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Abstract: This article presents a new proposal to estimate structural capacity models for bridge portfolios. A 
common approach is the use of ductility-based capacity models. Herein, a ductility replacement for curvature 
or drift as engineering demand parameters is conducted, as variability within the bridge’s classes is considered 
in the results and multidirectional pushover analyses are performed to assess a bi-directional load scenario. 
Application of the methodology is exemplified for an inventory of Northeastern Brazilian bridges. Parametric 
analyses are performed by varying the reinforcement ratios to estimate the capacity limit states within the 
range of values used. These results from probabilistic models define the capacity limit state that can be used 
to perform vulnerability assessment of bridges to different hazard sources, such as earthquakes. 

Keywords: structural capacity, parametric analysis, multidirectional pushover analysis. 

Resumo: Este artigo apresenta uma proposta para determinação da capacidade estrutural de portfólios de 
pontes. Uma prática comum é o uso de modelos de capacidade baseados na ductilidade. Neste trabalho, a 
ductilidade é substituída por curvatura ou drift como parâmetros de demanda, uma vez que a variabilidade 
dos parâmetros que definem classes de pontes é considerada nos resultados e análises multidirecionais do tipo 
Pushover são realizadas para avaliar cenários de forças bidirecionais. Uma aplicação da metodologia é 
exemplificada para um inventário de pontes típicas situadas no Nordeste do Brasil. Análises paramétricas são 
realizadas por meio da variação das taxas de armaduras para determinação dos estados-limites dentro dos 
valores estudados. Os resultados dos estados limites de capacidade são informações valiosas para realização 
de estudos de vulnerabilidade de portfólios de pontes para diferentes fontes de ameaça, como sismos. 

Palavras-chave: capacidade estrutural, análise paramétrica, pushover multidirecional. 

How to cite: G. H. F. Cavalcante, E. M. V. Pereira, I. D. Rodrigues, L. C. M. Vieira Júnior, and G. H. Siqueira, “A new methodology to assess the 
structural capacity of bridge portfolios: application in Northeastern Brazilian bridges,” Rev. IBRACON Estrut. Mater., vol. 16, no. 1, e16101, 2023, 
https://doi.org/10.1590/S1983-41952023000100001 

https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0001-7973-3861
https://orcid.org/0000-0003-0436-9676
https://orcid.org/0000-0003-2035-9670
https://orcid.org/0000-0002-0994-3473
https://orcid.org/0000-0002-2416-1701


G. H. F. Cavalcante, E. M. V. Pereira, I. D. Rodrigues, L. C. M. Vieira Júnior, and G. H. Siqueira 

Rev. IBRACON Estrut. Mater., vol. 16, no. 1, e16101, 2023 2/17 

1 INTRODUCTION 

Bridges have fundamental importance in the economic and social development of cities. Such structures, based on 
past earthquake events, can be considered the most vulnerable components in a highway transportation system, as 
highlighted by well-known cases of earthquakes [1]-[3], and other natural hazards [4]-[8]. In order to assess the seismic 
vulnerability of bridges, Performance-based earthquake engineering (PBEE) can be used, since it is a comprehensive 
framework of vulnerability in terms of the expected performance [9]. 

As an essential part of the PBEE framework, there are the fragility functions, which are defined as the conditional 
probability of damage over a range of potential hazard intensities. Therefore, these functions are important tools in 
several analyses, such as in regional seismic risk assessments to estimate the potential for damage or losses due to 
seismic events, or in evaluating the efficiency of seismic design provisions. Fragility assessment requires the 
probabilistic distributions of the demand and the capacity of each component of the system. The demand is the peak 
structural response for a given intensity measure, whereas the capacity depicts the response at the limit states’ 
thresholds. Therefore, in order to generate reliable fragility functions, one needs reliable capacity models for all bridge 
components (e.g., bearing, abutments, columns, deck). Traditionally, these models have been defined in terms of 
qualitative damage states such as slight, moderate, extensive and complete [10] associated with a timeline for the 
restoration of the bridge functionality [11]. 

The columns of a bridge are commonly adopted as a system’s component, since severe damage to them may lead 
to bridge closure or collapse [12]; hence, an adequate determination of the bents' structural capacity probabilistic model 
is of utmost importance. Most studies on fragility analysis of bridges measure damage based on the column’s ductility 
demand ratio [13], i.e., the ratio of the peak structural response and the structural response that causes the first yield on 
a reinforcement bar (yield parameter hereafter). Several researchers [9], [11]-[16] adopt the curvature ductility (µϕ) as 
an engineering demand parameter (EDP) to define column capacity models. This methodology provides probabilistic 
distributions to properly account for uncertainties about the association between quantitative (e.g., curvature ductility 
values) and qualitative damage states. For that, it is necessary to associate expert opinion regarding post-event 
failures  [17] and numerical or experimental results [13], [18], [19]. 

A fragility assessment based on the column’s ductility demand ratio requires an adequate definition of the yield 
parameter (e.g., yield curvature, yield drift, yield displacement). Therefore, analytical equations based on experimental 
results [20]-[23] or numerical approaches through sectional analysis [24] and Pushover analysis (PA) [25] are 
commonly adopted. PA is also used to define the limit state models of several types of structural systems, such as 
buildings [26], bridges [27], and free-form shells [28]. 

PA consists of the application of incremental forces to evaluate the inelastic behavior of a structure in each step 
until collapse, or whether any desired displacement, is reached. This procedure allows the definition of the exact step 
corresponding to the first yield of reinforcing steel, which provides the yield parameter considering the three-
dimensional behavior of the structural system and the section properties in the numerical modeling. 

Bridges’ bents situated in one plane only (e.g., two-column bents) combined with a flexible superstructure 
using elastomeric bearings can be sensitive to torsion [27]. In addition, ground motions comprise three 
translational components, which means that simultaneous seismic demand imposes itself in more than one 
direction (consequently a large resultant demand). Bi-directional loading also increases the strength and 
stiffness degradation of columns [29]-[30]; therefore, the structural capacity model should be consistently able 
to reflect this behavior. This means that the traditional methods [20]-[24] may not be adequate to estimate the 
capacity of bridge bents; however, a multidirectional Pushover procedure can adequately estimate the yield 
parameter for bi-directional horizontal loads. 

In view of the above, this article aims to propose a new probabilistic framework to determine the structural 
capacity model of bridge’s bents coupled with Multidirectional Pushover Analyses (MPA). Nonlinear 
numerical simulations are conducted using finite element models with features of bridges in Northeastern 
Brazil, obtained from a robust background statistical study. The MPA are performed to investigate the effect 
of bi-directional loads on the yield parameter of bridge’s bents in Northeastern Brazil. Given that information 
on the detailing of the existing bridges’ bents is hardly available, parametric analyses are also performed to 
investigate the impact of the column’s reinforcement ratios on the yield parameter. The contribution of this 
study is, therefore, multifold, in the sense that it provides not only insights on the effect of MPA and other 
parameters in the structural capacity probabilistic models, but also contributes to the development of capacity 
models for bridges through a new methodology. 
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2 BRIDGE CHARACTERISTICS AND NUMERICAL MODELING 

2.1 Characteristics and variability of bridges 
There are approximately 5000 bridges located on federal highways in Brazil, under the supervision of the National 

Department of Infrastructure and Transportation (DNIT). About 50% of these bridges are located in Northeastern 
Brazil, which presents one of the highest seismic activities compared to other parts of Brazil [31]-[33]. Furthermore, 
bridges have the worst structural condition countrywide; 6.6% of them require immediate or mid-term interventions, as 
seen in [34]. Recurrent floods in the region also aggravate bridges' condition [7]. These specific effects, however, are 
not explored herein. 

A recent study conducted by [35] evaluated 250 reports of bridges located in Northeastern Brazil and grouped them 
into classes with similar structural characteristics. Table 1 presents the description and representativeness of the bridges’ 
classes, according to the number and spans’ continuity, deck section, number of columns per bents, and type of 
abutments. Cast-in-place and straight concrete bridges supported on elastomeric bearings represent these classes, since 
they represent the vast majority of the reports. 

Table 1. Representativeness and description of the bridges’ classes. 

Bridge’s class Bridge description % 
SS-SD-Abut Single-span, slab deck and non-integral abutments 16.4% 
SS-TB-Abut Single-span, T-beam deck and non-integral abutments 27.6% 

MSC-TB Multi-span continuous, T-beam deck, two column bents and no abutments 17.2% 
MSC-TB-Abut Multi-span continuous, T-beam deck, two column bents and non-integral abutments 6.4% 

Others  32.4% 

Two bridges’ classes with bents (MSC-TB and MSC-TB-Abut) are analyzed herein and represent 23.6% of the total 
of the selected bridges (250). Figure 1 illustrates the geometric properties of the typical bridges’ classes described in 
Table 1. Gravity or U seat-type abutments support MSC-TB-Abut bridge’s classes. All decks of the bridges’ classes 
(MSC-TB and MSC-TB-Abut) are considered supported on elastomeric bearings. 

 
Figure 1. Geometric properties of the bridges’ classes. 
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Several geometric features are adopted as variable to define each bridge’s class, such as: number of spans; span length; slab 
deck width and thickness; T-beam deck width; depth, width and slab thickness; column height and cross section dimensions; 
bent cap length, depth and width; abutment type and dimensions. Discrete and continuous distributions describe independent 
geometric variabilities (i.e., span length and column height). However, some parameter variabilities (i.e., T-beam depth and span 
length) are defined as a function of these independent variables, since strong correlations are observed in [35]. Pearson’s linear 
correlation coefficients (ρxy) are calculated and ρxy > 0.7 is assumed to indicate a strong correlation. The foundations, material 
properties and design details are not informed in the reports. 

2.1.1 MSC-TB bridge’s class variability 
Table 2 summarizes the characterization of the portfolio variabilities for the MSC-TB bridge’s classes. In addition, 

the widths of the T-beams and bent caps are assumed to be 0.4 m, as few reports present this information. Further details 
on distribution and function fits are available in [35]. Geometric parameters (e.g., intermediate span length) fitted by 
normal distributions are truncated using a 5% percentile cutoff point to avoid negative values, which are not physically 
representative. 

Table 2. Characterization of the portfolio variabilities for the MSC-TB bridge’s class [35]. 

Variable Distribution or function Subclass Parameters (m) 

Number of spans (Ns) Discrete - 
Ns = 3 (51.4%) 
Ns = 4 (11.4%) 
Ns = 5 (37.1%) 

Intermediate span length (Lis) Normal - µ = 18.24, σ = 4.79 
and Lis ≥ 10.4 

End span length (Les) Linear regression - Les(Lis) = 0.18 Lis + 1.03 
T-beam depth (Db) Linear regression - Db(Lis) = 0.05 Lis + 0.78 
Deck width (Dw) Lognormal - λ = 2.35 and ζ = 0.14 

Bent cap length (Lbc) Linear regression - Lbc(Dw) = 0.56 Dw + 0.64 
Bent cap depth (Dbc) Linear regression - Dbc(Lbc) = 0.12 Lbc + 0.33 
Slab thickness (Sd) Linear regression - Sd(Lbc) = 0.04 Lbc 
Column height (Hc) Lognormal - λ = 1.25 and ζ = 0.47 

Column diameter (Dc) or width (Wc) Linear regression 11 Dc(Lis) = 0.02 Lis + 0.37 
21 Wc(Lis) = 0.03 Lis + 0.25 

1 Subclass 1 indicates bridges composed of circular columns with 73.7% occurrence 
2 Subclass 2 indicates bridges composed of rectangular columns with 26.3% occurrence 

2.1.2 MSC-TB-Abut bridge’s class variability 
The summary of the portfolio variabilities of the MSC-TB-Abut bridge’s class are illustrated in Table 3. According 

to the reports, some parameters are assumed to have constant values, such as the slab thickness of 0.3 m, deck width of 
10 m, and the width and depth of the bent caps of 0.4 m and 1.0 m, respectively. 

Table 3. Characterization of the portfolio variabilities for the MSC-TB-Abut bridge’s class [35]. 

Variable Distribution or function Subclass Parameters (m) 

Number of spans (Ns) Discrete - 
Ns = 2 (66.7%) 
Ns = 3 (26.7%) 
Ns = 4 (6.6%) 

Span length (Ls) Lognormal - λ = 2.7 and ζ = 0.37 
T-beam depth (Db) Linear regression - Db(Ls) = 0.09 Ls + 0.07 

Bent cap length (Lbc) Lognormal - λ = 1.57 and ζ = 0.04 
Column diameter (Dc) Linear regression - Dc(Ls) = 0.03 Ls + 0.36 
Column height (Hc) Normal - µ = 4.82, σ = 1.58 and Hc ≥ 1.66 

Abutment height (Ha) Lognormal 11 λ = 1.65 and ζ = 0.41 
21 λ = 1.96 and ζ = 0.13 

1 Subclass 1 indicates gravity seat-type abutments with 42.9% occurrence 
2 Subclass 2 indicates U seat-type abutments with 57.1% occurrence 
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2.1.3 Material variability 
Some parameters are not available in the DNIT database, such as compressive strength of concrete (fc), steel yield 

stress (fy) and steel Young’s modulus (Es). Their mean values (µ) and standard deviation (σ) are considered based on 
the literature, as shown in Table 4. Therefore, they are used as material variabilities to create different bridge samples. 
A conservative approach is used in the characterization of the fc values, which is based on the C20 concrete class, since 
77.7% of the age bridges recorded in DNIT reports were built up to 1975 [34]. Furthermore, the steel Young’s Modulus 
is used as 210 GPa [36] for all analyses, as it has a small coefficient of variation value (i.e., about 3% in [37]). 

Table 4. Material variability considered herein. 

Variable Distribution Parameters Reference 
fc (MPa) Normal µ = 26.2 and σ = 4.3 Santiago and Beck [38] 
fy (MPa) Normal µ = 576 and σ = 46.1 Nogueira [39] 

Longitudinal and transverse reinforcement ratios for bent caps are calculated based on the minimum requirements 
of [36], since the T-beams are supported directly on the columns. A longitudinal reinforcement ratio of 1% is adopted 
for the columns according to [40] since Brazilian’s bridges are usually not designed considering seismic detailing. Any 
other seismic details (e.g., shear keys, restrainer cables, elastomeric isolation bearing, steel jacket) were not seen in the 
reports, indicating that these seismic resistance features are not significantly used. In addition, transverse ties with 
diameters of 8 mm and a spacing of 20 cm (ϕ8 each 20) are used in the columns according to [36]. Note that column’s 
reinforcement ratios are studied through parametric analyses in Subsection 4.4. 

2.2 Numerical modeling 
A generic finite-element (FE) model is created using OpenSees [41], which includes variation in geometric features 

and component modeling. The generic FE model is presented in Figure 2, where the dead loads from the superstructure 
are considered to be vertically concentrated at the top of the columns (force P). 

 
Figure 2. Generic FE model and nonlinear beam-column elements model behavior. 

Rigid-link beams are used in vertical direction over the bridge piers to transfer lateral and gravitational loads from 
the deck to the bents. Bent beams and columns are modeled using fiber-type displacement-based beam-column elements 
with spread plasticity. The cross section of the element is divided into several fibers that delineate the regions of 
confined and unconfined concrete and the longitudinal reinforcement steel. The behavior of the uniaxial concrete 
material is based on the model proposed by [42], while the behavior of the reinforcement steel material is described 
by  [43] with an isotropic strain-hardening ratio of 1%. Each column is divided into several elements along their height 
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with an approximate length of 50 centimeters and each bent beam and grade beam is divided into 4 elements along their 
length. The soil-structure interaction is not considered in the analysis and fixed support conditions are applied. 

The numerical model is calibrated with the results of two cyclic experiments, as presented in Figure 3. The first is 
Experiment 5 by [44] in which a single column can simulate a lateral force acting in the longitudinal direction of the 
bridge. Meanwhile, the second experiment represents a frame composed of two columns [45] similar to the structural 
behavior of the bents in the transverse direction. 

 
Figure 3. Numerical model calibration of the columns. 

Note that hysteretic curves depicted in Figure 3 are in fair agreement. More information on the calibration can be 
found elsewhere [46], [47]. 

3 METHODOLOGY 
In this section, the new methodology to estimate the structural capacity of the bridges' bents is described. It is 

proposed to replace the column’s ductility ratio (µ) by a new parameter (e.g., curvature, drift) as an EDP. The 
methodology is divided into the following steps: 
- Definition of the structural response to be adopted as the EDP, for example, section curvature (ϕ) or drift (θ). Note 

that this new EDP needs to be able to be written in function of the ductility ratio, as 𝐸𝐸𝐸𝐸𝐸𝐸 = µ𝐸𝐸𝐸𝐸𝐸𝐸 × 𝐸𝐸𝐸𝐸𝑃𝑃𝑦𝑦 , where 
subscript y refers to the EDP values (e.g., ϕ or θ) in which the first longitudinal reinforcement yields. This approach 
allows the EDP to be obtained directly from the demand analysis, since it is not straightforward to obtain the 
column’s yield parameter value in a portfolio analysis, because in some simulations yielding may not occur; 

- Obtain from the literature, or develop, capacity models based on the column’s ductility ratio that provide a clear 
relation between damage states. These capacity models are defined as median (SC[µEDP|LS]) and logarithmic 
dispersion (βC[µEDP|LS]) for each limit state (LS). These probabilistic distributions consider the uncertainties about 
the association between quantitative and qualitative damage states, as mentioned before. In addition, several authors 
adopt the capacity models based on lognormal distributions [11]-[16]; 

- Generate structural samples considering the variation of physical and geometric parameters to account for their 
variability within the bridges’ classes; 

- Perform PAs (or MPA if a bi-directional load scenario is required) in each structural sample to determine the EDPy values; 
- Fit the EDPy values to a lognormal distribution, described by the median (SC[EDPy]) and the logarithmic dispersion 

(βC[EDPy]). One can also verify if the EDPy values follow a lognormal distribution using a two-sample Kolmogorov-
Smirnov (K-S) test. The dispersion obtained in these analyses would be based on the variability within the bridge’s 
class, and this distribution is not yet associated to a LS; 

- Assuming that there is no correlation between µEDP and EDPy, the distribution of the structural capacity for each 
LS, given by a median SC and a dispersion βC, can be determined from the product between the distributions of µEDP 
and EDPy, given by the following Equations 1 and 2 [48]: 

𝑆𝑆𝐶𝐶[𝐸𝐸𝐸𝐸𝐸𝐸] = 𝑆𝑆𝐶𝐶[𝐸𝐸𝐸𝐸𝑃𝑃𝑦𝑦] × 𝑆𝑆𝐶𝐶[𝜇𝜇𝐸𝐸𝐸𝐸𝐸𝐸|𝐿𝐿𝐿𝐿]  (1) 
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𝛽𝛽𝐶𝐶[𝐸𝐸𝐸𝐸𝐸𝐸] = �𝛽𝛽𝐶𝐶[𝐸𝐸𝐸𝐸𝑃𝑃𝑦𝑦]2 + 𝛽𝛽𝐶𝐶[𝜇𝜇𝐸𝐸𝐸𝐸𝐸𝐸|𝐿𝐿𝑆𝑆]2  (2) 

Figure 4 illustrates a summary of the proposed framework to determine the capacity model of bridge’s bents. As seen in 
Figure 4, the characterization of the EDPy value is based on simultaneous monitoring of the EDP (i.e., section curvature, drift) 
values (pushover curve) and the steel stress (f) values of each longitudinal rebar (stress-strain curve) in the critical section at each 
PA step. In the step in which the first longitudinal rebar yields (f=fy), the EDP value is equal to EDPy. 

 
Figure 4. Methodology for defining a capacity model for bridge’s bents. 

This framework allows a most adequate definition of the yield parameter through nonlinear analyses, and the 
consideration of the variability within a group of structures in the capacity model. In addition, Multidirectional Pushover 
Analyses (MPA) are performed to provide a better estimate of the yield parameter based on a bi-directional load 
scenario, as seen in Figure 5. 

 
Figure 5. Direction of the horizontal force at the top of the bents. 
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The definition of qualitative damage states adopted herein follows [10] prescriptions (Table 5), which are divided 
into slight, moderate, extensive and complete damage. 

Table 5. Description of damaged states. 

