 

As seen in Figure 19, after a possible yield line pattern is adopted after a shear punching had occurred, the Virtual 
Work Principle is used to calculate the remaining capacity of the floor by the Yield Line Method, assuming a virtual 
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unitary displacement at the point “J”, in this case where the slab/column connection failed, and all the contributions of 
the hogging and sagging reinforcement is considered, provide it is well anchored and crosses the yield lines. The volume 
of the deformed shape when the virtual unitary displacement (J) is applied is shown in the figure, considering the 
rotations or deformations of the floor. 

 
Figure 19. Deformations of slab – Dimensions in cm. 

Figures 20, 21 and 22 show the positive and negative yielding resisting moments strengths of the floor slab, 
determined taking in account all the well anchored flexural reinforcement that crosses the assumed yield line pattern. 

 
Figure 20. Positive moment strengths in the X direction – Dimensions in cm. 

 
Figure 21. Negative moment strengths in the X direction – Dimensions in cm. 
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Figure 22. Negative moment strengths in the Y direction – Dimensions in cm. 

As in the previous example the Virtual-Work Method was used to calculate the flexural remaining capacity of the 
floor and was estimated as 25.10 kN/m2, more than double of the actual acting load on the flat slab (11.02 kN/m2), with 
practically no possibility of progressive collapse for this yield line pattern tested. 

Having said that, as the Yield Line is a Superior Limit Method another yield line patterns should be tested before 
the possibility of a progressive collapse could have been disregarded. 

As seen the Yield Line Method can be applied to verify the possibility of a progressive collapse following a punching 
shear failure at a connection. 

4 CONCLUSIONS 
The possibility of a second punching failure in sequence and of a progressive collapse following a column 

connection punching shear failure was investigated on a flat slab floor building with 20 x 14 meters in plan with three 
stories and twelve columns (Example 1) and on a waffle slab floor building with 25 x 30 meters in plan with six stories 
and thirty-three columns (Example 2). 

Following a punching shear failure at the most loaded column connection, the remaining most loaded connection was 
checked for a punching shear failure, considering that the first failed column connection could hold zero or 60% of its original 
load, assuming that the connection could hold this amount of its original load when well designed and detailed integrity bottom 
reinforcement was installed at the column connection. The possibility of a progressive collapse at the slab floors after punching 
shear failures had occurred was then checked using the Yield Line Method [6], [7], [11], [22]. 

Regarding the possibility of a second punching shear failure in sequence, when there is no Integrity Reinforcement at the 
failed connection and it cannot hold any load, the three codes (ACI 318 [16], EUROCODE [9] and NBR 6118 [10]) indicate the 
possibility of a second punching shear failure in sequence for the first example, while only EUROCODE [9] and NBR 6118 [10] 
indicate this possibility for the second example. However, when Integrity Reinforcement well designed and detailed was present 
at the column connection only codes EUROCODE [9] and NBR 6118 [10] indicate the possibility a second punching shear 
failure in sequence for the first example, while only EUROCODE [9] indicates this possibility for the second example. 

In respect to the occurrence of a Progressive Collapse of the floor slabs following the punching shear failure, 
investigated by the Yield Line Method and depending on the remaining capacity and the flexural resistance of the floors, 
it was shown that progressive collapse would have happen only for the first example, as the load applied would be 
about two times higher than the resistance of the floor. For the second example the resistance of the floor slab was more 
than double the applied load, securing it against the possibility of a progressive collapse. 

As a general conclusion can be stated that slab column connections should be designed and detailed to prevent 
Progressive Collapse even when a punching shear failure had occurred in one of the connections. The post punching 
shear resistance of the top (hogging) bending reinforcement is low, but well anchored bottom bars going through the 
column (Integrity Reinforcement) can improve up to 60% the residual capacity of the connection [6], [7], [11], [22]. 

And that in flat slabs or plates the global behavior, the possibility of progressive collapse following a punching 
shear failure, and the remaining capacity of the floors depends on the i) post-punching resistance of the connection 
being punched; ii) post-punching resistance of the neighbors’ connections; iii) flexural resistance of the slabs, and that 
it can be well estimated by the Yield Line Method. 
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