Damage state Description 
Slight Minor spalling at the column (damage requires no more than cosmetic repair) 

Moderate Any column experiencing moderate (shear cracks) cracking and spalling 
(column structurally still sound) 

Extensive Any column degrading without collapse – shear failure – 
(column structurally unsafe) 

Complete Any column collapsing 

In order to obtain results from this methodology, 50 structural samples of bridges using the Latin-hypercube 
sampling (LHS) technique [49] are generated with variation of physical and geometric parameters to account 
for their variability within the bridges’ classes. The LHS is used to create a set of nominally identical but 
statistically different bridge samples, which considers a constrained sampling approach instead of randomly 
selected samples. The application of the LHS on the sampling of continuous distributions (independent 
parameters, e.g., span length, column height) is well known, and more information can be found 
elsewhere  [50]. After sampling the independent parameters (e.g., span length), the dependent parameters 
described as linear functions (e.g., T-beam depth) are calculated. The sampling of the subclasses is performed 
based on the probability of occurrence, i.e., 73.7% (37 samples) of the columns of the MSC-TB class have a 
circular section and 26.3% (13 samples) have a rectangular section. 

MPA are performed in each structural sample. In each analysis, the angle of application of the horizontal 
force is varied every 15° from 0° (bridge’s longitudinal direction) to 90° (transverse direction, i.e., bent’s 
plane). The yield curvature (ϕy) and the yield drift (θy) are selected as the yield parameters and are determined 
in each analysis. 

The results of this research are presented in the next section, and divided into subsections, as described below: 
- Comparison of the yield parameters (ϕy and θy) obtained in the MPA with the results of analytical equations proposed 

by  [20]- [23]. This subsection intends to assess whether the use of analytical models properly estimates the yield parameters; 
- Analysis of the influence of the bi-directional load scenario on the yield parameters (ϕy and θy). The main objective 

is to evaluate which parameter is less impacted by the variation of the angle of application of horizontal forces. 
These results help to select the most suitable yield parameter to generate the capacity models; 

- Generation of limit state models for each bridge’s class based on the most suitable yield parameter using the 
proposed methodology in this article.; 

- Parametric analysis considering different columns’ reinforcement ratio using MPA to determine the influence on 
the yield parameter (used in the above-mentioned analysis). The longitudinal reinforcement ratio is varied with 
values of 0.5%, 1.0%, 1.5% and 2%, and the transverse ties with diameters of 8, 10 and 12.5 mm and spacing of 20, 
15 and 10 cm, respectively. From these results for each bridge’s class, analytical equations are proposed to 
extrapolate the yield parameter within a range of analyzed values for reinforcement ratios. Therefore, when this data 
(reinforcement ratios) is available, it will be possible to properly estimate the capacity of these columns. 

4 RESULTS 

4.1 Comparison of analytical and numerical models to obtain yield parameters 
In this subsection, the adequacy of the adoption of analytical models to calculate yield parameters (ϕy and θy) is 

discussed. Priestley et al. [22] proposed Equations 3 and 4 to estimate ϕy and θy, respectively. 

𝜙𝜙𝑦𝑦 = 2,25 × 𝜀𝜀𝑦𝑦
𝐷𝐷𝑐𝑐

  (3) 

𝜃𝜃𝑦𝑦 = 𝜙𝜙𝑦𝑦 × �𝐻𝐻𝑐𝑐+𝐿𝐿𝑠𝑠𝑠𝑠�
2

3×𝐻𝐻𝑐𝑐
  (4) 
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In Equation 3, εy is the yield strain of the longitudinal reinforcement and Dc is the column diameter. In Equation 4, 
Hc is the column height and Lsp is the strain penetration length, as defined in Equation 5. 

𝐿𝐿𝑠𝑠𝑠𝑠 = 0,022 × 𝑓𝑓𝑦𝑦 × 𝛷𝛷𝑏𝑏𝑏𝑏  (5) 

Where fy is the longitudinal reinforcement yield strength and Φbl is the longitudinal reinforcement bar diameter. 
Note that these expressions are proposed for circular columns; therefore, the authors adapted them for rectangular 
columns by replacing Dc with Wc (column width). 

The values of EDPy (ϕy and θy) are calculated using the Equations 3 to 5 for each structural sample per bridge’s 
class, which are independent of the direction of analysis (e.g., longitudinal or transverse directions). Note that each 
sample provides unique parameter values (e.g., column height, column diameter, steel yield strength) to properly 
estimate one EDPy. Each analytical result is related to each EDPy obtained by the MPA for the seven angles of 
application of the horizontal force varying from 0º to 90º, as seen in Figure 6. In Figure 6, the vertical axes indicate the 
yield parameters obtained by the MPA divided by those calculated by the analytical models proposed by Priestley et al. 
[22], and the horizontal axes illustrate the results for each degree analyzed in the MPA. 

The yield curvature results, shown in Figure 6, indicate that there is not a significant effect of the angle of application 
of forces on them, since the mean values range from 0.83 to 0.77 (about 8%) and from 0.86 to 0.84 (about 2%) for the 
MSC-TB and MSC-TB-Abut bridge’s classes, respectively. This influence on yield drift values is clearly stronger, as 
the same variations are around 857% (from 0.67 to 0.07) and 644% (from 0.67 to 0.09), respectively. The standard 
deviation of the MSC-TB results is higher due to the division of the class into circular and rectangular sections, and the 
greater number of variable geometric parameters (e.g., slab thickness, bent cap height), as detailed in Section 2. 

All results in Figure 6 show that the yield parameters obtained with the analytical model are overestimated, except 
one sample that generated higher values of θy through the MPA (Figure 6d). This sample features a bridge with columns 
1.7 m high and 1.4 m in diameter, which is unusual. Note that the LHS technique must be performed with uncorrelated 
parameters to adequately represent a large group of samples with small size data; therefore, it is common to provide a 
small number of samples with unusual characteristics. 

 
Figure 6. Relation between yield parameters obtained by MPA and by an analytical model proposed by Priestley et al. [22] for 

each angle of the MPA. 
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Other studies have also proposed analytical equations to estimate the yield curvature based on experimental 
results, such as Hernández-Montes and Aschleim [20] and Sheikh et al. [23]. [20] studied circular and 
rectangular columns and evaluated the influence of the axial load ratio on the yield curvature; while [23] 
evaluated circular columns to estimate equations based on the axial load ratio, longitudinal reinforcement ratio 
and compressive strength of concrete. Both models also consider the yield strain of the longitudinal 
reinforcement and the dimensions of the column’s cross section, as proposed by Priestley et al. [22]. In 
addition, Brachmann et al. [21] estimated the yield drift values as a function of the axial load ratio only. 

A similar approach is also conducted to assess the suitability of using the analytical models [20]-[23] to 
estimate the yield parameters, which also utilizes the previous results from Figure 6. This intends to verify 
whether the EDPy overestimation (i.e., using Priestley et al. [22] model) is also obtained using the 
aforementioned analytical models [20]-[21] and [23]. Therefore, longitudinal (0º) and transverse (90º) 
directions are evaluated based on the results obtained with the MPA. Figure 7 shows through box-and-whisker 
plots the comparison of yield parameters calculated from the equations proposed by [20]-[23] and determined 
with the MPA. 

 
Figure 7. Relation between yield parameters obtained by MPA and by analytical models proposed by [20]-[23]. 

The results illustrated in Figure 7 indicate that the evaluated analytical equations overestimated the yield curvature. 
The model proposed by Sheik et al. [23] presented more accurate results, as more parameters are used to define ϕy. The 
results obtained using Hernández-Montes and Aschleim [20] are the least accurate, but with the smallest dispersion, 
which is consistent with the equations considering circular and rectangular columns. The yield drift results using 
Brachmann et al. [21] have a significantly greater dispersion, which is attributed to the single consideration of the axial 
load ratio in the equations; however, the results are more accurate with a lower tendency of overestimation. 

Finally, the estimation of the yield parameters using analytical models may underestimate the fragility assessment 
of these bridge’s classes. Therefore, the employment of MPA is certainly a more accurate approach to estimating the 
capacity of bridge’s classes for a fragility assessment. 
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4.2 Comparison and selection of a most suitable EDP 
This subsection presents an analysis of the appropriate EDP (i.e., ϕy or θy) to be adopted in the capacity models of 

the bridge’s bents considering a bi-directional load scenario. The MPA results of ϕy and θy for each degree of force 
application are described in Table 6, which includes the p-values of the two-sample K-S test. A significance level (α) 
of 0.05 is used [28], which means that the data follow a lognormal distribution if the p-value≥α. 

Table 6. Comparison of ϕy and θy using the MPA for the bridge’s classes. 

Yield parameter Degree MSC-TB MSC-TB-Abut 
SC βC p-value1 SC βC p-value1 

ϕy (rad/m) 

0º 0.0072 0.218 0.838 0.0068 0.228 0.498 
15º 0.0070 0.224 0.723 0.0068 0.228 0.573 
30º 0.0069 0.233 0.726 0.0068 0.231 0.597 
45º 0.0068 0.241 0.550 0.0067 0.228 0.632 
60º 0.0066 0.246 0.587 0.0066 0.226 0.625 
75º 0.0066 0.231 0.641 0.0066 0.223 0.716 
90º 0.0069 0.210 0.689 0.0066 0.220 0.615 

θy (%) 

0º 0.784 0.437 0.841 0.903 0.368 0.953 
15º 0.769 0.444 0.891 0.893 0.371 0.937 
30º 0.743 0.454 0.976 0.866 0.378 0.918 
45º 0.678 0.470 0.976 0.789 0.399 0.886 
60º 0.538 0.495 0.979 0.623 0.430 0.935 
75º 0.307 0.521 0.952 0.358 0.450 0.937 
90º 0.082 0.729 0.985 0.118 0.536 0.949 

1 These results indicate p-values from the two-sample K-S test. 

The results indicate that the median values (SC) of column yield curvatures are greater in longitudinal direction (0º) pushover 
analyses than in the transverse direction (90º). This is caused by the reduction of axial forces in the critical column when a 
transverse force or displacement is applied in the top of the bent, since the yielding of the longitudinal rebar occurs by excessive 
elongation. This reduction is directly related to the column height, since the bending moments generated by horizontal transverse 
forces (as a function of column height, bent cap length and number of columns) increase axial forces in an end column and 
decrease at the other extremity. The largest variations in median values and logarithmic dispersion are observed in the yield 
curvature of the MSC-TB bridge’s class, when the angle of the pushover analysis increases. Median values are up to 9.1% (from 
0.0072 to 0.0066), and logarithmic dispersion up to 17.1% (from 0.246 to 0.210). For the MSC-TB-Abut bridge’s class, these 
variations are up to 3.0% and 5.0% for median values and logarithmic dispersions, respectively. 

According to Table 6, the yield drift values are dependent on the angle of application of the forces, since variations 
of 856% in the median values (from 0.784% to 0.082%) and 66.8% in the dispersion values (from 0.437 to 0.729) are 
obtained for the longitudinal and transverse directions considering MSC-TB bridge’s class, respectively. This variation 
is related to the greater structural stiffness in the transverse direction. Finally, it is assumed that the data follow 
lognormal distributions, since all p-values are higher than the adopted significance level. 

The conventional limit state models define lognormal distributions to describe a column's capacity, without 
distinguishing between longitudinal and transverse structural behavior [11]-[16]. Therefore, the results for these 
bridges’ classes indicate the curvature is a better EDP when the forces acting in both directions are significant, since 
the yield drift is more dependent on the angle’s direction. An alternative approach to use a drift-based EDP is to develop 
independent capacity models for longitudinal and transverse directions, as seen in other bridge components (e.g., 
bearings, abutments) [11]-[16]. Based on this discussion, the yield curvature is used in further analyses presented herein. 

4.3 Column limit state capacities 
This subsection presents new limit state capacity models for the bridge’s classes based on the assumption that there is 

no seismic detailing. The first step is to estimate the yield curvature parameter through lognormal distributions (i.e., SC 
and βC). Table 6 shows the probabilistic distributions for each degree of force application; however, only one distribution 
per bridge’s class must be used. Therefore, an attempt to gather all data (i.e., 7 degrees times 50 structural samples per 
bridge’s class) to be fitted by lognormal distributions is conducted. Figure 8 illustrates the results of fitting the data by 
lognormal distributions, graphically shown by empirical and lognormal cumulative distribution functions (CDF). 
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Figure 8. Two-sample K-S test results for the bridge’s classes, considering all data (350 analyses per class). 

The results indicate that these data do not follow lognormal distributions (p-value < α). Therefore, the mean values 
of ϕy are calculated for each structural sample, totaling 50 values of ϕy per bridge’s class, i.e., the mean results of the 
angle variations are used hereafter. The p-values results of the two-sample K-S test using mean values of ϕy are 0.857 
and 0.537 for the MSC-TB and MSC-TB-Abut bridge’s classes, respectively. Table 7 presents the results of the 
parameters that describe the lognormal distributions of ϕy. 

The next step on developing limit state capacity models is to define the probabilistic distributions of curvature ductility ratios. 
Therefore, the models proposed by [11] are used, since poorly confined concrete columns are adopted in the study. Using 
Equations 1 and 2, the column’s capacity models for each bridge’s class are proposed, as seen in Table 7. 

Table 7. Column’s capacity models for typical bridges in Northeastern Brazil. 

Bridge’s class Damage state µϕ|LS ϕy EDP: ϕLS1 
SC[µϕ] βC[µϕ] SC[ϕy] βC[ϕy] SC[ϕ] βC[ϕ] 

MSC-TB 
Slight 1.29 0.59 

0.0069 0.227 
0.0089 0.632 

Moderate 2.10 0.51 0.0145 0.558 
Extensive 3.52 0.64 0.0243 0.679 
Complete 5.24 0.65 0.0362 0.688 

MSC-TB-Abut 
Slight 1.29 0.59 

0.0067 0.226 
0.0086 0.632 

Moderate 2.10 0.51 0.0141 0.558 
Extensive 3.52 0.64 0.0236 0.679 
Complete 5.24 0.65 0.0351 0.688 

1 Indicates the proposed column’s capacity model 

Figure 9 illustrates the probability density functions (PDF) for column’s limit state models of each bridge’s class. 
These capacity models may be used for further fragility assessments of this bridge inventory. 

 
Figure 9. PDF for column’s capacity models. 
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4.4 Parametric analyses 
This subsection presents a parametric analysis of column reinforcement ratios (i.e., longitudinal and transverse) to 

study their impact on the yield curvature (ϕy). Note that these ratios are unknown on a regional scale, and these results 
intend to extrapolate limit state capacities of columns. All results presented herein consider the variation of the angle 
of application of the forces (i.e., mean values of ϕy) and its influence is not evaluated separately. 

An approach similar to the one presented in Section 4.3 is used, where the same 50 structural samples per bridge’s 
class are analyzed varying the angle of application by 15º to perform the PA with each reinforcement configuration. 
Table 8 presents the results of the yielding curvature for each configuration of longitudinal reinforcement ratio and 
transverse ties. 

Table 8. Yielding curvature results for different reinforcement ratios. 

Longitudinal reinforcement ratio (ρ) Distribution of transverse ties 
Yielding curvature (rad/m) 
MSC-TB MSC-TB-Abut 
Sc βC Sc βC 

0,50% 
ϕ8 s/20 0.00659 

0.223 
0.00642 

0.223 ϕ 10 s/15 0.00664 0.00646 
ϕ 12.5 s/10 0.00668 0.00649 

1,00% 
ϕ8 s/20 0.00683 

0.225 
0.00665 

0.226 ϕ 10 s/15 0.00687 0.00669 
ϕ 12.5 s/10 0.00691 0.00672 

1,50% 
ϕ8 s/20 0.00706 

0.228 
0.00686 

0.229 ϕ 10 s/15 0.00711 0.00691 
ϕ 12.5 s/10 0.00714 0.00693 

2,00% 
ϕ8 s/20 0.00726 

0.230 
0.00706 

0.229 ϕ 10 s/15 0.00730 0.0071 
ϕ 12.5 s/10 0.00733 0.00713 

The variation in dispersion due to the increase of the transverse reinforcement ratio is less than 0.4%, which is neglected 
in the results. The average variation in the median of the yield curvature due to the increase of the lower to the upper values 
of the transverse reinforcement ratio is 1.09%, which is about ten times less than the average variation due to the increase 
in the longitudinal reinforcement ratio (9.93%). By increasing the longitudinal reinforcement four times, the dispersion 
varies up to 3.14%. Therefore, the increase in the transverse reinforcement ratio does not significantly influence the yield 
curvature results, which agrees with the results observed in [51]; however, the confinement effect may increase the ductility 
demand ratios (or capacity ratios) associated with each limit state (Table 7), which is not considered herein. Experimental 
results indicate that increasing the transverse reinforcement ratio causes an increase in ductility levels, dissipated energy 
and equivalent viscous damping [51], since the role of stirrups is to enhance confinement effect, to restrain the lateral 
expansion of concrete, thus modifying the concrete stress-strain constitutive law and enabling higher compression strains 
and higher ductility [52]. 

Using all the analysis results, a linear regression is performed in the logarithmic space to determine median values 
of the yield curvature (Sc) as a function of the longitudinal reinforcement ratio (ρ), as presented in Figure 10, since the 
impact of the transverse reinforcement ratio is neglected. Furthermore, the logarithmic standard deviation is assumed 
to have a constant value (Equation 7), which is consistent with the low variation obtained, as shown in Table 7. The 
linear relation is established (Equation 6), where a and b are the regression coefficients. 

𝑙𝑙𝑙𝑙 (𝑆𝑆𝐶𝐶)  =𝑙𝑙𝑙𝑙 (𝑎𝑎)  + 𝑏𝑏 ×𝑙𝑙𝑙𝑙 (𝜌𝜌)  (6) 

The logarithmic standard deviation of the capacity (βc) is calculated through the same linear regression, as shown 
in Equation 4. 

𝛽𝛽𝑐𝑐 ≅ �∑�𝑙𝑙𝑙𝑙 �𝜙𝜙𝑦𝑦𝑦𝑦� −𝑙𝑙𝑙𝑙 �𝑎𝑎×𝜌𝜌𝑏𝑏� �

𝑁𝑁−2
  (7) 
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where N is the number of simulations and 𝜙𝜙𝑦𝑦𝑦𝑦 are the mean yield curvature values of each simulation i. The dispersion 
values determined are constant (0.23) and compatible with those found in Table 7. 

 
Figure 10. Linear regression of the median values of ϕy as a function of ρ. 

Equations 8 and 9 define the relationship between the median values of ϕy and ρ for the MSC-TB and MSC-TB-
Abut bridges’ classes, respectively. Therefore, it allows defining the distribution of capacity for different values of the 
longitudinal reinforcement ratios. 

𝑙𝑙𝑙𝑙 (𝑆𝑆𝐶𝐶)  =  −4.99 + 0.09 × 𝑙𝑙𝑙𝑙 (𝜌𝜌)  (8) 

𝑙𝑙𝑙𝑙 (𝑆𝑆𝐶𝐶)  =  −5.02 + 0.11 × 𝑙𝑙𝑙𝑙 (𝜌𝜌)  (9) 

5 CONCLUSIONS 
This article presents a new proposal to estimate the structural capacity analysis for typical bridge bents in 

Northeastern Brazil. Multidirectional pushover analyses are performed to assess the influence of the angle of application 
of the force in the bridge bents. Drift and curvature are evaluated as yield parameters for excitation loads that occur at 
two horizontal component forces (i.e., earthquakes). The results of analytical models used herein overestimate the yield 
parameters when compared to the MPA results. In addition, the yield drift is more sensitive to the angle of application 
of the forces, which presents a variation up to 856% in the median drift values obtained in the longitudinal and 
transverse directions to the first reinforcement yielding of the critical section. Therefore, the curvature is adopted as 
EDP for the new methodology proposed here, as it presents a better performance in a multidirectional pushover analysis 
with less variation in the results (up to 19%). Finally, capacity limit states are provided, considering uncertainties about 
the association between quantitative and qualitative damage states and variability within the bridge’s classes. 

Parametric analyses are performed to assess the impact of longitudinal and transverse reinforcement ratios on the structural 
capacity of the bents. The results show that the variation in the longitudinal reinforcement ratio has a greater influence on the 
yield curvature. The definition of the ductility demand ratios for the bridge portfolio is a gap in the study, since values suggested 
in the literature are adopted for other bridge configurations. The results of the parametric analyses enable the generation of linear 
relations between the yield curvature and the reinforcement ratios. Such relations are useful to estimate capacity models for 
probabilistic or deterministic vulnerability assessments ([11]-[17] and [53]) or displacement-based design procedures [54]. The 
former is particularly useful in Brazil, given the lack of studies that developed such relations, and the variety of old and new 
bridges designed according to different codes (consequently, different reinforcement ratios). 

The capacity limit states obtained herein are valuable information to perform a vulnerability analysis of the bridge 
portfolio by several different hazard sources, such as earthquakes, hurricanes and explosions. In addition, these results 
may be used in other bridge portfolios with geometric and physical characteristics similar to the bridge bents analyzed 
herein. 
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Abstract: Reinforced concrete beams are subjected to bending, torsion and shear simultaneously. The 
interaction of combined loading is complex and demands a unified model for analysis and design. Using the 
models from NBR 6118/2014 (variable angle truss model with parallel chords) and AASHTO LRFD Bridge 
Design Specifications 2014 (Modified Compression Field Theory), an algorithm was created, converting the 
resistance problem into a constrained optimization problem and generating an interaction surface that also 
displays the active constraints for each degree of interaction. Applying it to three beams previously tested, the 
experimental data was plotted against the surface obtained by the standards. The procedure and its 
optimization approach were efficient and effective in predicting the beams’ resistance. Comparison between 
the interaction surfaces, empirical data and existing literature showed the procedure and the standards were 
consistent and its application simple and practical. 

Keywords: reinforced concrete, bending, torsion, shear, interaction, optimization, NBR 6118, AASHTO 
LRFD. 

Resumo: Vigas de concreto armado estão sujeitas a esforços de flexão, torção e cortante, muitas vezes 
simultaneamente. A interação entre esses é um fenômeno complexo, que exige um modelo unificado de 
análise e dimensionamento. Seguindo os modelos da NBR 6118/2014 (treliça generalizada de banzos 
paralelos) e AASHTO LRFD Bridge Design Specifications 2014 (Teoria do Campo de Compressão 
Modificada), implementou-se um algoritmo que transforma o problema de resistência em um problema de 
otimização com restrições, gerando uma superfície de interação com indicações das restrições ativas em cada 
grau de interação. Aplicando o procedimento para três vigas ensaiadas anteriormente, plotaram-se os 
resultados experimentais sobre a superfície obtida pelas normas. O procedimento e sua abordagem de 
otimização foram eficientes e eficazes em prever a resistência das vigas analisadas. A comparação das 
superfícies de interação com dados experimentais e resultados da literatura mostrou a consistência do 
procedimento e das normas, e sua aplicação se mostrou prática e simples. 

Palavras-chave: concreto armado, flexão, torção, cortante, interação, otimização, NBR 6118, AASHTO 
LRFD. 
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1 INTRODUCTION 
Reinforced concrete beams are subjected to bending, torsion and shear forces, with several mechanical and empirical 

models available for design and analysis considering each one of these separately. Most structural elements withstand 
a combined action, however. In order to analyze this interaction, many engineers resort to simplified procedures or 
completely ignore this phenomena, due to the complexity of standards procedures and the lack of unanimity around a 
straightforward mechanical and rational model [1]. 

While flexure theory has been around since the 17th century and is well established for reinforced concrete since the 
1960s, the most popular model for shear and torsion (truss/strut-and-tie model) is relatively new, developed by Ritter 
and Morsch in the beginning of the 20th century. Even the most modern and complete models still carry some empiricism 
and needs some validation for some situations [2], [3]. Other than generalized truss models using equilibrium or 
compatibility, recent research has suggested different models such as trusses with crack friction, disturbed stress fields, 
finite element applications, simplified model for combined stress resultants and shear friction [4], [5]. 

The sheer number of variables involved in the shear problem make it very difficult for experiments to be interpreted. 
Also, shear and interaction tests are hard to perform in a practical and reliable manner. These factors combined hinder 
the proposal of a simple and complete method for analysis and design [6]. Compared to the flexure procedure, standards 
still use too many equations, suggest overconservative simplifications, or require the use of iterative methods for shear. 
The goal of this paper is to show an automatic method with an optimization approach that allows the use of the complete 
procedures proposed by two standards: NBR 6118/2014 and AASHTO LRFD 2014. The proposed algorithm generates 
full shear-torsion- bending interaction surfaces, allowing the verification of the standards consistency with experimental 
data from the literature. 

2 PROPOSED METHOD 
Given: T, M and V (torsion moment, bending moment and shear force) acting on a beam; r an action multiplier (a 

non-dimensional variable between 0 and 1 - the “magnitude” of forces); and Fmax the maximum resistance of the force 
F acting alone; the geometric relationship shown in Figure 1 is obtained. 𝛼𝛼𝑟𝑟  𝑎𝑎𝑎𝑎𝑎𝑎 𝛽𝛽𝑟𝑟 control the interaction between the 
actions, obtained by Equations 1, 2 e 3. To obtain the resistance of the section for an interaction degree (𝛼𝛼𝑟𝑟  𝑎𝑎𝑎𝑎𝑎𝑎 𝛽𝛽𝑟𝑟), r 
must be maximized, increasing the actions until failure. This results in Problem 1 (Figure 2), where a constraint A 
(action) < R (resistance) represents a standard’s verification. 

𝑀𝑀 = 𝑀𝑀𝑚𝑚𝑚𝑚𝑚𝑚𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝛽𝛽𝑟𝑟  (1) 

𝑇𝑇 = 𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝛽𝛽𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝑟𝑟  (2) 

𝑉𝑉 = 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝛽𝛽𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝑟𝑟  (3) 

 
Figure 1: Relationship between torsion moment, bending moment and shear force. 
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Figure 2: Subroutine for Problem 1. 

This approach was taken from Obel [7], extended to 3D and solved using a SQP algorithm from commercial 
software MATLAB. The algorithms are available on SciELO Data [8]. 

3 STANDARDS’ PROCEDURES 

3.1 NBR 6118/2014 
NBR 6118/2014 uses load and resistance factored design, with statistical coefficients for each limit state to consider 

variability, uncertainty, precision, simultaneity and importance of the phenomena analyzed. Thus, in the ultimate limit 
state, design must ensure the design action 𝐹𝐹𝑆𝑆𝑆𝑆 is inferior to design resistance 𝐹𝐹𝑅𝑅𝑅𝑅. This section shows its prescriptions 
for shear, torsion, flexure and interaction in beams [9]. 

Shear 
The standard allows two calculation models based on the generalized truss with parallel chords, considering 

concrete struts inclined at 𝜃𝜃 and transverse steel ties inclined at 𝛼𝛼 with some concrete contribution in tension. 
Model II permits a variation of the inclination of the struts 𝜃𝜃 between 30º and 45º, while model I sets the angle 
of the diagonals at 45º, in a conservative simplification. Thus, this article will focus on the demonstration of 
Model II [9]. 

To check the inclined concrete struts between the diagonal cracks, vertical equilibrium is applied on the left section 
of Figure 3a and 3b, finding 𝑅𝑅𝑐𝑐𝑐𝑐, the force on the struts as a function of the shear force 𝑉𝑉𝑆𝑆𝑆𝑆 (Equation 4). The 
compression stress on the struts 𝜎𝜎𝑐𝑐𝑐𝑐 is shown in Figure 3c and is given by Equation 5, using the beam width b𝑤𝑤 and 
lever arm 𝑧𝑧. 

𝑅𝑅𝑐𝑐𝑐𝑐 = 𝑉𝑉𝑆𝑆𝑆𝑆/ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  (4) 

𝜎𝜎𝑐𝑐𝑐𝑐 = 𝑅𝑅𝑐𝑐𝑐𝑐
𝑏𝑏𝑤𝑤×𝑧𝑧×(𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐+𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)×𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

  (5) 

Substituting Equation 4 in Equation 5, Equation 6 is obtained. At failure, the compression stress on the strut 
reaches concrete compression resistance, which is 70% of the usual maximum 0.85𝑓𝑓𝑐𝑐𝑐𝑐, due to the biaxial stress 
nature of the truss model. A reduction factor 𝛼𝛼𝑣𝑣2 is considered, to adapt the cylinder test result that originates 
𝑓𝑓𝑐𝑐𝑐𝑐 to the shape of the concrete struts (Equation 7). Assuming the lever arm z is 90% of the effective depth d, 
Equation 6 turns to Equation 8 (shear force. 𝑉𝑉𝑆𝑆𝑆𝑆 reaches the strut shear resistance VRd2). 

Maximize r = 𝑓𝑓(𝑟𝑟,𝛼𝛼𝑟𝑟 ,𝛽𝛽𝑟𝑟) 

r ∈ ℝ | 𝛼𝛼𝑟𝑟 ,𝛽𝛽𝑟𝑟  ∈ [0, π
2
] 

 

Subject to: 𝑆𝑆(𝑟𝑟,𝛼𝛼𝑟𝑟 ,𝛽𝛽𝑟𝑟) ≤ R(𝑟𝑟,𝛼𝛼𝑟𝑟 ,𝛽𝛽𝑟𝑟) 
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Figure 3: Generalized truss model with parallel chords [10]. 

𝜎𝜎𝑐𝑐𝑐𝑐 = 𝑉𝑉𝑆𝑆𝑆𝑆
𝑏𝑏𝑏𝑏×𝑧𝑧×(𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐+𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼)×𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃

  (6) 

𝛼𝛼𝑣𝑣2 = 1 − 𝑓𝑓𝑐𝑐𝑐𝑐
250

  (7) 

𝑉𝑉𝑆𝑆𝑆𝑆 = 𝑉𝑉𝑅𝑅𝑅𝑅2 = 0.54 × 𝛼𝛼𝑣𝑣2 × 𝑓𝑓𝑐𝑐𝑐𝑐 × 𝑏𝑏𝑤𝑤 × 𝑑𝑑 × 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃2 × (𝑐𝑐𝑐𝑐𝑐𝑐 θ + 𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼)  (8) 

The ties resist shear though a steel contribution 𝑉𝑉𝑠𝑠𝑠𝑠 and a concrete contribution 𝑉𝑉𝑐𝑐𝑐𝑐. The force acting on the stirrups 
𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠 is obtained by vertical equilibrium on the right section of Figure 3b e 3d, resulting in Equation 9. Being the number 
of stirrups (spaced at s distance) crossing a diagonal crack 𝑛𝑛𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 given by Equation 10 and considering them to yield at 
𝑓𝑓𝑦𝑦𝑦𝑦 stress, the maximum force developed by the vertical hoops is given by Equation 11. At failure, the force on the 
stirrups reaches the maximum possible force developed by the steel (Equation 12). 

𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠 × 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑉𝑉𝑠𝑠𝑤𝑤  (9) 

𝑛𝑛𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑧𝑧×(𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐+𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)
𝑠𝑠

  (10) 

𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠 = 𝐴𝐴𝑠𝑠𝑠𝑠×𝑓𝑓𝑦𝑦𝑦𝑦×0.9𝑑𝑑×(𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐+𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)

𝑠𝑠
  (11) 
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𝑉𝑉𝑠𝑠𝑠𝑠 = 𝐴𝐴𝑠𝑠𝑠𝑠×𝑓𝑓𝑦𝑦𝑦𝑦×0.9𝑑𝑑×(𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐+𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)×𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

𝑠𝑠
  (12) 

Using a similar procedure on the sections from Figure 4, the concrete contribution 𝑉𝑉𝑐𝑐𝑐𝑐, is given by Equation 13, as 
a function of the concrete tension design resistance 𝑓𝑓𝑐𝑐𝑐𝑐𝑐𝑐. This must be diminished, however, to account for the cracking 
of the section depending on the bending moment and relative shear force, according to Equations 14, 15 and 16. At 
failure, shear design force equals the shear resistance of the ties VRd3 given by Equation 17, adding steel and concrete 
contribution. 

 
Figure 4: Concrete contribution to the ties [10]. 

𝑉𝑉𝑐𝑐𝑐𝑐 = 𝑏𝑏𝑤𝑤 × 0.9𝑑𝑑 × 𝑓𝑓𝑐𝑐𝑐𝑐𝑐𝑐 × 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

  (13) 

𝑉𝑉𝑐𝑐0 = 0.6 × 𝑓𝑓𝑐𝑐𝑐𝑐𝑐𝑐 × 𝑏𝑏𝑤𝑤 × 𝑑𝑑  (14) 

𝑉𝑉𝑐𝑐1 = 𝑉𝑉𝑐𝑐0 × (𝑉𝑉𝑆𝑆𝑆𝑆−𝑉𝑉𝑅𝑅𝑅𝑅2)
(𝑉𝑉𝑐𝑐0−𝑉𝑉𝑅𝑅𝑅𝑅2)

  (15) 

𝑉𝑉𝑐𝑐 = �

0, 𝑓𝑓𝑓𝑓𝑓𝑓 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 − 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
𝑉𝑉𝑐𝑐1, 𝑓𝑓𝑓𝑓𝑓𝑓 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 − 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

𝑉𝑉𝑐𝑐1 + �1 + 𝑀𝑀0
𝑀𝑀𝑆𝑆𝑆𝑆

� , 𝑓𝑓𝑓𝑓𝑓𝑓 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑢𝑢𝑢𝑢𝑢𝑢 − 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑀𝑀0 𝑡𝑡ℎ𝑒𝑒 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
  (16) 

𝑉𝑉𝑆𝑆𝑆𝑆 = 𝑉𝑉𝑅𝑅𝑅𝑅3 = 𝑉𝑉𝑠𝑠𝑠𝑠 + 𝑉𝑉𝑐𝑐  (17) 

To verify the parallel chords, horizontal equilibrium is observed in Figure 3b, finding the force on the tensioned 
chord 𝑅𝑅𝑠𝑠𝑠𝑠,𝑣𝑣 in Equation 18, which generates Equation 19 using previous equations. Also, the bending moment induces 
a tension force on the bottom chord, given by Equation 20. Thus, the bottom chord is tensioned by a force given by 
Equation 21. This force must be inferior to the yielding force of the bottom steel area 𝐴𝐴𝑠𝑠𝑠𝑠,𝑖𝑖𝑖𝑖𝑖𝑖 (Equation 22). 
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2𝑅𝑅𝑠𝑠𝑠𝑠,𝑣𝑣 = 𝑅𝑅𝑐𝑐𝑐𝑐 × 𝑐𝑐𝑐𝑐𝑐𝑐θ − 𝑅𝑅𝑠𝑠𝑠𝑠 × 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  (18) 

𝑅𝑅𝑠𝑠𝑠𝑠,𝑣𝑣 = 𝑉𝑉𝑆𝑆𝑆𝑆(𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 − 𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼)/2  (19) 

𝑅𝑅𝑠𝑠𝑠𝑠,𝑚𝑚 = 𝑀𝑀𝑆𝑆𝑆𝑆
𝑧𝑧

  (20) 

𝑅𝑅𝑠𝑠𝑠𝑠 = 𝑀𝑀𝑆𝑆𝑆𝑆
𝑧𝑧

+ 𝑉𝑉𝑆𝑆𝑆𝑆(𝑐𝑐𝑐𝑐𝑐𝑐 θ − 𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼 )/2  (21) 

𝑀𝑀𝑆𝑆𝑆𝑆
𝑧𝑧

+ 0.5𝑉𝑉𝑆𝑆𝑆𝑆(𝑐𝑐𝑐𝑐𝑐𝑐 θ − 𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼 ) < 𝑓𝑓𝑦𝑦𝑦𝑦 × 𝐴𝐴𝑠𝑠𝑠𝑠,𝑖𝑖𝑖𝑖𝑖𝑖  (22) 

Torsion 
For torsion, NBR 6118/2014 considers a similar model: generalized space truss with parallel chords, considering 

inclined concrete struts and transverse steel ties without concrete contribution. The space truss geometry is obtained 
using the thin-walled tube analogy (Figure 5). The struts inclination must be compatible with the one assumed for shear, 
using either Model I or Model II, but the latter will be the focus of this article, for generalization [9]. 

The equivalent section is comprised of four perpendicular walls, comprised of connected plane trusses with diagonal 
struts, transverse steel ties and longitudinal steel parallel chords. Considering spalling of the section under torsion, the 
equivalent section is a function of the original dimensions, section perimeter u and the distance from the corner steel 
centroid to the lateral face (𝑐𝑐1). Its thickness ℎ𝑒𝑒 spans between values from Equation 23 and Equation 24. Its middle 
line perimeter 𝑢𝑢𝑒𝑒 is given by Equation 25 and its enclosed area 𝐴𝐴𝑒𝑒 is obtained from Equation 26. 

ℎ𝑒𝑒,𝑚𝑚𝑚𝑚𝑚𝑚 = �𝑚𝑚𝑚𝑚𝑚𝑚 �
𝐴𝐴𝑐𝑐
𝑢𝑢

, 𝑏𝑏𝑤𝑤 − 2𝑐𝑐1� , 𝑖𝑖𝑖𝑖 𝐴𝐴𝑐𝑐
𝑢𝑢

< 2𝑐𝑐1
2𝑐𝑐1, 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

  (23) 

ℎ𝑒𝑒,𝑚𝑚𝑚𝑚𝑚𝑚 = �
ℎ𝑒𝑒,𝑚𝑚𝑚𝑚𝑚𝑚, 𝑖𝑖𝑖𝑖 𝐴𝐴𝑐𝑐

𝑢𝑢
< 2𝑐𝑐1

𝐴𝐴𝑐𝑐
𝑢𝑢

, 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
  (24) 

𝑢𝑢𝑒𝑒 = �𝑢𝑢 − 8𝑐𝑐1, 𝑖𝑖𝑖𝑖 𝐴𝐴𝑐𝑐
𝑢𝑢

< 2𝑐𝑐1
𝑢𝑢 − 4ℎ𝑒𝑒 , 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

  (25) 

𝐴𝐴𝑒𝑒 = �
(𝑏𝑏𝑤𝑤 − 2𝑐𝑐1) × (ℎ − 2𝑐𝑐1), 𝑖𝑖𝑖𝑖 𝐴𝐴𝑐𝑐

𝑢𝑢
< 2𝑐𝑐1

(𝑏𝑏𝑤𝑤 − ℎ𝑒𝑒) × (ℎ − ℎ𝑒𝑒), 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
  (26) 
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Considering the shear flow on the wall q is the ratio of the shear stress over the wall thickness t and applying moment 
equilibrium, Equation 27 gives the relation between torsion and shear flow. The shear force is the product between the 
shear flow and its length, which leads to Equation 28 giving the shear force on the walls due to torsion. 

Using a section of the vertical wall like Figure 6, and considering that the 𝑛𝑛𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 ties crossing a diagonal crack 
(Equation 29) yield at 𝑓𝑓𝑦𝑦𝑦𝑦𝑦𝑦, vertical equilibrium gives the maximum shear force resisted by each vertical wall 
(Equation 30). Applying Equation 28, the maximum torsion resisted by each leg 𝐴𝐴𝑡𝑡 of the stirrups is given by 
Equation 31. The shear path enclosed area is taken as 𝐴𝐴e. Concrete under tension doesn’t contribute, due to cracking 
caused by torsion [11]. 

 
Figure 5: Thin-walled tube analogy and generalized space truss [12]. 

𝑇𝑇 = 2𝑞𝑞𝐴𝐴0  (27) 

𝑉𝑉1 = 𝑉𝑉3 = 𝑇𝑇
2𝐴𝐴𝑜𝑜

× 𝑥𝑥𝑜𝑜 𝑒𝑒 𝑉𝑉2 = 𝑉𝑉4 = 𝑇𝑇
2𝐴𝐴𝑜𝑜

× 𝑦𝑦𝑜𝑜  (28) 

 
Figure 6: Section of the vertical wall detailing the stirrups force [12]. 
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𝑛𝑛𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑦𝑦𝑜𝑜
𝑠𝑠

× 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  (29) 

𝑉𝑉2 = 𝐴𝐴𝑡𝑡𝑓𝑓𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑜𝑜
𝑠𝑠

× 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  (30) 

𝑇𝑇𝑅𝑅𝑅𝑅3 = 2𝐴𝐴𝑒𝑒𝐴𝐴𝑡𝑡𝑓𝑓𝑦𝑦𝑦𝑦𝑦𝑦
𝑠𝑠

× 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  (31) 

Using a different section of the vertical walls (Figure 7), and using vertical and horizontal equilibrium, it is possible 
to obtain the compression force on struts 𝐷𝐷2 (Equation 32) and the tension force on the chords N (Equation 33). Using 
Equation 28, these actions can be related to the torsion, resulting in (Equation 34) and (Equation 35). At failure, total 
steel area 𝐴𝐴𝑠𝑠,𝑡𝑡𝑡𝑡𝑡𝑡 of the parallel chords yield, giving the maximum torsion resisted by them 𝑇𝑇𝑅𝑅𝑅𝑅4 (Equation 36). 
Assuming the same as for shear, at failure the concrete struts reach its strength, which gives its torsion resistance 𝑇𝑇𝑅𝑅𝑅𝑅2 
(Equation 37) [13]. 

 
Figure 7: Section of a vertical wall of the truss detailing the chords and struts forces [12]. 

𝐷𝐷2 = 𝑉𝑉2
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

  (32) 

𝑁𝑁 = 2(𝑉𝑉1 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 + 𝑉𝑉2 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃)  (33) 

𝑁𝑁 = 𝑇𝑇
2𝐴𝐴0

2(𝑥𝑥0 + 𝑦𝑦0) 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 = 𝑇𝑇
2𝐴𝐴0

𝑝𝑝𝑜𝑜 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃  (34) 

𝜎𝜎𝑐𝑐𝑐𝑐 = 𝑉𝑉2
𝑡𝑡𝑦𝑦0 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃

=
𝑇𝑇

2𝐴𝐴𝑜𝑜
×𝑦𝑦𝑜𝑜

𝑡𝑡𝑦𝑦0 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃
= 𝑇𝑇

2𝑡𝑡𝐴𝐴0 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃
  (35) 

𝑇𝑇𝑅𝑅𝑅𝑅4 = 2𝐴𝐴𝑒𝑒𝐴𝐴𝑠𝑠,𝑡𝑡𝑡𝑡𝑡𝑡𝑓𝑓𝑦𝑦𝑦𝑦 𝑡𝑡𝑡𝑡𝑡𝑡𝜃𝜃

𝑢𝑢𝑒𝑒
  (36) 
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𝑇𝑇𝑅𝑅𝑅𝑅2 = 0.5 × 𝛼𝛼𝑣𝑣2 × 𝑓𝑓𝑐𝑐𝑐𝑐 × 𝑡𝑡 × 𝐴𝐴𝑒𝑒 × 𝑠𝑠𝑠𝑠𝑠𝑠 2𝜃𝜃  (37) 

In summary, torsion design according to NBR 6118/2014 aims to ensure that torsion design load 𝑇𝑇𝑆𝑆𝑆𝑆 is inferior to 
the struts, ties and chords resistance TRd2, TRd3 and TRd4. 

Bending moment and interaction 
The Brazilian standard uses flexure basic assumptions: plane sections remain plane, perfect steel-concrete bond and 

constitutive relationships for concrete and steel, neglecting the cracked concrete under tension. Failure is considered to 
happen under certain domains, where concrete maybe crushed, steel may yield or a combination of both (Figure 8) [9]. 

 
Figure 8: Failure domains for flexure [9]. 

In this article, domains 2 and 3 will be used to obtain bending resistance, where compressed concrete is crushed, 
and steel is beyond yielding strain. Maximum compression stress is approximated by a stress block and its height a is 
a fraction of the neutral line height c. The acting design bending moment MSd must be inferior to the bending developed 
by the compression-tension couple that act on the lever arm z. This may be considered 90% of the effective height d or 
a function of the stress block height, which gives the design bending resistance MRd (Equation 38). This process is 
illustrated by Figure 9 [14] 

𝑀𝑀𝑅𝑅𝑅𝑅 = 𝑧𝑧 × 𝑓𝑓𝑦𝑦𝑦𝑦𝐴𝐴𝑠𝑠,𝑖𝑖𝑖𝑖𝑖𝑖 = 0.9𝑑𝑑 × 𝑓𝑓𝑦𝑦𝑦𝑦𝐴𝐴𝑠𝑠,𝑖𝑖𝑖𝑖𝑖𝑖 𝑜𝑜𝑜𝑜 (𝑑𝑑 − 𝑎𝑎
2
) × 𝑓𝑓𝑦𝑦𝑦𝑦𝐴𝐴𝑠𝑠,𝑖𝑖𝑖𝑖𝑖𝑖  (38) 

 
Figure 9: RC concrete cross section under flexure [12]. 
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Due to the interaction of combined action, a triaxial stress state arises, with different levels of cracking, softening 
and strength for each region of the section, which would require a complex 3D model for an exact analysis. The model 
used by the Brazilian standard, however, is able to capture the phenomenon with a reasonable accuracy, combining the 
generalized space truss with parallel chords for shear and torsion with the flexure theory [13]. 

In the diagonal concrete struts, flexure influences only the inclination and the cracking level, reducing rigidity and 
strength. Torsion induces circulatory shear stress around the section, whereas shear force causes shear stress distributed 
on the web. In hollow sections, only the most critical wall is verified, where shear and torsion effects are added Figure 
10a. In solid sections, this separation is impossible, and the real interaction is quite complex (Figure 10b). 
NBR 6118/2014 considers a linear interaction, as shown in Equation 39 [13]. 

Only shear and torsion induce stresses on the ties. These effects are added on one leg of the hoops and this linear 
superposition is accounted by Equation 40 simply adding the portion of the steel used by torsion (first term) and by 
shear (𝐴𝐴𝑠𝑠𝑠𝑠, where an relieve of the effect is considered in Equation 41, due to the concrete contribution to shear 
resistance) [7]. 

The top chord steel 𝐴𝐴𝑠𝑠,𝑠𝑠𝑠𝑠𝑠𝑠 is tensioned by shear and torsion and compressed by flexure (Equation 42), whereas the 
bottom chord steel 𝐴𝐴𝑠𝑠,𝑖𝑖𝑖𝑖𝑖𝑖 is tensioned by all actions (Equation 43) [12]. In highly compressed hollow sections, the 
principal stresses induced by the torsion shear stress and flexure compression becomes relevant and needs to be 
checked. Using Mohr’s circle, the maximum principal stress 𝜎𝜎𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 is given by Equation 44, as a function of the average 
normal stress caused by bending 𝜎𝜎𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 (Equation 45) and shear stress due to torsion 𝜏𝜏𝑡𝑡 (Equation 46). The compression 
strength 𝑓𝑓𝑐̅𝑐𝑐𝑐12 can be taken as an average between strut-and-tie resistances 𝑓𝑓𝑐𝑐𝑐𝑐1 (only struts node) e 𝑓𝑓𝑐𝑐𝑐𝑐2 (strut and ties 
node), resulting in Equation 47. At failure, the principal stress must be smaller than the strength Equation 48. 

 
Figure 10: Shear and torsion stresses on a hollow and solid section [12]. 

𝑇𝑇𝑆𝑆𝑆𝑆
𝑇𝑇𝑅𝑅𝑅𝑅2

+ 𝑉𝑉𝑆𝑆𝑆𝑆
𝑉𝑉𝑅𝑅𝑅𝑅2

< 1  (39) 

𝑇𝑇𝑆𝑆𝑆𝑆
𝑓𝑓𝑦𝑦𝑦𝑦𝑦𝑦×𝐴𝐴𝑒𝑒×𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃

+ 𝐴𝐴𝑠𝑠𝑠𝑠 < 𝐴𝐴𝑠𝑠𝑠𝑠/𝑠𝑠  (40) 

𝐴𝐴𝑠𝑠𝑠𝑠 = 𝑚𝑚𝑚𝑚𝑚𝑚(𝑉𝑉𝑆𝑆𝑆𝑆 − 𝑉𝑉𝑐𝑐 , 0)/(𝑓𝑓𝑦𝑦𝑦𝑦𝑦𝑦 × 𝑧𝑧 × 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)  (41) 

−𝑀𝑀𝑆𝑆𝑆𝑆
0.9𝑑𝑑

+ (0.5𝑉𝑉𝑆𝑆𝑆𝑆 + 𝑇𝑇𝑆𝑆𝑆𝑆 × 𝑢𝑢𝑒𝑒/4𝐴𝐴𝑒𝑒) 𝑐𝑐𝑐𝑐𝑐𝑐 θ < 𝑓𝑓𝑦𝑦𝑦𝑦 × 𝐴𝐴𝑠𝑠,𝑠𝑠𝑠𝑠𝑠𝑠  (42) 
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𝑀𝑀𝑆𝑆𝑆𝑆
0.9𝑑𝑑

+ (0.5𝑉𝑉𝑆𝑆𝑆𝑆 + 𝑇𝑇𝑆𝑆𝑆𝑆 × 𝑢𝑢𝑒𝑒/4𝐴𝐴𝑒𝑒) 𝑐𝑐𝑐𝑐𝑐𝑐 θ < 𝑓𝑓𝑦𝑦𝑦𝑦 × 𝐴𝐴𝑠𝑠,𝑖𝑖𝑖𝑖𝑖𝑖  (43) 

𝜎𝜎𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝜎𝜎𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2

+ ��𝜎𝜎𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2

�
2

+ 𝜏𝜏𝑡𝑡2  (44) 

𝜎𝜎𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑀𝑀𝑆𝑆𝑆𝑆
0.9𝑑𝑑×𝑏𝑏𝑤𝑤×2(𝑑𝑑−0.9𝑑𝑑)

  (45) 

𝜏𝜏𝑡𝑡 = 𝑇𝑇𝑆𝑆𝑆𝑆
2×𝑡𝑡×𝐴𝐴0

  (46) 

𝑓𝑓𝑐̅𝑐𝑐𝑐12 = 𝜆𝜆𝑓𝑓𝑐𝑐𝑐𝑐1 + (1 − 𝜆𝜆)𝑓𝑓𝑐𝑐𝑐𝑐2,𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝜆𝜆 = 𝑐𝑐𝑐𝑐𝑐𝑐 𝛾𝛾  𝑎𝑎𝑎𝑎𝑎𝑎 𝛾𝛾 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 �
𝑇𝑇𝑆𝑆𝑆𝑆

𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚
�

𝑀𝑀𝑆𝑆𝑆𝑆
𝑀𝑀𝑚𝑚𝑚𝑚𝑚𝑚
�

�  (47) 

𝜎𝜎𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 < 𝑓𝑓𝑐̅𝑐𝑐𝑐12  (48) 

3.2 AASHTO LRFD Bridge Design Specifications 2014 
The AASHTO LRFD 2014 standard uses a similar design approach to the Brazilian standard, with statistical 

coefficients that major loads and reduces resistance, aiming to ensure factored action 𝐹𝐹𝑢𝑢 is inferior to the nominal 
resistance 𝐹𝐹𝑛𝑛. This section shows its prescriptions for shear, torsion, flexure and interaction, taken from the standard’s 
chapters 5.7 e 5.8 [15]. 

Shear 
The standard’s model for shear is based on the Modified Compression Field Theory (MCFT), which is a set of 

equilibrium, compatibility and constitutive relations created to give the complete response of cracked concrete under 
shear in the generalized truss. It considers parallel chords, tensioned ties and a continuous field of diagonal compression. 
Assuming the direction of principal stresses is the same of the strains and using both average and local stresses and 
strain, it achieves the set of equations in Figure 11. AASHTO uses a simplified version of MCFT, assuming the stresses 
in the cracked region are critical to failure and steel must yield to ensure ductility at failure. Shear resistance is then 
given by Equation 49, which accounts for a stirrup’s contribution and a concrete contribution (using the 𝛽𝛽 parameter 
for “aggregate interlock” and compression field inclination 𝜃𝜃). Due to the nature of the “aggregate interlock” 
mechanism, this equation is restricted to 𝑓𝑓′𝑐𝑐< 64 MPa and a lightweight-aggregate reduction factor 𝜆𝜆 is considered. The 
lever arm may be taken as the maximum between 0.9d e 0.72h. To ensure stirrups yield before crushing of struts, an 
upper bound of 25% of the concrete compression resistance 𝑓𝑓′𝑐𝑐 is set for shear stress [16]. These simplifications allow 
the equation to emulate the empirical “concrete and steel” contribution formula (𝑉𝑉𝑐𝑐 + 𝑉𝑉𝑠𝑠), traditional in the American 
standards and practice [1]. 
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Figure 11: MCFT equilibrium, compatibility and constitutive relationships [16]. 

𝑉𝑉𝑢𝑢
𝑏𝑏𝑤𝑤𝑧𝑧

< 𝑉𝑉𝑛𝑛
𝑏𝑏𝑤𝑤𝑧𝑧

= 𝑉𝑉𝑐𝑐+𝑉𝑉𝑠𝑠
𝑏𝑏𝑤𝑤𝑧𝑧

= 𝜆𝜆𝜆𝜆�𝑓𝑓′𝑐𝑐 + 𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑦𝑦𝑦𝑦𝑦𝑦𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑏𝑏𝑤𝑤𝑠𝑠
< 0.25𝑓𝑓′𝑐𝑐  (49) 

The 𝛽𝛽 parameter accounts for several effects. Steel longitudinal strain 𝜀𝜀𝑠𝑠 accounts for the “strain effect”, section’s 
reinforcement ratio, level of shear, compression and bending action and rigidity 𝐸𝐸𝑠𝑠. It is obtained by Equation 50 using 
horizontal equilibrium (Figure 12), considering the compressed concrete to be uncracked and taking, conservatively, 
0.5𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 as 1. Spacing between diagonal cracks 𝑠𝑠𝑥𝑥 increases the crack width 𝑤𝑤 and reduces the “aggregate interlock”. 
This is called “size effect” and is given by Equation 51. Considering an aggregate size correction factor, 𝑠𝑠𝑥𝑥𝑥𝑥 is obtained, 
as shown in Equation 52. For high strength concrete, another correction is necessary, as the cracks tend to form through 
the aggregate. Based on empirical evidence for a diagonally cracked standard beam, the crack width is given as a 
function of longitudinal strain in Equation 53. To avoid negative values in this equation, a lower bound is set to 
Equation 50. Correcting Equation 53 to consider “size effect” and using it into the shear stress on crack considered my 
MCFT, Equation 54 is obtained [17]. 

 
Figure 12: Acting and resisting forces and strains on a section [16]. 

−4 × 10−4 < 𝜀𝜀𝑠𝑠 =
𝑀𝑀𝑢𝑢
𝑧𝑧 +0.5𝑉𝑉𝑢𝑢𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐+0.5𝑁𝑁𝑢𝑢

𝐴𝐴𝑠𝑠,𝑖𝑖𝑖𝑖𝑖𝑖×𝐸𝐸𝑠𝑠
=

𝑀𝑀𝑢𝑢
𝑧𝑧 +𝑉𝑉𝑢𝑢+0.5𝑁𝑁𝑢𝑢
𝐴𝐴𝑠𝑠,𝑖𝑖𝑖𝑖𝑖𝑖×𝐸𝐸𝑠𝑠

< 6 × 10−3  (50) 
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𝑠𝑠𝑥𝑥 = �𝑧𝑧,𝑤𝑤𝑤𝑤𝑤𝑤ℎ𝑜𝑜𝑜𝑜𝑜𝑜 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
0.3𝑚𝑚,𝑤𝑤𝑤𝑤𝑤𝑤ℎ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  (51) 

𝑠𝑠𝑥𝑥𝑥𝑥 = 𝑠𝑠𝑥𝑥 × 0.035
0.016+𝑎𝑎𝑔𝑔

> 0.85𝑠𝑠𝑥𝑥  (52) 

𝑤𝑤 = 0.2 + 2000𝜀𝜀𝑠𝑠  (53) 

𝛽𝛽 = 4.8
(1+750𝜀𝜀𝑠𝑠)

× 1.3
1+𝑠𝑠𝑥𝑥𝑥𝑥

  (54) 

The compression field inclination 𝜃𝜃 defines the truss’ capacity to redistribute forces to the ties and chords. For the 
steel to yield before the concrete crushes at failure, this angle must be within the limits shown in Figure 13. The 
inclination is assumed a linear function of the longitudinal strain, as in Equation 55. To control this redistribution in the 
truss, an upper bound is set to the angle, though the maximum limit on Equation 50. 

 
Figure 13: Inclination of the compression field as a function of longitudinal deformation [17]. 

𝜃𝜃 = 29° + 3500𝜀𝜀𝑠𝑠  (55) 

The bottom chord of the truss must also be checked, ensuring tension due to shear and flexure aren’t higher than 
the reinforcement’s yield, which leads to Equation 56 [16]. 

𝑓𝑓𝑦𝑦𝑦𝑦 × 𝐴𝐴𝑠𝑠,𝑖𝑖𝑖𝑖𝑖𝑖 > 𝑀𝑀𝑢𝑢
𝑧𝑧

+ (𝑉𝑉𝑢𝑢 − 0.5𝑉𝑉𝑠𝑠)𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 0.5𝑁𝑁𝑢𝑢  (56) 

Torsion 
Simplified MCFT also accounts for torsion, aided by the thin-walled tube analogy. Its geometry considers spalling 

of the concrete cover and is a function of the original dimensions and the distance from the stirrups to the lateral face 
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of the section (𝑐𝑐2). Based on that, the enclosed area 𝐴𝐴0 and perimeter 𝑝𝑝0 of the shear flow middle line are taken 
respectively as 85% and 90% of the enclosed area 𝐴𝐴oh and perimeter 𝑝𝑝h of the hoops. AASHTO [15] uses the 
equilibrium of the generalized space truss to check for tension on the ties and chords (Equations 57 and 58). Crushing 
of the concrete struts is verified using a factored equivalent shear 𝑉𝑉𝑢𝑢,𝑒𝑒𝑒𝑒, considering a quadratic interaction between 
torsion and shear, that must be lower than 0.25𝑓𝑓′𝑐𝑐𝑏𝑏𝑤𝑤𝑧𝑧 (Equation 59). Since MCFT doesn’t consider a concrete 
contribution to torsion resistance, only the parameters 𝜀𝜀𝑠𝑠 e 𝜃𝜃 are needed, calculated as previously shown for shear [18]. 

𝑇𝑇𝑛𝑛 = 2𝐴𝐴𝑜𝑜𝐴𝐴𝑡𝑡𝑓𝑓𝑦𝑦𝑦𝑦
𝑠𝑠

× 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  (57) 

𝑀𝑀𝑢𝑢
𝑧𝑧

+ 0.45𝑇𝑇𝑢𝑢𝑝𝑝ℎ
2𝐴𝐴𝑜𝑜

× 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 < 𝑓𝑓𝑦𝑦𝑦𝑦 × 𝐴𝐴𝑠𝑠,𝑖𝑖𝑖𝑖𝑖𝑖  (58) 

𝑉𝑉𝑢𝑢,𝑒𝑒𝑒𝑒 = �𝑉𝑉𝑢𝑢2 + �0.9𝑇𝑇𝑢𝑢𝑝𝑝ℎ
2𝐴𝐴𝑜𝑜

�
2

< 0.25 × 𝑓𝑓′𝑐𝑐 × 𝑏𝑏𝑤𝑤 × 𝑧𝑧  (59) 

Flexure and interaction 
Flexure is checked similarly to the Brazilian standard, resulting in Equation 60 [15]. 

𝑀𝑀𝑛𝑛 = 𝑧𝑧 × 𝑓𝑓𝑦𝑦𝑦𝑦𝐴𝐴𝑠𝑠,𝑖𝑖𝑖𝑖𝑖𝑖 = 0.9𝑑𝑑 × 𝑓𝑓𝑦𝑦𝑦𝑦𝐴𝐴𝑠𝑠,𝑖𝑖𝑖𝑖𝑖𝑖 𝑜𝑜𝑜𝑜 0.72ℎ × 𝑓𝑓𝑦𝑦𝑦𝑦𝐴𝐴𝑠𝑠,𝑖𝑖𝑖𝑖𝑖𝑖  (60) 

Interaction on AASHTO affects the equilibrium verifications and β and θ, through the longitudinal strain. However, 
it uses a simplified version of MCFT. Spalling is rarely observed in sections with smaller cover, which leads to 
overestimated torsional stresses. The shear stress limit on the struts is also overconservative for beams with lower 
longitudinal strains [19]. 

Crushing of the struts in interaction is already verified in Equation 59. Tension on the ties is checked by 
superposition of shear and torsion in Equations 61 e 62. On the chords, a quadratic interaction is considered between 
shear and torsion, added to the compression or the tension caused by bending, as in Equations 63 e 64 [18]. Principal 
stresses are not checked on the top chord for solid sections, leaving such verification for a specific hollow section topic. 

𝑇𝑇𝑢𝑢
𝑓𝑓𝑦𝑦𝑦𝑦𝑦𝑦×𝐴𝐴𝑜𝑜×𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃

+ 𝐴𝐴𝑠𝑠𝑠𝑠 < 𝐴𝐴𝑠𝑠𝑠𝑠/𝑠𝑠  (61) 

𝐴𝐴𝑠𝑠𝑠𝑠 = 𝑚𝑚𝑚𝑚𝑚𝑚(𝑉𝑉𝑢𝑢 − 𝑉𝑉𝑐𝑐 , 0)/(𝑓𝑓𝑦𝑦𝑦𝑦𝑦𝑦 × 𝑧𝑧 × 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)  (62) 

𝑀𝑀𝑢𝑢
𝑧𝑧

+ (�(0.45𝑇𝑇𝑢𝑢𝑝𝑝ℎ
2𝐴𝐴𝑜𝑜

)2 + (𝑉𝑉𝑢𝑢 − 0.5 × 𝑉𝑉𝑠𝑠)2) × 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 < 𝑓𝑓𝑦𝑦𝑦𝑦 × 𝐴𝐴𝑠𝑠,𝑖𝑖𝑖𝑖𝑖𝑖  (63) 

−𝑀𝑀𝑢𝑢
𝑧𝑧

+ (�(0.45𝑇𝑇𝑢𝑢𝑝𝑝ℎ
2𝐴𝐴𝑜𝑜

)2 + (𝑉𝑉𝑢𝑢 − 0.5 × 𝑉𝑉𝑠𝑠)2) × 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 < 𝑓𝑓𝑦𝑦𝑦𝑦 × 𝐴𝐴𝑠𝑠,𝑠𝑠𝑠𝑠𝑠𝑠  (64) 



V. B. Almeida and B. Horowitz 

Rev. IBRACON Estrut. Mater., vol. 16, no. 1, e16102, 2023 15/24 

3.3 Optimization problem for each standard 

NBR 6118/2014 
For an interaction degree 𝛼𝛼𝑟𝑟 and 𝛽𝛽𝑟𝑟, with unity values for resistance and load factors: 
1) Given a RC beam with the following parameters: 

a. Longitudinal and transverse reinforcement yield stresses: 𝑓𝑓𝑦𝑦𝑦𝑦 ,𝑓𝑓𝑦𝑦𝑦𝑦𝑦𝑦 
b. Concrete compressive strength: 𝑓𝑓𝑐𝑐𝑐𝑐 = 𝑓𝑓𝑐𝑐𝑐𝑐 
c. Cross section dimensions: 𝑏𝑏𝑤𝑤 , h,𝑑𝑑, 𝑐𝑐1 
d. Longitudinal and transverse reinforcement detailing 𝐴𝐴𝑠𝑠,𝑖𝑖𝑖𝑖𝑖𝑖,𝐴𝐴𝑠𝑠,𝑠𝑠𝑠𝑠𝑠𝑠,𝐴𝐴𝑠𝑠𝑠𝑠, 𝑠𝑠 

2) Auxiliary parameters are calculated: 
a. Concrete average tensile strength (Equation 65): 

𝑓𝑓𝑐𝑐𝑐𝑐,𝑚𝑚 = � 0.3 × 𝑓𝑓𝑐𝑐𝑐𝑐
2/3, 𝑖𝑖𝑖𝑖 𝑓𝑓𝑐𝑐𝑐𝑐 ≤ 50𝑀𝑀𝑀𝑀𝑀𝑀

2.12 × 𝑙𝑙𝑙𝑙(1 + 0.11𝑓𝑓𝑐𝑐𝑐𝑐) , 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
  (65) 

b. Concrete minimum tensile strength (Equation 66): 

𝑓𝑓𝑐𝑐𝑐𝑐𝑐𝑐,𝑖𝑖𝑖𝑖𝑖𝑖 = 0.7𝑓𝑓𝑐𝑐𝑐𝑐,𝑚𝑚  (66) 

c. Concrete struts strength reduction factor 𝛼𝛼𝑣𝑣2 - Equation 7 
d. Cross section’s area 𝐴𝐴𝑐𝑐, moment of inertia 𝐼𝐼𝑐𝑐 and perimeter 𝑢𝑢 
e. Thin-walled tube thicknesses (ℎ𝑒𝑒,𝑚𝑚𝑚𝑚𝑚𝑚) and (ℎ𝑒𝑒,𝑚𝑚𝑚𝑚𝑚𝑚) - Equations 23 and 24 

3) Max resistance 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚, 𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚 e 𝑀𝑀𝑚𝑚𝑚𝑚𝑚𝑚 are calculated as VRd2 (Equation 8), TRd2 (Equation 37) and MRd (Equation 
38) 
4) Objective function is defined as the action multiplier r (Equation 67): 

𝑓𝑓(𝑟𝑟,𝛼𝛼𝑟𝑟 ,𝛽𝛽𝑟𝑟 , ℎ𝑒𝑒 ,𝜃𝜃) = 𝑟𝑟  (67) 

5) The following variables are defined: 
a. Actions MSd, T𝑆𝑆𝑆𝑆  𝑒𝑒 V𝑆𝑆𝑆𝑆 according to Equations 1, 2 and 3 
b. Average strut-and-tie compressive resistance 𝑓𝑓𝑐̅𝑐𝑐𝑐12 as in Equation 47 
c. Thin-walled tube’s middle line perimeter (𝑢𝑢𝑒𝑒) and enclosed area (𝐴𝐴𝑒𝑒) according to Equations 25 and 26 

6) Constraints on the optimization variables are defined (Equations 68 and 69): 

30° ≤ 𝜃𝜃 ≤ 45°  (68) 

ℎ𝑒𝑒,𝑚𝑚𝑚𝑚𝑚𝑚 ≤ ℎ𝑒𝑒 ≤ ℎ𝑒𝑒,𝑚𝑚𝑚𝑚𝑚𝑚  (69) 

7) Resistance constraints are defined: 
a. 𝑇𝑇𝑆𝑆𝑆𝑆 < 𝑇𝑇𝑅𝑅𝑅𝑅2, 𝑇𝑇𝑅𝑅𝑅𝑅3, 𝑇𝑇𝑅𝑅𝑅𝑅4 according to Equation 31, Equation 35 and Equation 37 
b. 𝑉𝑉𝑆𝑆𝑆𝑆 < 𝑉𝑉𝑅𝑅𝑅𝑅2,𝑉𝑉𝑅𝑅𝑅𝑅3 according to Equation 8 and Equation 17 
c. Flexure and interaction check on the chords according to Equation 42 and Equation 43 
d. Verification of struts and ties according to Equation 39 and Equation 40 
e. Principal compressive stress check (Equation 48) 

8) The objective function is maximized subject to constraints, using actions normalized by the maximum resistance. 
This procedure is shown on Problem 2 (Figure 14) and its MATLAB algorithm is available on SciELO Data RIEM 
repository as Otim_R_NBR [8]. 
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𝐆𝐆𝐆𝐆𝐆𝐆𝐆𝐆𝐆𝐆: 𝒇𝒇𝒚𝒚𝑑𝑑 ,𝒇𝒇𝒚𝒚𝒚𝒚𝑑𝑑 ,𝒇𝒇𝒄𝒄𝑑𝑑 ,𝒃𝒃𝒘𝒘, h, 𝑐𝑐1,𝐴𝐴𝑠𝑠,𝑖𝑖𝑖𝑖𝑖𝑖 ,𝐴𝐴𝑠𝑠,𝑠𝑠𝑠𝑠𝑠𝑠 ,𝐴𝐴𝑠𝑠𝑠𝑠 , 𝒔𝒔 

Considering: 

𝑉𝑉𝑅𝑅𝑅𝑅2 = 0.54 × 𝛼𝛼𝑣𝑣2 × 𝑓𝑓𝑐𝑐𝑐𝑐 × 𝑏𝑏𝑤𝑤 × 𝑑𝑑 × sin 𝜃𝜃2 × (cot θ + cot𝛼𝛼) 

𝑉𝑉𝑅𝑅𝑅𝑅3 = 𝑉𝑉𝑠𝑠𝑠𝑠+ 𝑉𝑉𝑐𝑐 =
𝐴𝐴𝑣𝑣𝑓𝑓𝑦𝑦𝑦𝑦0.9𝑑𝑑

𝑠𝑠
× 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 0.6 × 𝑓𝑓𝑐𝑐𝑐𝑐 × 𝑏𝑏𝑤𝑤 × 𝑑𝑑 

ℎ𝑒𝑒 ,𝑚𝑚𝑚𝑚𝑚𝑚 = �min �
𝐴𝐴𝑐𝑐
𝑢𝑢

, 𝑏𝑏𝑤𝑤 − 2𝑐𝑐1� , 𝑖𝑖𝑖𝑖 
𝐴𝐴𝑐𝑐
𝑢𝑢

< 2𝑐𝑐1

2𝑐𝑐1,  𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
 

ℎ𝑒𝑒 ,𝑚𝑚𝑚𝑚𝑚𝑚 = �
ℎ𝑒𝑒 ,𝑚𝑚𝑚𝑚𝑚𝑚 , 𝑖𝑖𝑖𝑖 

𝐴𝐴𝑐𝑐
𝑢𝑢

< 2𝑐𝑐1

𝐴𝐴𝑐𝑐
𝑢𝑢

,  𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
 

𝑇𝑇𝑅𝑅𝑅𝑅2 = 0.5 × 𝛼𝛼𝑣𝑣2 × 𝑓𝑓𝑐𝑐𝑐𝑐 × 𝐴𝐴𝑒𝑒 × ℎ𝑒𝑒 × sin 2𝜃𝜃 

𝑇𝑇𝑅𝑅𝑅𝑅3 = 𝐴𝐴𝑠𝑠𝑠𝑠 × 𝑓𝑓𝑦𝑦𝑦𝑦𝑦𝑦 × 𝐴𝐴𝑒𝑒 × cot𝜃𝜃 /𝑠𝑠 

𝑇𝑇𝑅𝑅𝑅𝑅4 = 4 × 𝐴𝐴𝑠𝑠 × 𝑓𝑓𝑦𝑦𝑦𝑦 × 𝐴𝐴𝑒𝑒 ×
tan θ
𝑢𝑢𝑒𝑒

 

𝜎𝜎𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 =
𝜎𝜎𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

2
+ ��

𝜎𝜎𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2

�
2

+ 𝜏𝜏𝑡𝑡2 

𝑓𝑓𝑐̅𝑐𝑐𝑐12 = 𝜆𝜆𝑓𝑓𝑐𝑐𝑐𝑐1 + (1 − 𝜆𝜆)𝑓𝑓𝑐𝑐𝑐𝑐2,𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝜆𝜆 = 𝑐𝑐𝑐𝑐𝑐𝑐 𝛾𝛾  𝑎𝑎𝑎𝑎𝑎𝑎 𝛾𝛾 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 �
𝑇𝑇𝑆𝑆𝑆𝑆

𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚�
𝑀𝑀𝑆𝑆𝑆𝑆

𝑀𝑀𝑚𝑚𝑚𝑚𝑚𝑚
�

� 

𝐴𝐴𝑠𝑠𝑠𝑠 = max(𝑉𝑉𝑆𝑆𝑆𝑆 − 𝑉𝑉𝑐𝑐 , 0)/(𝑓𝑓𝑦𝑦𝑦𝑦𝑦𝑦 × 𝑧𝑧 × 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) 

Maximize 𝑓𝑓(r,𝛼𝛼𝑟𝑟 ,𝛽𝛽𝑟𝑟 ,ℎ𝑒𝑒 ,𝜃𝜃) = r  

r,ℎ𝑒𝑒 ,𝜃𝜃 ∈ ℝ  
𝛼𝛼𝑟𝑟 ,𝛽𝛽𝑟𝑟  ∈ [0,π/2] 

𝑀𝑀𝑆𝑆𝑆𝑆 = 𝑀𝑀𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝛽𝛽𝑟𝑟 ;𝑇𝑇𝑆𝑆𝑆𝑆 = 𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝛽𝛽𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝑟𝑟 ; 𝑉𝑉𝑆𝑆𝑆𝑆 = 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝛽𝛽𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝑟𝑟  

Subject to: 30° ≤ 𝜃𝜃 ≤ 45° 
 

ℎ𝑒𝑒 ,𝑚𝑚𝑚𝑚𝑚𝑚 ≤ ℎ𝑒𝑒 ≤ ℎ𝑒𝑒 ,𝑚𝑚𝑚𝑚𝑚𝑚  
 

𝑇𝑇𝑆𝑆𝑆𝑆 < 𝑇𝑇𝑅𝑅𝑅𝑅2, 𝑇𝑇𝑅𝑅𝑅𝑅3, 𝑇𝑇𝑅𝑅𝑅𝑅4 
 

𝑉𝑉𝑆𝑆𝑆𝑆 < 𝑉𝑉𝑅𝑅𝑅𝑅2,𝑉𝑉𝑅𝑅𝑅𝑅3 
 

−𝑀𝑀𝑆𝑆𝑆𝑆/0.9𝑑𝑑 + (0.5𝑉𝑉𝑆𝑆𝑆𝑆 + 𝑇𝑇𝑆𝑆𝑆𝑆 × 𝑢𝑢𝑒𝑒/4𝐴𝐴𝑒𝑒) cot θ < 𝑓𝑓𝑦𝑦𝑦𝑦 × 𝐴𝐴𝑠𝑠, 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  
 

𝑀𝑀𝑆𝑆𝑆𝑆/0.9𝑑𝑑 + (0.5𝑉𝑉𝑆𝑆𝑆𝑆 + 𝑇𝑇𝑆𝑆𝑆𝑆 × 𝑢𝑢𝑒𝑒/4𝐴𝐴𝑒𝑒) cot θ < 𝑓𝑓𝑦𝑦𝑦𝑦 × 𝐴𝐴𝑠𝑠 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  
 

𝑇𝑇𝑆𝑆𝑆𝑆
𝑇𝑇𝑅𝑅𝑅𝑅2

+
𝑉𝑉𝑆𝑆𝑆𝑆
𝑉𝑉𝑅𝑅𝑅𝑅2

< 1 

 
𝜎𝜎𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 < 𝑓𝑓𝑐𝑐𝑐𝑐1−2 

 
𝑇𝑇𝑆𝑆𝑆𝑆

𝑓𝑓𝑦𝑦𝑦𝑦𝑦𝑦 × 𝐴𝐴𝑒𝑒 × cot𝜃𝜃
+ 𝐴𝐴𝑠𝑠𝑠𝑠 < 𝐴𝐴𝑠𝑠𝑠𝑠/𝑠𝑠 

 
 

Figure 14: Subroutine for Problem 2. 

AASHTO LRFD BRIDGE DESIGN SPECIFICATIONS 2014 
For an interaction degree 𝛼𝛼𝑟𝑟 and 𝛽𝛽𝑟𝑟, with unity values for resistance and load factors: 
1) Given a RC beam with the following parameters: 

a. Longitudinal and transverse reinforcement yield stresses and Young’s Modulus: 𝑓𝑓𝑦𝑦, 𝑓𝑓𝑦𝑦𝑦𝑦 ,𝐸𝐸𝑠𝑠(≅ 210𝐺𝐺𝐺𝐺𝐺𝐺) 
b. Concrete compressive strength: 𝑓𝑓′𝑐𝑐 
c. Cross section dimensions: 𝑏𝑏𝑤𝑤 , h,𝑑𝑑, 𝑐𝑐2 
d. Longitudinal and transverse reinforcement detailing 𝐴𝐴𝑠𝑠,𝑖𝑖𝑖𝑖𝑖𝑖,𝐴𝐴𝑠𝑠,𝑠𝑠𝑠𝑠𝑠𝑠,𝐴𝐴𝑠𝑠𝑠𝑠, 𝑠𝑠 
e. Max aggregate size 𝑎𝑎𝑔𝑔 (linearly reduced if 60MPa < 𝑓𝑓′𝑐𝑐 < 70MPa) 

2) Auxiliar parameters are calculated: 
a. Stirrup’s enclosed area 𝐴𝐴𝑜𝑜ℎ and perimeter 𝑝𝑝ℎ 
b. Thin-walled tube’s middle line enclosed area 𝐴𝐴𝑜𝑜 and perimeter 𝑝𝑝𝑜𝑜 taken respectively as 85% of 𝐴𝐴𝑜𝑜ℎ and 90% 
of 𝑝𝑝ℎ 
c. Lever arm z taken as max between 90% of d and 72% of h 
d. Effective diagonal cracks spacing 𝑠𝑠x𝑒𝑒 according to Equation 52 



V. B. Almeida and B. Horowitz 

Rev. IBRACON Estrut. Mater., vol. 16, no. 1, e16102, 2023 17/24 

3) Max resistance 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚, 𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚 e 𝑀𝑀𝑚𝑚𝑚𝑚𝑚𝑚 are taken as the upper bound of (Equation 49) for shear and torsion and 
maximum of (Equation 38) for the bending moment 
4) Objective function is defined as the action multiplier r (Equation 70): 

𝑓𝑓(𝑟𝑟,𝛼𝛼𝑟𝑟 ,𝛽𝛽𝑟𝑟) = 𝑟𝑟  (70) 

5) The following variables are defined: 
a. Factored actions Mu, T𝑢𝑢 𝑒𝑒 V𝑢𝑢 according to Equations 1, 2 and 3 
b. Factored equivalent shear force Vu,eq according to Equation 59 
c. Longitudinal reinforcement strain 𝜀𝜀𝑠𝑠 (Equation 50), struts inclination 𝜃𝜃 (Equation 55) and “aggregate 
interlock” parameter β (Equation 54) 

6) Resistance constraints are defined: 
a. Flexure and interaction check on the chords according to Equation 63 and Equation 64 
b. Shear, torsion and interaction verifications on the ties and the struts according to Equations 59 and 61 

7) The objective function is maximized subject to constraints, using actions normalized by the maximum resistance. 
This procedure is shown on Problem 3 (Figure 15) and its implementation on MATLAB is available on the SciELO 
Data RIEM repository as Otim_R_AASHTO [8]. 

𝐆𝐆𝐆𝐆𝐆𝐆𝐆𝐆𝐆𝐆: 𝑓𝑓𝑦𝑦𝑦𝑦 ,𝑓𝑓𝑦𝑦𝑦𝑦𝑦𝑦 ,𝑓𝑓𝑐𝑐𝑐𝑐 , 𝑏𝑏𝑤𝑤 ,ℎ, 𝑐𝑐2,𝐴𝐴𝑠𝑠,𝑖𝑖𝑖𝑖𝑖𝑖 ,𝐴𝐴𝑠𝑠,𝑠𝑠𝑠𝑠𝑠𝑠 ,𝐴𝐴𝑠𝑠𝑠𝑠 , 𝑠𝑠, 𝑎𝑎𝑔𝑔 

Consider ing: 

𝐴𝐴𝑜𝑜=0.85𝐴𝐴𝑜𝑜ℎ  and 𝑝𝑝𝑜𝑜=0.9𝑝𝑝ℎ  

𝐴𝐴𝑠𝑠𝑠𝑠 ,𝑚𝑚𝑚𝑚𝑚𝑚 = 0.083 × �𝑓𝑓′𝑐𝑐 × 𝑏𝑏𝑤𝑤 × 𝑠𝑠/𝑓𝑓𝑦𝑦𝑦𝑦𝑦𝑦  

𝑠𝑠𝑥𝑥 = �
𝑧𝑧,  if 𝐴𝐴𝑠𝑠𝑠𝑠 ≥ 𝐴𝐴𝑠𝑠𝑠𝑠 ,𝑚𝑚𝑚𝑚𝑚𝑚

0.3𝑚𝑚, if 𝐴𝐴𝑠𝑠𝑠𝑠 < 𝐴𝐴𝑠𝑠𝑠𝑠 ,𝑚𝑚𝑚𝑚𝑚𝑚
 

𝑠𝑠x𝑒𝑒 = 𝑠𝑠𝑥𝑥 ×
0.035

0.016 + 𝑎𝑎𝑔𝑔
> 0.85𝑠𝑠𝑥𝑥  

𝑉𝑉𝑢𝑢 ,𝑒𝑒𝑒𝑒 = �𝑉𝑉𝑢𝑢2 + �
0.9𝑇𝑇𝑢𝑢𝑝𝑝ℎ

2𝐴𝐴𝑜𝑜
�

2

 

−4 × 10−4 ≤ 𝜀𝜀𝑠𝑠 =
Mu
𝑧𝑧 + 𝑉𝑉u,eq

𝐴𝐴𝑠𝑠,𝑖𝑖𝑖𝑖𝑖𝑖 × 𝐸𝐸𝑠𝑠
≤ 6 × 10−3 

𝛽𝛽 =
4.8

(1 + 750𝜀𝜀𝑠𝑠) ×
1.3

1 + 𝑠𝑠x𝑒𝑒
 

𝜃𝜃 = 29° + 3500𝜀𝜀𝑠𝑠 

𝑉𝑉𝑐𝑐 = 0.083 × 𝛽𝛽 × �𝑓𝑓′𝑐𝑐 × 𝑏𝑏𝑤𝑤 × 𝑧𝑧|𝑉𝑉𝑠𝑠 = 𝐴𝐴𝑠𝑠𝑠𝑠 𝑓𝑓𝑦𝑦𝑦𝑦𝑦𝑦 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑏𝑏𝑤𝑤 𝑠𝑠

 

𝐴𝐴𝑠𝑠𝑠𝑠 = max(𝑉𝑉𝑢𝑢 − 𝑉𝑉𝑐𝑐 , 0)/(𝑓𝑓𝑦𝑦𝑦𝑦𝑦𝑦 × 𝑧𝑧 × 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) 

Maximize 𝑓𝑓(r,𝛼𝛼𝑟𝑟 ,𝛽𝛽𝑟𝑟) = r  

r ∈ ℝ | 𝛼𝛼𝑟𝑟 ,𝛽𝛽𝑟𝑟  ∈ [0,π/2] 𝑀𝑀𝑢𝑢 = 𝑀𝑀𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝛽𝛽𝑟𝑟 ;𝑇𝑇𝑢𝑢 = 𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝛽𝛽𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝑟𝑟 ; 𝑉𝑉𝑢𝑢 = 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝛽𝛽𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝑟𝑟  

Subject to: 𝑇𝑇𝑢𝑢
𝐴𝐴𝑜𝑜𝑓𝑓𝑦𝑦𝑦𝑦𝑦𝑦 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

+ 𝐴𝐴𝑠𝑠𝑠𝑠 <
𝐴𝐴𝑣𝑣
𝑠𝑠

 

 
𝑉𝑉u,eq < 0.25 × 𝑓𝑓′𝑐𝑐 × 𝑏𝑏𝑤𝑤 × 𝑧𝑧 

 
𝑀𝑀𝑢𝑢

𝑧𝑧
+ (�(

0.45𝑇𝑇𝑢𝑢𝑝𝑝ℎ
2𝐴𝐴𝑜𝑜

)2 + (𝑉𝑉𝑢𝑢 − 0.5 × 𝑉𝑉𝑠𝑠)2) × 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 < 𝑓𝑓𝑦𝑦𝑦𝑦 × 𝐴𝐴𝑠𝑠, 𝑖𝑖𝑖𝑖𝑖𝑖  

 

−
𝑀𝑀𝑢𝑢

𝑧𝑧
+ (�(

0.45𝑇𝑇𝑢𝑢𝑝𝑝ℎ
2𝐴𝐴𝑜𝑜

)2 + (𝑉𝑉𝑢𝑢 − 0.5 × 𝑉𝑉𝑠𝑠)2) × 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 < 𝑓𝑓𝑦𝑦𝑦𝑦 × 𝐴𝐴𝑠𝑠,𝑠𝑠𝑠𝑠𝑠𝑠  

 
 

Figure 15: Subroutine for Problem 3. 
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3.4 Post-processing 
Based on the optimization’s solution point and previous equations, the trio of resistance values for each interaction 

degree 𝛼𝛼𝑟𝑟 and 𝛽𝛽𝑟𝑟 is obtained. These values are then divided by the maximum resistance found for each kind. For each 
beam, several 𝛼𝛼𝑟𝑟 and 𝛽𝛽𝑟𝑟 are evaluated, ranging from 0º to 90º in 6º steps, obtaining enough points to plot a smooth 
interaction surface using interpolation. For comparison, experimental data points from the analyzed tests are plotted 
along with hidden lines starting from the origin. These were normalized using the maximum predicted resistance based 
on the tested beam’s parameters, which may differ from nominal values. The scaling values were obtained by the 
programs MVTmax_NBR e MVTmax_AASHTO, available in [8]. Also, the algorithm calculates the value of the 
constraints at the solution, indicating the active one on the plot using a color code. 

This post-processing procedure was also implemented in MATLAB and is available on the author’s SciELO Data 
RIEM repository as Pos_OtimR_NBR_AASHTO [8]. 

4 COMPARISON WITH EXPERIMENTS 

4.1 Analyzed tests 
The first analyzed experiment was done by Badawy et al. [20], in which seven straight beams (S1 to S7) were tested 

under combined action until failure, as shown in Figure 16. The test region of the beams had the cross section shown 
in Figure 17. Other parameters are summarized on Table 1 and test results are shown in Table 2. 

 
Figure 16: Test setup for combined action on beams S1 to S7 (dimensions in mm) [20]. 

 
Figure 17: S1 to S7 beams cross section (dimensions in cm and bars diameter in mm). 

The second analyzed experiment was done by McMullen and Warwaruk [21], in which 34 beams were tested under combined 
action until failure, comprising 7 groups with different reinforcement. Groups 5, 6 and 7, hereby called M5, M6 and M7 were the 
only tested under torsion, shear and bending. They were setup as shown in Figure 18 and had cross sections like those of Figure 19. 
As top and bottom reinforcement had different steel grades, the top reinforcement area will be multiplied by 

𝑓𝑓𝑦𝑦,𝑠𝑠𝑠𝑠𝑠𝑠

𝑓𝑓𝑦𝑦,𝑖𝑖𝑖𝑖𝑖𝑖
 and bottom 

reinforcement strength will be used. Other parameters are summarized on Table 1 and test results are shown in Table 2. 
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Figure 18: Test setup for combined action on beams M5 a M7 [21]. 

 
Figure 19: M5 to M7 beams cross section (dimensions in cm and bars diameter in mm). 

Table 1: Other beams’ parameters [20], [21]. *Areas multiplied by 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓
𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓

 

Beams S1 a S7 M5 M6 M7 

fyd,inf (MPa) 475 323.4 323.4 302.0 

fyd,sup (MPa) 475 365.4 365.4 365.4 

fywd (MPa) 300.3 370.25 370.25 370.25 

fcd (MPa) 30 34.47 34.47 34.47 

bw (cm) 15.2 15.24 15.24 15.24 

h (cm) 30.5 30.48 30.48 30.48 

d (cm) 26.7 26.03 26.03 25.72 

c1 (mm) 38 44.75 44.75 47.63 

c2 (mm) 24.95 30.16 30.16 30.16 

As,inf (cm2) 5.73 5.73 5.73 10.13 

As,sup (cm2) 5.73 1.61* 1.61* 1.73* 

Asw (cm2) 0.79 1.43 1.43 1.43 

s (cm) 10.2 8.255 8.255 12.7 

Ag (mm) 19 19 19 19 



V. B. Almeida and B. Horowitz 

Rev. IBRACON Estrut. Mater., vol. 16, no. 1, e16102, 2023 20/24 

Table 2: Test results [20], [21]. 

Beams 
Mexp Texp 

Vexp (kN) bw,exp (cm) hexp (cm) fccexp (MPa) 
(kN · m) (kN · m) 

S1 76.82 0.00 0.00 15.2 30.5 30 

S2 0.00 13.56 0.00 15.2 30.5 30 

S3 18.81 12.42 23.13 15.2 30.5 30 

S4 51.51 10.73 50.71 15.2 30.5 30 

S5 0.00 0.00 151.20 15.2 30.5 30 

S6 0.00 8.93 93.41 15.2 30.5 30 

S7 0.00 11.65 48.93 15.2 30.5 30 

M5-1 7.34 14.46 3.38 15.88 30.81 39.37 

M5-2 16.16 15.93 8.41 16.21 30.81 43.92 

M5-3 31.41 14.69 17.21 15.24 30.81 41.78 

M5-4 43.95 11.19 24.51 15.88 30.81 39.99 

M6-1 7.34 14.57 8.05 15.88 30.81 40.40 

M6-2 16.83 16.38 18.99 15.09 30.81 40.89 

M6-3 29.83 14.91 34.12 15.88 30.81 39.30 

M6-4 48.24 12.09 55.38 16.21 30.81 39.44 

M7-1 6.33 12.65 6.94 15.09 30.81 41.92 

M7-2 12.99 12.99 14.77 15.88 30.81 35.92 

M7-3 31.07 14.91 36.07 16.21 30.81 39.30 

M7-4 57.06 14.12 66.59 15.09 30.81 36.82 

4.2 Results and discussion 

S1 to S7 beams 
Running the optimization and post-processing algorithms for the beams from Badawy et al. [20], the 

interaction surfaces were obtained for both standards (Figure 20). These were compared with the AASHTO 
interaction diagram for the same beams taken from Rahal [19] for validity, shown in Figure 21. The shape and 
magnitude of the surface is similar, although the drawing projection and the scaling factors were different from 
the ones used in this article. Due to some inconsistencies between Rahal’s interaction surface and Badawy’s 
experimental results, results S5, S6 and S7 were omitted from Rahal’s interaction surface when used for 
validation. 

Most of the surface is limited by yielding of ties, with an almost “conical” interaction (circular shear-torsion 
interaction, with decreasing radius following bending increase). Only with high flexure levels, chord resistance 
is critical. On AASHTO surface, the active constraint is yielding on the bottom chord. On the NBR diagram, 
the principal compressive stress check on the top chord was critical. This “extra” constraint prescribed by 
NBR 6118 chops the tip of the interaction surface when compared to the AASHTO’s surface. 
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Figure 20: Interaction surface according to NBR and AASHTO for beams S1-S7. 

 
Figure 21: Adapted from Rahal’s AASHTO surface for beams S1-S4 [19].M5 to M7 beams. 

Running the optimization and post-processing algorithms for the beams from McMullen and Warwaruk [21], the interaction 
surfaces were obtained for both standards (Figure 22 for groups M5 and M6 and Figure 23 for group M7). On these beams, it 
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was observed a region on the surface (for low levels of flexure) which was limited by the yielding of the top chord, due to a weak 
top reinforcement. At this area, small increments on the bending moment led to an increase in torsion resistance, as the flexure 
compression alleviates the tension on the chord. This had been observed in similar situations by Onsongo [22]. 

For medium levels of flexure, resistance is limited by yielding of ties according to both standards. Beams M5 and M6, with 
weaker longitudinal reinforcement, show yielding of the bottom chord as critical even on this region, whereas beams M7 have 
this constraint as critical only in high levels of flexure. On either case, this interaction rapidly escalates for higher bending 
moments, causing a drastic reduction in shear and torsion resistance. For beams M7, the verification of compressive principal 
stresses on the top chord is once again critical according to NBR, predicting lower flexure resistance than AASHTO. 

 
Figure 22: Interaction surface according to NBR and AASHTO for beams M5 e M6. 

 
Figure 23: Interaction surface according to NBR and AASHTO for beams M7. 



V. B. Almeida and B. Horowitz 

Rev. IBRACON Estrut. Mater., vol. 16, no. 1, e16102, 2023 23/24 

5 CONCLUSIONS 
The proposed optimization method development and application for tested beams using prescriptions from NBR 

6118/2014 and AASHTO LRFD 2014 allowed to demonstrate its practicality and validity against results from the 
literature: 
• The procedure was efficient and effective in predicting RC beams resistance under combined action for torsion, 

flexure and shear. 
• The program also illustrated the critical resistance mechanism under interaction, aiding the engineer’s decision 

making. 
• The performance of both standards on predicting the interaction response of the RC beams was satisfactory when 

confronted against experimental data. 
• NBR 6118/2014 has a much bigger number of equations, which makes its use more complex and may lead to the 

application of simplified methods. 
• AASHTO LRFD 2014, on the other hand, shows a simple and direct general procedure, that analyzes not only 

failure but the action-strain response. 
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Abstract: Bridges and tunnels are large and complex structures that demand periodic inspections to assess 
their physical conditions. Although both have different designs and constructions from each other, a common 
problem they share is the drawbacks that their conventional inspections face. Moreover, conventional 
procedures not only are laborious, time-consuming, and costly, but also involve high and/or hard-to-reach 
places, often exposing the specialized inspectors to danger. To overcome these problems, the Unmanned 
Aerial Vehicle (UAV) is being explored to automate these inspections. Recently, the number of researches 
employing it within the civil infrastructure condition assessment has been growing in recent years, especially 
for the inspection of large and complex structures. Unlike the UAV-based bridge inspection that already has 
some review articles available in the literature, there are none yet for the tunnel inspection, to the best of 
authors' knowledge. Therefore, this article intends to conduct not only a review of the few UAV-based tunnel 
inspection researches available in the literature, but also an up-to-date review of UAV-based bridge inspection 
researches. Finally, the key challenges and future trends of the UAV-based inspection of these two structures 
are discussed, followed by the review conclusions. 

Keywords: unmanned aerial vehicle, bridge, tunnel, inspection, applications. 

Resumo: Pontes e túneis são estruturas complexas e largas que exigem inspeções periódicas para avaliar suas 
condições físicas. Embora ambos possuam projetos e construções diferentes entre si, um problema comum 
que eles compartilham são as desvantagens que suas inspeções convencionais enfrentam. Além disso, 
procedimentos convencionais não só são trabalhosos, demorados e dispendiosos, mas também envolvem 
lugares altos e/ou de difícil acesso, muitas vezes expondo os inspetores especializados a perigos. Para superar 
estes problemas, o Veículo Aéreo Não Tripulado (VANT) está sendo explorado para automatizar essas 
inspeções. Recentemente, o número de pesquisas que o empregam na avaliação da condição de infraestruturas 
civis vem crescendo nos últimos anos, especialmente para a inspeção de estruturas complexas e largas. Ao 
contrário da inspeção de pontes com VANT que já possui alguns artigos de revisão disponíveis na literatura, 
não há nenhum ainda para a inspeção de túneis com VANT, até onde os autores saibam. Portanto, este artigo 
pretende conduzir não somente uma revisão das poucas pesquisas disponíveis na literatura sobre inspeção de 
túneis com VANT, como também uma revisão atualizada das pesquisas sobre inspeção de pontes com VANT. 
Finalmente, os principais desafios e as tendências futuras da inspeção com VANT dessas duas estruturas são 
discutidas, seguidas das conclusões da revisão. 
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1 INTRODUCTION 
Bridges and tunnels are often complex large structures that demand specialized inspectors to perform their 

inspection and assessment in a nondestructive way, which are performed on-site by visual and physical measurement 
approaches, whose employment depends on the bridge/tunnel type and the material of its structure. 

The visual inspection is the predominant non-contact approach used for these structures, as it will at first indicate 
any visual changes in their surface, such as the crack existence, which is a primary key sign of a structure failure [1], [2]. 
As its name says, the structure condition is visually reviewed on-site by the inspector, who will register any visual 
changes with images taken by a camera. 

Other approach examples are the acoustic inspection, where hammers or chains are used to detect delamination or 
hollow areas in concrete components by analyzing the sound changes across its surface; and the infrared (IR)/thermal 
imaging inspection, or also referred to as infrared thermography (IRT), which may also be used to detect these defects 
and indicate material degradation by analyzing the infrared radiation changes along the concrete surface, collected by 
an IR thermal camera. 

Regulations and practices vary worldwide, but for example, the manual bridge inspection in the U.S., administered 
and regulated by Federal Highway Administration (FHWA), usually requires a local traffic control, where the inspectors 
need to coordinate an inspection date with the traffic controller in order to ensure safety precautions. It is executed by 
2 or 3 inspectors on average, depending on the length and complexity of the bridge, where they visually examine all 
the components by eyesight and prior experience to look for any defects, flaws or potential problem areas that require 
maintenance [3]. If any of these failures are identified, they are registered by pictures taken during the visual inspection 
and a physical inspection with equipment or tools is performed afterwards to quantify the damage. The FHWA requires 
each bridge to be inspected in a biennial routine, unless that the bridge is rated as structurally deficient, then it is 
recommended at least an annual routine. 

This bridge conventional inspection procedure faces some drawbacks, being the main ones listed below: 
• existence of inaccessible areas, usually at height; 
• high-costly, as generally requires heavy machinery rental (usually aerial work platforms) to provide temporary 

access to these areas, in addition to affect the local traffic, as it may require lane closures in the highway 
bridge/tunnel cases; 

• laborious, demanding a great effort from the inspectors to get near some hard-to-reach places; 
• dangerous, exposing the inspectors to high and complex places, besides the weather conditions and local 

environment (as gale, dust, and the nearness of water environment, e.g., above lakes and rivers); 
• time-consuming task, since these structures are usually large and complex. 

In addition, its inspection results are subjective (dependent on the inspector’s knowledge and experience), yielding 
to low reliability due to possible inaccuracies and failing defect detection [4]. It is worth noting that tunnel conventional 
inspection procedure face pretty much these same drawbacks. 

To deal with them, some solutions are being explored in the literature and applied to aid or even replace some 
manual activities within the conventional inspection. One of them that is getting more attention is the use of Unmanned 
Aerial Vehicles (UAVs). 

Although some reviews involving the UAV-based bridge inspection topic are already available in the literature, 
some of them explore a wider area within the civil infrastructure. In contrast, this article not only intends to provide an 
extensive up-to-date survey focused on previous works that explored the use of UAVs for bridge inspection, including 
both non-contact and contact based methods, but also includes the UAV-based tunnel inspection topic, about which 
there is no literature review available yet, to the best of authors’ knowledge. 

Considering all the above statements, the key goals of this review article are as follows: 
1. To review the researches of bridge and tunnel inspections using UAVs, where the main applications are identified. 
2. To identify the best practices and solutions to address the UAV-based inspection of this kind of structures. 
3. To update this topic by presenting emerging commercial off-the-shelf (COTS) UAVs that are promising and have 

not yet been considered in the literature. 
4. To provide both current key challenges and potential future trends of the UAV-based research in bridge and tunnel 

inspections. 
Totally, 142 literature documents (including journal/conference papers, master's/PhD theses, technical reports, to 

name a few) were compiled (retrieved mainly from Web of Science, ScienceDirect, and Google Scholar databases, 
considering a publication year period of 2000 to 2021), being 132 related to bridge topic and 10 to tunnel. Their year 
of publication are gathered in a clustered bar chart (Figure 1), showing that there was a large increase of published 
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documents from 2018 onward, indicating a growing interest on UAV employment for inspection of these large 
structures and its importance in the civil infrastructure field. 

 
Figure 1. Number of documents published through the years concerning bridge and tunnel inspections using UAVs. 

2 UAV EMPLOYMENT IN LARGE STRUCTURE INSPECTIONS 
Besides the usual expressions “UAV” and “drone”, there are also other correlated expressions found in the literature, 

as “Micro Aerial Vehicle” (MAV) and “Unmanned Aerial System” (UAS), this latter being usually composed of an UAV 
with its payload (the equipment it carries) and the ground control system, accordingly to the Unmanned Aerial Vehicle 
System Association (UAVSA) [5]. These expressions will be used accordingly to those adopted in each cited reference. 

The use of UAVs, especially the multi-rotor types, bring some advantages over the conventional inspection 
procedure: 
• it is safer, as the UAV operator control it remotely in a near safe place, together with the specialized inspector that 

can conduct the inspection by monitoring the UAV video broadcast or by accessing the collected images/videos 
later on a device (pc, tablet, to name a few); 

• offers more accessibility, since the UAV can easily access hard-to-reach places when compared to the conventional 
procedure; 

• has a relatively lower cost, as UAVs are compact, portable, and low-priced devices in contrast to the rented heavy 
machinery, as well as the indirect savings, such as the cost reduction associated with traffic control (e.g., lessened 
lane closure during highway bridge/tunnel inspection, especially the high traffic ones); 

• yields reduced time inspection, due to the UAVs high mobility. 
Although the research publications concerning the use of UAVs for bridge inspection begin in 2014, as stated in 

Figure 1, there are other few documents that were previously published, e.g.: 
• Metni and Hamel [6], in 2007, that was the first step towards the UAV-based bridge inspection. It evaluated an 

UAV dynamics for structure monitoring and bridge maintenance, where a control scheme was developed for it 
under some practical restrictions, and validated the concept of inspecting bridge defects with an UAV equipped 
with a visual device in an on-site experiment using a small helicopter that flew around a viaduct, in France, while 
taking a video sequence, from which some pictures have been extracted and presented to bridge inspection experts 
for evaluation; 

• and Moller [7], in 2008, that developed a twin-motor aerial robot called “Aerobot” to carry video cameras up to 
approximately 61m height to perform close inspection of elevated highway structures (including bridges), but due 
to some implementation issues, the device was not deployed within the schedule and the project was terminated. 
Meanwhile, the UAV technology has had a major breakthrough, especially the multi-rotor types, which are more 

stable and produce less vibration when compared to single-rotor helicopters [8], being them essential features to collect 
high quality images. 

This way, it was in 2014 that Brooks et al. [8] and Hallermann and Morgenthal [9] demonstrated the multi-rotor 
UAV capability for large structure inspections in civil engineering field, where all the aforementioned advantages (over 
the conventional procedure) were also stated. Brooks et al. [8] used a 6-rotor UAV (Bergen hexacopter), mounted with 
a Nikon D800 camera and a FLIR Tau 2 IR camera, to analyze two overpass bridges in Livonia, Michigan, whose 
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presented significant structural defects (i.e., spall, crack, and delamination); and Hallermann and Morgenthal [9] tested 
an 8-rotor UAV (AscTec Falcon 8), equipped with two cameras (Sony NEX-5 and Panasonic Lumix TZ22), to inspect 
an 80m long concrete arch bridge, whose arch is approx. 40m high, showing that it was possible to fly at short distance 
from its structure, even at high heights, although the wind played the major role together with the changing lighting 
conditions along the structure. 

After this, the UAV potential for visual inspection assistance became more and more clear as reported in the 
literature, e.g., Otero et al. [10] showed that the collected images from the UAS, during field tests, and by inspectors, 
during previous inspections, were of similar quality, and Seo et al. [11] demonstrated that the UAV-enabled inspection 
of an arch timber stringer bridge provided results almost identical to the conventional inspection report. 

Furthermore, recent researches are also exploring the application of the UAV system for contact based inspection 
procedures, which brings additional challenges involving the development of inspection devices, and the UAV control, 
once it might interact with the target structure, generating a complex dynamic for the UAV stabilization. 

In the following, all these applications are presented through the reviewed documents, which were separated into 
the tunnel topic (Section 3) and the bridge topic (Section 4). 

3 UAV-BASED TUNNEL INSPECTION 
Although UAV application for tunnel inspections is still unusual (due to the main issues of this kind of environment, 

e.g., lack of both lighting and global positioning system (GPS) signal), as demonstrated by the lower number of 
published documents, it has potential since it avoids the mobility limitations [12] as recent technology innovations on 
UAVs and photographic equipment are continuously being introduced to the field [13], allowing a faster inspection 
performance, which will be required in the future [14]. 

A common characteristic found in these few UAV-based tunnel inspection documents is that all of them used 
custom-built UAVs, needed to overcome the aforementioned issues, e.g., developed UAVs mounted with light detection 
and ranging (LiDAR), multiple/rotating camera system, lighting source, and GPS-free navigation system. Their 
information is briefly described in Table 1. 

Table 1. UAV-based tunnel inspection research efforts. 

Ref. Custom-built UAV Application scale Findings (platform) (payload) 

[15] 
4-rotor 
AscTec 
Pelican 

· 1 Hokuyo LiDAR; 
· LED lights; 
· 1 inertial measurement 
unit (IMU); 
· 1 1.6 GHz Atom Intel 
processor. 

· published in 2015, was the first literature 
study (to their knowledge) that focused on 
UAV localization and autonomous control in 
featureless three-dimensional (3D) tunnel-like 
environments; 
· performed field experiments in three different 
sites: 
§ in penstocks of both Carter and Allatoona 
Dams, in Georgia 
§ in a long building hallway at the University of 
Pennsylvania. 

· although a camera was not used in this research, 
the experimental results showed the feasibility of 
the UAV-based inspection of tunnel-like 
environments, making it a reasonable choice for 
future inspections by equipping the UAV with 
onboard cameras; 
· the proposed approach can be used for other 
tunnels, as those in transportation networks, 
besides the penstocks in dams and hydroelectric 
power plants that were explored in the 
experiments. 

[16] 

6-rotor 
KMel 
Robotics 
KHex 

· 2 Hokuyo UST-20LX 2D 
LiDARs; 
· 4 VGA resolution 
BlueFox cameras; 
· 8 10W Cree power-
LEDs; 
· 1 IMU; 
· 1 Intel i7 NUC board; 
· other sensors. 

· proposed a complete system design to collect 
detailed images of dark, featureless, symmetric 
and GPS-denied environments (as inside 
penstocks and tunnels) for their inspection 
using fully autonomous MAV; 
· performed field experiments in penstocks of 
both Carters and Glen Canyon Dams, from 
which a 360º panoramic image reconstruction 
and its 3D visualization were obtained. 

· the 360º panoramic image reconstruction and its 
3D visualization aid for a convenient inspection 
of inner penstock and tunnel environments; 
· a safe autonomy was achieved in dark, 
featureless, symmetric and GPS-denied 
environment by fusing the data obtained from the 
four VGA resolution cameras and the two 
LiDARs. 

[17] 6-rotor 
DJI-F550 

· 1 Velodyne Puck LITE 
LiDAR; 
· 4 Chameleon3 cameras 
(each rectified with four 
Cree XHP-50 high-power 
LEDs); 
· 1 PixHawk onboard 
controller (with IMU); 
· 1 Intel i7 NUC board. 

· presented a new approach to achieve 
autonomous UAV-based inspection of tunnels 
and penstocks by addressing the navigation, 
mapping, estimation, and control problems; 
· performed field experiments in a penstock of 
Center Hill Dam, where the autonomous and 
shared control navigation, environment 
mapping, and state estimation are demonstrated. 

· the autonomous navigation was executed by the 
onboard controller that receives feedback from 
the proposed estimator while allowing the shared 
control navigation with an operator even when 
the UAV is out of his sight, provided by a visual 
interface that shows him the UAV sensory data in 
real-time. 
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Ref. Custom-built UAV Application scale Findings (platform) (payload) 

[18] 4-rotor 
DJI-F330 

· measurement component 
(hammering device and 
microphone); 
· traversing component 
(Zumo Robot platform for 
Arduino); 
· control component 
(wireless communication 
device, DJI Naza-M Lite 
flight controller, and a 
microcomputer); 
· positioning system 
(camera). 

· developed an onboard hammering device for 
their custom-built UAV to perform tunnel 
inspection with the impact acoustic method, 
where the UAV thrust component push it along 
a concrete wall and the traversing component 
enable its movement across the structure, while 
the impact sounds made by the onboard 
hammering device are acquired by a 
microphone for later analysis. 

· the proposed mechanism was tested in inclined 
composite panels, achieving free movement in an 
angle of inclination up to 15º, and its inspection 
performance was evaluated with experimental 
results, where the peak frequency of the impact 
sound (collected by hitting concrete pieces during 
flight) was successfully detected, validating the 
proposed mechanism. 

[19] 
4-rotor 
custom 
frame 

· 1 LiDAR; 
· onboard computers; 
· other components (not 
specified). 

· aimed to develop a railway culvert inspection 
tool, composed of the custom-built UAV and 
the developed control algorithm for semi-
autonomous navigation and autonomous 
alignment of the UAV centroid with the culvert 
cross section center; 
· performed field experiments in a built 2.4m 
long small tunnel with an inner rectangular 
cross section of 1.38m x 1.5m, where the UAV 
achieved self-stabilization. 

· despite some portion of the LiDAR field of 
view being obstructed by the UAV frame (as it is 
positioned in the middle of the frame), it had 
insignificant impact on the overall system 
performance; 
· an adjustment on the UAV flight altitude was 
required during the experiments to avoid the 
ground effect (an air cushion generated below the 
UAV), originated while hovering close to the 
ground, which was aggravated by the confined 
space and disturbed the UAV stable flight. 

[20] 

4-rotor 
custom 
collision 
tolerant 
frame 

· 1 Hokuyo UST-20LX 2D 
LiDAR; 
· 1 Kodak PIXPRO SP360 
4K omnidirectional 
camera; 
· 1 high power LED; 
· 1 StereoLab ZED stereo 
camera; 
· 6 TeraRanger One range 
sensors; 
· other components. 

· attempted to address the inspection problem of 
human inaccessible tunnels with UAV 
autonomous navigation and collection of visual 
data inside these environments; 
· performed both simulations in gazebo and 
field experiments in a hydraulic tunnel. 

· the autonomous navigation was achieved by 
using the stereo camera, even when losing 
communication over long tunnel stretches; 
· the omnidirectional camera with ultra-wide 
view angle was able to capture visual image of 
the inner tunnel wall condition, even inside dark 
environments. 

[21] 
4-rotor 
custom 
frame 

· 1 developed rotating 
camera system (integrated 
with high luminance 
LEDs); 
· 6 TeraRanger One range 
sensors; 
· 1 LightWare SF11/C 
laser altimeter (down-
pointing); 
· 1 Pixhawk 2.1 flight 
controller (with IMU); 
· 1 Intel Edison (as a 
companion computer); 
· other sensors. 

· designed and developed a novel UAV (called 
“SWIRL” - Surveyor With Intelligent Rotating 
Lens) and imaging system for deep tunnel 
network inspection, where a novel rotating 
camera system perform spiral panoramic 
imaging (tested and validated in a field 
experiment at Connaught Drive underpass, 
Singapore); 
· performed both simulations using Gazebo and 
two field experiments to evaluate the UAV 
autonomous flight: 
§ in a covered section at Eu Tong Sen Canal (to 
evaluate the horizontal traveling through a poor 
illuminated tunnel); 
§ in an entry shaft of the Deep Tunnel 
Sewerage System in Singapore (to evaluate the 
vertical traveling in shafts). 

· the limited data required by the proposed 
location method resulted in a relative lower UAV 
payload and power consumption, yielding to 
more than 35min of autonomous flight time; 
· during the field experiment in the entry shaft, 
its constant high velocity updraft, together with 
the turbulence generated by its enclosed 
environment, acted negatively on the UAV flight 
performance, rising its positioning error. 

[22] 
4-rotor 
custom 
frame 

· 1 GoPro Hero4 camera 
(mounted on a rotating 
system with light source); 
· other components (not 
specified). 

· proposed a method that exploits Bundle 
Adjustment, Structure-from-Motion and 
available geometry priors to robustly estimate 
the GoPro Hero4 camera pose, which is rotated 
360º around the shaft of the custom-built UAV, 
to take a sequence of images while the UAV 
traverses tunnel-like environments, in order to 
perform panoramic cylindrical views and fully-
dense 3D reconstructions; 
· performed field experiments in an underpass, 
where the rotating camera system was mounted 
on a tripod stand and three different datasets 
were collected to evaluate the proposed method, 
whose results were compared with the Multi-
View Reconstruction Environment method. 

· the proposed method allowed the use of as few 
images as possible to reconstruct a fully-dense 
3D scene by using the prior knowledge of local 
geometry (e.g., the tunnel cross section 
diameter), enabling this way a pre-configuration 
of the UAV speed for an efficient image capture. 

Table 1. Continued... 
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Ref. Custom-built UAV Application scale Findings (platform) (payload) 

[23] 
4-rotor 
custom 
frame 

· 1 2D rotating RPLIDAR 
(range measurement);  
· 1 LIDAR-lite v3 (height 
measurement); 
· 1 GoPro Hero7 camera; 
· 2 10W LED light bars; 
· 1 PX4Flow optical flow 
sensor (velocity 
estimation); 
· 1 Aaeon UP-Board 
processing unit (with an 
Intel Atom x5-Z8350 
processor, and ROSflight 
controller). 

· used a ROSflight based custom-built MAV 
(developed by Luleå University of Technology) 
to rapidly explore unknown areas while 
providing feedback to the operator, for which a 
framework focusing on MAV navigation, 
control and vision is proposed; 
· performed field experiments in a dark 
underground mine in Sweden, located at 790m 
deep, where three different test cases (in a 
150m long tunnel area with a cross section of 
6m x 4m) evaluated the feasibility and 
adaptability of the proposed framework. 

· the proposed framework allowed flexibility and 
modularity on the MAV system by proposing 
two different approaches for its navigation (one 
depending on the 2D LiDAR measurements, and 
the other on the camera image streams), which 
accomplished the autonomous flight, and by 
assigning different sensors to the state estimation; 
· the field experiments demonstrated the 
capability of low-cost and resource-constrained 
MAVs to navigate in tunnel confined 
environments. 

[24] not 
specified 

· 1 high definition camera; 
· 1 fill light; 
· other components (not 
specified). 

· presented a real-time defect detection (focused 
on exposed rebar) of spillway tunnels using 
UAV and deep learning; 
· performed field experiments in a spillway 
tunnel of a hydro-power station in the Minjiang 
River, where the UAV collected images within 
a specified area, whose siltation, stagnant water, 
and light conditions yielded to challenges for 
image collection. 

· the proposed deep learning method allowed a 
relative reduction of its model size and parameter 
numbers, yielding to a better real-time 
performance, which is a key feature for future 
onboard UAV application. 

Among them, only Iwamoto et al. [18] focused their UAV development research for a contact based inspection 
(impact acoustic method), while the other authors regarded the camera-based visual inspection [16], [20]–[22], [24] 
and concerned the UAV positioning/localization and/or environment mapping, based on LiDAR [15], [17], [19], [23]. 

4 UAV-BASED BRIDGE INSPECTION 
Regarding now the UAVs used for bridge inspections in the literature, they can be divided into three groups: 1) the 

literature review articles, 2) the ones that made initial evaluation studies of the topic (or were at early research stage), 
and 3) the ones that performed case studies with practical tests. 

Beginning with the review papers, nine addressed literature reviews involving UAV-based bridge inspections: 
• Dorafshan and Maguire [5] presented the state of practice for the U.S. bridge inspection programs, where the 

autonomous navigation, 3D model reconstruction, and automated damage inspection were some of the covered 
topics, together with a summary of both U.S. Department of Transportation (DOT) investigations and the Federal 
Aviation Administration regulations on UASs. It concluded that despite the existing challenges involving UAS-
assisted bridge inspections, it has the potential to improve inspection accuracy at a relatively lower cost; 

• Duque et al. [25] provided a review on visual inspection, monitoring, and analysis of infrastructure using UAVs, 
where the bridge inspection topic was also summarized. It concluded from the findings that the UAV results are 
satisfactory, leading to a more efficient visual inspection in a lower time when compared with the conventional 
inspection procedure; 

• Agnisarman et al. [26] reviewed literature publications that investigated automated visual inspection technologies 
applied for civil infrastructures, including the UAV-based bridge inspection. It identified that the inspection of 
bridges is the most frequently addressed domain among the automation-assisted inspection applications (20 of 53 
reviewed studies), reflecting the importance of its structure maintenance and repair; 

• Greenwood et al. [27] summarized the UAV development efforts on civil infrastructure applications, where one of the 
discussed topics was the key cases of UAVs being used in bridge inspection and monitoring. It stated that, among the 
civil infrastructure monitoring, bridge inspection is the most widely approached topic for UAV integration; 

• Sony et al. [28] presented a review of next-generation smart sensing technology (such as UAVs, robotic sensors, 
cameras, and smartphones) applied for structural health monitoring, where the bridge inspection topic was discussed 
within the UAV-based literature section; 

• Ahmed et al. [29] examined recent developments in autonomous robotic platforms for NDE and structural health 
monitoring of bridges, where UAV-based non-destructive inspections were addressed. It stated that it is a relatively 
new field of research, where its flexibility and versatility need to be exploited in order to access and monitor the 
distinct bridge infrastructure parts; 

Table 1. Continued... 
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• Outay et al. [30] concerned three major domains of transportation: road safety, traffic monitoring, and highway 
infrastructure management; where the advancements of key feature extraction from UAV collected images/videos 
by computer vision algorithms were addressed. Within the highway infrastructure management topic, some research 
efforts that used UAVs for bridge inspection and monitoring were briefly summarized; 

• Jeong et al. [31] summarized the literature central findings on UAV techniques for bridge inspection and damage 
quantification, where both conventional UAV-enabled visual inspection and damage detection algorithm studies 
were briefly described. It concluded that UAV can be considered for bridge inspection as a feasible and efficient 
tool, and a continued interest in it is expected; 

• and Feroz and Abu Dabous [32] conducted a review of UAV applications in bridge condition monitoring, based on 
remote sensing technologies (such as LiDAR, IR and visual imagery, in addition to other sensors), where sixty-five 
journal and conference papers were compiled and summarized. It concluded that the use of UAVs improved the cost 
efficiency and accessibility, while reducing safety hazards and avoiding traffic closures during the inspection process. 
Within the group that made initial evaluation studies, composed of [33]–[42], although they were at early stage from 

a practical point of view, some important details were discussed, such as the necessary specifications and payloads of 
the UAV, the flight mission planning considerations (including the on-site risk evaluation, the protocols to be followed 
by the operator, and the bridge data collection), together with the main advantages and challenges of the UAV-based 
bridge inspection applications. 

Lastly, considering the ones that performed practical inspection tests, the used UAVs were identified and listed in 
Table 2, together with their models, approximate flight time (depending on the UAV series model, its payload, battery 
lifetime, and environmental conditions, as temperature and weather), and the used cameras. 

Table 2. UAVs used for bridge inspection found in the literature. 

Model (type) Cameras (resolution) Flight time 
(approx.) References 

SenseFly Albris (4-rotors) Int.* (38MP /1280x720 video); 
IR (80x60 video). up to 22min [43]–[45] 

3DR Iris (4-rotors) GoPro Hero 3 or 4 Series 
(5~12MP/ 1080p~4K video). 10~13min [46]–[49] 

DJI Mavic Series (4-rotors) Int. (12~48MP/ 1080p~4K video). 21~31min [46]–[56] 
DJI Phantom 3 Series (4-rotors) Int. (12~12.4MP/ 1080p~4K video). 23~25min [45], [57]–[59] 

DJI Phantom 4 Series (4-rotors) Int. (20MP/ 4K video). 27~30min [11], [50], [51], 
[55], [60]–[70] 

DJI Inspire Series (4-rotors) Zenmuse X Series (12.4~24MP/ 4K video); 
IR - FLIR Vue Pro (640x512 video). 18~27min [71]–[75] 

DJI Matrice 100 Series (4-rotors) Zenmuse X Series or 
Zenmuse Z3 (3.5x Optical Zoom). 19~40min [76], [77] 

DJI Matrice 200 Series (4-rotors) Zenmuse X Series or 
Zenmuse Z30 (30x Optical Zoom). 13~38min [78]–[82] 

DJI Matrice 600 Series (6-rotors) Zenmuse X Series; 
Fujifilm GFX 50S (51.4MP/ 1080p video). 16~40min [50], [51], [55], 

[83]–[87] 

Bergen Hexacopter (6-rotors) Nikon D800 (36.3MP/ 1080p video); 
IR - FLIR Tau 2 (640x512 video). 18~30min [8], [88], [89] 

Intel/AscTec Falcon 8 (8-rotors) 
Sony NEX-5 (14.2MP/ 1080i video); 

Sony Alpha 7R (36.4MP/ 1080p video); 
Panasonic Lumix TZ22 (14.1MP/ 1080i video). 

12~20min [9], [90], [91] 

Other COTS -------------- -------------- [92]–[104] 

Custom-built -------------- -------------- [10], [47]–[49], 
[105]–[131] 

Not specified -------------- -------------- [132]–[151] 
* IR = infrared camera; Int. = Integrated camera. 

One can see from Table 2 that the COTS DJI models [152] are predominant in the applications, together with the 
custom-built ones, whose were developed by researches within academic institutions or by collaborating companies, 
not to mention the UAVs that were not specified in their papers. 

These UAV applications can be divided into two main groups, the non-contact and contact based methods, described 
in the sequence. 
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4.1 Non-contact based inspection applications 
The majority of the applications, listed in Table 2, are non-contact based methods, where the predominant one is 

the visual imagery, which consists in acquiring images, videos, and other visual information. Within it, there are two 
main approaches: the visual and the infrared inspections. 

4.1.1 Visual inspection applications 
In the visual inspection, considering the UAV application, the inspector search for any visual structural changes in 

the images/videos collected by the UAV cameras, either on-site or later in a device. Although this type of application 
has all the UAV benefits listed in Section 2, the defect detection still relies on the specialized inspectors, whose similar 
subjective and inaccurate results from the conventional procedure still remain unsolved. Another method used to tackle 
this problem is the automatic inspection (or the term “vision” is also commonly used), where image processing 
techniques are specifically developed to detect and/or identify the structural defects in the images/videos collected by 
the UAV cameras. 

All these visual inspection applications are listed in Table 3, where they are separated within the structure material 
of the bridge and their related defect types. 

Table 3. Structural defect detection researches in UAV-based bridge visual inspection applications. 

Structure 
material Defect type 

Inspection type 
(manual) (automatic) 

Concrete 

Crack [10], [11], [43], [45], [54], [58], [62]–[65], [67], 
[80], [81], [117], [130], [137] 

[46]–[48], [50]–[53], [55], [56], [60], [61], 
[68], [71], [74], [76], [78], [90], [96],  

[104]–[112], [115], [116],  
[131]–[136], [143], [150] 

Spalling [11], [62]–[65], [67], [81] [60], [61], [105], [106], [108],  
[115], [132], [134] 

Efflorescence [10], [11], [43], [45], [54],  
[58], [62]–[65], [67], [81] [60], [132] 

Exposed rebar [11], [62], [64], [65], [67], [70] [60], [108], [115], [150] 
Generic/others [10], [11], [54], [62]–[65], [67], [80], [81] [60], [108], [132], [150] 

Steel 
Corrosion [10], [11], [45], [54], [62]–[65],  

[67], [70], [101], [102] 
[96], [100], [109], [138],  

[147], [150], [151] 
Crack [49], [54] [48], [100], [138] 

Paint failure [45], [80], [149] [138] 

It can be seen that the most explored defect type: 
• in concrete structures is the crack, as expected, since it is the main visual warning for a possible failure; 
• and in steel structures is the corrosion, as it is one of the main defects that arise in this type of material due to its 

exposure to environmental conditions (as temperature and humidity, to name a few); 
and the most employed technique within the automatic inspection is the deep learning, whose popularity in the 

literature has been increasing due to its advantages, such as the simultaneous detection of multiple different defect 
types, e.g., [60], [100], [108], [115], [150]. 

Despite the defect detection/identification, there are other UAV applications for aiding visual inspection, such as 
3D reconstructions [43], [45], [48], [50], [51], [55], [60], [66], [70], [71], [74], [76], [90], [91], [98], [99], [105], [106], [118], 
[142] and damage quantification [63], [66], [67], [69], [71], [80], [81], [81], [96], [108], [131], [136], [140], [143]. 

Another emerging imaging-based application with UAVs is the displacement/deformation measurement techniques 
of bridge structure, e.g., photogrammetric computer vision [9], [83], [89], [97], [146] and digital image correlation 
(DIC) [79], [92]–[95], [148]. Despite these imaging-based techniques, it is also worth mentioning the use of Laser 
Doppler Vibrometers (LDV) in UAVs as a non-contact sensor to measure bridge displacements [84]–[86]. 

4.1.2 Infrared inspection applications 
Unlike the aforementioned great number of visual applications, the IR inspection is still underexplored within the 

UAV applications, although IR images of bridge decks are already commonly used during conventional bridge 
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inspections to obtain information on subsurface defects, like concrete delamination [103]. Some few researches that 
explore this nondestructive method are briefly described below: 
• Brooks et al. [8] and Escobar-Wolf et al. [88] used the FLIR Tau 2 IR camera, installed on the Bergen Hexacopter, 

to detect six delamination areas on the inspected bridge deck, where a total of seven delamination areas (all without 
visible signs) had been spotted before with a handheld FLIR SC 640 IR camera, whose presence were confirmed 
with a hammer test, i.e., only one delamination area was not found with the UAV IR imagery. Then, their proposed 
method improves the classification by also including the images collected by a Nikon D800 camera (also installed 
on the UAV) in the analysis; 

• Zink and Lovelace [103] tested the integrated IR camera from the Aeyron Skyranger UAV in one of the evaluated 
bridges, where the collected IR images clearly showed the thermal gradient at the deck beam locations; 

• Khan et al. [119] and Ellenberg et al. [120] performed experimental investigations on a mock-up concrete bridge, 
where a hexacopter based on DJI F550 frame (equipped with a GoPro Hero3 camera and a FLIR TAU2 IR camera) 
was used to map it using a multispectral approach, consisted of visual and IR imaging. While Khan et al. [119] 
presented the collected UAV images that clearly showed three delaminated regions on the mock-up, Ellenberg et al. 
[120] used a gradient following algorithm to identify the delaminated regions; 

• Ellenberg et al. [141] used a commercially available six-rotor UAV equipped with both GoPro Hero3+ silver edition 
camera and IR camera (FLIR Tau 2) to collect real-time video imagery from a bridge deck mock-up (an eight inch 
thick concrete slab, supported by three structural steel I-beams) with multiple pre-manufactured defects (including 
delamination instances) for field testing, in which the collected IR images/videos were sufficiently clear for their 
developed image post-processing algorithm to identify the delamination locations; 

• Omar and Nehdi [72], [75] mounted an IR camera (FLIR Vue Pro) on a DJI UAV (Inspire 1 Pro) to detect subsurface 
delamination in concrete bridge decks, where the feasibility of the proposed system was investigated in two full-
scale in-service reinforced concrete bridge decks and demonstrated by comparing its results with other 
nondestructive testing technique results (including hammer sounding and half-cell potential testing), where the 
defect regions identified by the proposed system were confirmed; 

• Wells and Lovelace [44] detected deck delamination with good accuracy in one of the on-field bridge inspections 
with an onboard thermal sensor of the SenseFly Albris UAV, whose results were validated by comparing them with 
the ones obtained by a handheld FLIR thermal camera, where the delamination areas were previously located and 
marked with the chain dragging method; 

• Hiasa et al. [57] tested a FLIR T420 IR camera (a handheld IR camera that is not intended for UAV application) 
attached to a DJI Phantom 3 Advanced UAV using gummed tape, where it was examined if the vibration of the 
UAV during a hovering flight would affect the images taken from the IR camera (e.g., generate blurred images). 
They showed that it was possible to capture clearly lattice pattern squares from 1m to 5m range, concluding that if 
even in this test was possible to capture the target without blurry, then other IR cameras meant for UAV application 
are also capable, as they are typically used with a gimbal (that mitigates the vibration effects). It is worth noticing 
that the test was made during hovering flight, i.e., the flying speed during UAV motion may still affect the IRT 
results, e.g., for a video application; 

• Mac et al. [82] conducted experiments on a concrete specimen (emulating a bridge deck surface) with artificial 
delamination, where two methods were employed to capture its surface temperature: a professional handheld IR 
camera (FLIR SC660) and a DJI M200 UAV equipped with IR camera (FLIR Zenmuse XT2). A good agreement 
was observed between their results, which validated the UAV application; 

• Jang et al. [153] presented a deep learning based concrete crack detection using hybrid images, where a hybrid 
image scanning system was developed to combine vision and IRT images for unmanned vehicle, in which an 
integration with UAVs is in progress by the process of miniaturization and packaging of the developed system to 
reduce its size and weight for mounting it onto a custom-built sticking-type UAV; 

• and Cheng et al. [87] developed a customized deep learning model based on encoder-decoder to segment concrete 
delamination areas in thermal images at the pixel level. This model is validated with experiments conducted in an 
in-service concrete bridge, where two UAV configurations were employed to take both thermal and visible images, 
being the thermal camera (FLIR A8300) mounted on a DJI Matrice 600. 
Most of them involved automatic inspection methods, where distinct image processing algorithms were developed 

to mainly detect the delamination areas, being on the other hand [44], [57], [82], [103], [119] based on manual 
inspection or other analysis methods. 
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4.2 Contact based inspection applications 
Although UAVs are being widely used for non-contact inspections, especially the image-based ones, as can be 

noticed above by the number of documents available in the literature, they are also still underexplored for contact 
inspection tasks. It is mainly due to the challenges that this type of methods involves, requiring specific device 
developments to be installed onboard the UAV, hampered by its limited payload capacity, along with the requirement 
of a more sophisticated control algorithm to deal with the complex dynamics derived by the interaction between UAV 
and target structure. 

There is still no COTS UAV available for contact based inspection and both research and development are necessary 
to overcome these challenges. Thus, there are few documents in the literature that developed custom-built UAVs 
focused on dealing with this problem. 

An example is the displacement or strain measurement application, for which the custom-built UAVs in Sanchez-
Cuevas et al. [113], [114] and Jimenez-Cano et al. [122] were developed. Different from the previously visual-based 
ones, these UAVs rely on a reflector prism (360º miniprisms) installed in their structure, to perform the bridge 
inspection while in contact with its ceiling, where a total station (Leica Geosystem MS50) continuously tracks the prism 
position, from which an estimation of the bridge deformation can be obtained. Additionally, the ceiling effect (arisen 
when the UAV gets close to the bridge ceiling) is exploited to improve the UAV flight performance, where the 
increment in rotor thrust (derived from this effect) is explored by the developed UAV control while keeping the UAV 
stable and preventing it from crashing into the ceiling. 

Another example is the acoustic inspection application, performed by the custom-built UAVs developed in 
Chun et al. [109], Mason et al. [144], and Moreu et al. [145], whose onboard hammering device systems were 
developed to perform both impact and sound recording for post-processing analyses of concrete structure assessment. 
Besides that, the implementation of onboard manipulators on UAVs, both 1 Degree-of-Freedom (DoF) ones (explored 
in Ikeda et al. [124] and Ichikawa et al. [126]) and 3 DoF ones (in Jimenez-Cano et al. [123] and Ikeda et al. [125]), 
may not only be employed for this kind of test, but also for other contact based inspection applications, where a specific 
device may be manipulated by these UAVs. 

5 DISCUSSION OF THE REVIEWED LITERATURE 
Following the above description of UAV-based application researches for bridge and tunnel inspection, it would be 

interesting to have an overview of these main applications. To aid this, the following pie charts (Figure 2) are presented. 

 
Figure 2. Percentage of the main UAV-based applications for bridge and tunnel inspection. 

It is evident that the most employed application is the visual inspection, corroborating with the statements made 
previously in Subsection 4.1. It was expected since this is also the main employed method in the conventional procedure 
and the availability of lightweight high-definition cameras (especially the on-board/integrated ones on COTS UAV 
platforms) enable a good quality inspection. Although in the tunnel case it is not as expressive as in the bridge case, the 
visual inspection still represents half of UAV-based tunnel applications, followed by the ones focused on LiDAR-based 
UAV positioning/localization and/or environment mapping, since the lack of GPS signal in this environment is still a 
main challenge. 

Note that, within all the UAV-based inspection applications, it was employed either manual or automatic flight 
navigation, where in the former the operator manually controls the UAV position during the inspection process, and in 
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the latter a pre-determined trajectory is programmed and uploaded in the UAV, so that it can automatically navigate 
on-site, where the operator supervise it during all the inspection and may intervene it by taking the UAV control, if any 
unexpected external event occurs. 

It is worth emphasizing the difference between automatic and autonomous flight navigation. While the former is 
developed to reduce the human intervention during its operation to a minimum, the latter does not allow any human 
intervention during its flight mission, being independent and self-governing while coping with all unforeseen and 
unpredictable situations that may happen during its navigation. Currently, UAV regulations of many countries do not 
allow autonomous flight navigation in open airspace since it is still immature and may pose risk to itself and to all of 
its surroundings. However, this may change as this development becomes more mature and ensures more security 
during its operation. 

Despite the flight navigation mode, it was shown in Section 2 that UAVs provide several advantages over the 
conventional inspection of bridge and tunnel structures, overcoming the main drawbacks related to their procedures 
(described in Section 1), e.g., the UAV enable the access and assess of dangerous and/or tight spots that are inaccessible 
to humans [20], [130]. 

However, the use of this type of technology also brings some challenges, as described in the following. 

5.1 Key challenges 
The use of UAVs presents some challenges/limitations as: 

• the flight planning, which requires a specialized UAV operator (who needs to be trained and certified to ensure a 
safe UAV operation) to conduct a manual flight or even to attend an automatic flight (which requires a previously 
developed path planning) to inspect the on-site structure, along with the evaluation of the environment and weather 
conditions, which may preclude the flight mission, e.g., gale and heavy rain; 

• limited flight time and payload capacity, which varies for each UAV platform, requiring some extra batteries for 
long structure inspections; 

• the noise on collected images, derived mainly from the local conditions, e.g., dust, changing lighting conditions 
along the structure, and wind disturbances during UAV flight (that may lead to blurry images); 

• the existence of GPS-denied areas, whose hinder the UAV navigation, precluding the inspection of structure 
components at these areas, e.g., at tunnel environments and underneath large bridges; 

• and the regulations of governing authorities for UAV operation, which varies from country to country [34]. 
However, they are continuously being dealt with by the researchers of the area, as the research and development of 

autonomous flight that provide high accuracy positioning to collect images without blurry effects, along with the UAV 
technology advancement (e.g., energy-efficient UAV platform designs, enhanced batteries, and GPS-free flight 
capability) and also the regulations improvement by the associated government agencies in charge. 

Concerning the UAV-based tunnel inspection, as stated in Section 2, the major challenges are the lack of both light 
and GPS-signal, which were mainly overcome by custom-built UAVs developed in the few literature documents (see 
Table 1), besides some of them being inaccessible by humans, where the UAV must do its inspection out of the operator 
view, making the task even more challenging (e.g., problem tackled by Özaslan et al. [17] and Hongyu [20]). 

Likewise, among the main challenges of UAV-based bridge inspection, the underside deck can be mentioned, which 
is one of the most problematic areas to perform the inspection by an UAV. Some few examples that designed UAVs to 
overcome this problem are Sanchez-Cuevas et al. [113], [114] and Jimenez-Cano et al. [122], whose UAV platforms 
explore the ceiling effect when in contact with it in a fixed position during an under-bridge inspection, and Wang et al. [112], 
whose tethered creeping UAV platform ensures the distance between the camera and the bottom of the bridge for an 
accurate crack detection. Other examples related to this problem are Yang et al. [117] and Peng et al. [131] that mounted 
a camera in an upward gimbal on the top of their UAVs (solution that are also being provided by some specific COTS 
UAVs, mentioned in Subsection 5.2). 

However, its main issue is again the lack of GPS signal, especially at large bridges. Dorafshan et al. [48] not 
only summarized some instances during state DOT missions, but also underwent it during their field experiments, 
where though the built-in sonar sensors, installed on the bottom of their DJI Mavic, allowed the operator to 
substantially control it while flying under the bridge (in absence of GPS signal), some instability occurred when 
flying over the river, precluding the under-bridge inspection over this region. Other authors have also reported 
this issue, e.g., [5], [103], [113], [117], [127], [128], for which an auxiliary positioning system is required, such 
as other position estimation approaches (as optical flow and visual odometry techniques) and/or other technologies 
(as LiDARs and image based navigational sensors). 
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At last, but not least, the success of the UAV-based inspection task rely on the UAV flight parameters (e.g., the 
distance between the UAV and the structure), the payload choice (the sensors and instruments carried by the UAV) and 
their parameter configuration (e.g., the high definition camera settings, as the shutter speed, aperture, and ISO), which 
may be cumbersome even for experienced UAV operators. 

5.2 Future trends 
Throughout the survey, an identified trend regarding the UAV-based inspection of both tunnels and bridges is the 

development of automatic flights and even semi-autonomous navigation that are being explored by some of the research 
studies. This will lead to a future trend of completely autonomous UAV navigation, which will play an important role 
to enable the automation of the inspection procedure. 

Seeing this and the rapid advance on UAV and remote sensing technologies, together with the development of 
advanced control and navigation, another expected future trend is the multi-UAV cooperation, whose collected multi-
data will not only improve the efficiency and performance of the inspection, but also decrease the execution time. 

Before this, a trend provided by the rapid advancement of UAV technology is the emerging of COTS models 
focused on inspection tasks, which are probably already being used in current researches of UAV-based inspection of 
this kind of structures. Some examples of these 4-rotors UAVs are: 
• the DJI Mavic 2 Enterprise Series (launched on October 29, 2018) [154], which is based on the Mavic 2 flight 

platform (with same 31min flight time), but with new features, as the modular accessories (spotlight, speaker, and 
beacon), the camera upgrades (in which the IR camera addition, available in Dual and Advanced series, is 
highlighted here), and the add-on Real Time Kinematics (RTK) module for the Advanced series only; 

• the collision-resistant Flyability Elios 2 (launched on April 29, 2019) [155] (with up to 10min flight time) that has 
a protective frame as a distinctive feature (a carbon fiber spherical cage that encloses the UAV, protecting it from 
collisions up to 1.5 m/s), in addition to embeds both 12.3MP camera (that records 4K videos) and Lepton 3.5 FLIR 
IR camera (160x120 video), together with onboard LEDs that provide 10K lumens of light with a remotely 
adjustable intensity; 

• and the DJI Matrice 300 Series (launched on May 7, 2020) [156] (with up to 55min flight time), compatible with 
more Zenmuse Series cameras (including powerful full-frame, optical zoom, and IR options) and supporting an 
upward gimbal, in addition to have the RTK module available. 
Although some UAV model comparatives were made in the literature, e.g., [5], [25], [51], the aforementioned 

models had not been released yet. 
Considering all the presented UAV models (Table 2 and the aforementioned ones), the authors highlight here two 

of them: the DJI Matrice 210 RTK V2 and the DJI Matrice 300 RTK, since they support not only both IR camera and 
RTK module (which are desirable features for this kind of inspection), but also an upward gimbal, which is a highly 
recommended feature for both tunnel and underside bridge deck inspections. Although DJI Mavic 2 Enterprise 
Advanced also provide both IR camera and RTK module, it does not offer the upward gimbal option, but its relative 
lower price makes it a good alternative. At last, but not least, it is worth mentioning the Flyability Elios 2, whose 
protective frame and GPS-free flight capability are strong features to also inspect complex and confined indoor spaces, 
being a great option especially for tunnel inspections. 

The IR camera availability is emphasized since the use of hybrid image processing (in this case, the fusion of 
infrared and visible images) will provide more information to the inspection process, where their individual advantages 
can be explored to improve the defect detection. Moreover, other sensors may also be explored in this kind of approach, 
such as the ultrasonic displacement sensor (to provide a distance measurement from the target structure) [157]. 

6 CONCLUSIONS 
There has been a rapid increase in the number of researches on UAV-based inspection applications in civil 

infrastructure field, especially for large and complex structures, promoted by the fast advancing electronics technology 
that is aiding the development of powerful custom-built UAV platforms and also enabling the emergence of COTS 
UAV solutions focused on inspection tasks. They bring several benefits over the conventional procedures of bridge and 
tunnel inspection, such as more accessibility and safety, along with a reduced cost and inspection time, overcoming the 
main drawbacks faced by them, which are practically the same for both. 

This review article has gathered and surveyed both UAV-based inspection researches of bridges and tunnels, and 
the main applications have been identified, whose relevant information were summarized in detailed tables to provide 
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a convenient overview of their state-of-art. This includes the several identified COTS UAV platforms that were 
employed for bridge visual inspection and the diverse custom-built UAVs developed specifically for tunnel inspection. 

Although the challenges for both bridge and tunnel UAV-based inspections are practically the same, it is worth to 
emphasize that the lack of lighting and GPS signal in tunnel environments are far more critical when compared to the 
bridge case, as in the latter these regions are relatively smaller (usually under its deck), where it is still possible to 
collect images with some UAV platforms that can point the camera in an angular way towards the bottom of the deck. 
Consequently, the percentage of researches focusing on positioning and mapping in tunnel environments is still 
expressive (see Figure 2). 

It also has shown that the current main employed application is the visual inspection, boosted by the great number 
of available lightweight high-definition cameras, especially the on-board/integrated ones on COTS UAV platforms, 
which provide high quality images and enable an inspection result of similar quality from the conventional procedures. 

Despite the still existence of some limitations that hinder the applications of UAV-based inspection of large 
structures, such as the existence of diverse UAV regulations that vary for each country and the weather conditions that 
may preclude and delay the on-site inspection execution, some other challenges are being overcome by the fast 
advancing of UAV and remote sensing technologies, together with the development of advanced control and navigation, 
which may enable some new future possibilities such as the automatic condition monitoring of these structures, where 
an UAV will autonomously execute a periodic inspection with a precise positioning during the path-planned trajectory, 
and the collected data from different sensors will be evaluated and compared with the previous ones, yielding to a 
shorter-time assessment and a better maintenance management. 
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Abstract: The relationship between flexural and direct tensile strength (αfl ratio) has been explored in 
evaluations of the cracking moment for concrete structural elements. However, most results for αfl can be 
applied only for rectangular cross-sections. This manuscript addresses its obtaining for unusual cross-sections 
largely used in precast concrete elements. A theoretical analysis was performed in thirty-two different cross-
sections regarding the compressive strength of concrete and the aggregate type used in the concrete 
composition. The results showed a smooth increase in αfl for higher strength concretes and lower elastic 
modulus aggregates. The theoretical procedure showed a good correlation with experimental data and 
prediction models and can be an interesting alternative for the obtaining of the αfl of unusual cross-sections. 

Keywords: flexural tensile strength, direct tensile strength, cracking moment, precast concrete, theoretical 
analysis. 

Resumo: A relação entre a resistência à tração na flexão e tração direta (razão αfl) tem sido explorada na 
avaliação do momento de fissuração para elementos estruturais de concreto. No entanto, a maioria dos 
resultados relatados para αfl podem ser aplicados apenas para seções transversais retangulares. Este artigo 
aborda a obtenção da relação αfl para seções transversais não usuais amplamente utilizadas em elementos de 
concreto pré-moldado. Uma análise teórica foi realizada em trinta e duas diferentes seções transversais em 
termos da resistência à compressão do concreto e o tipo de agregado utilizado na composição do concreto. Os 
resultados apresentaram um suave aumento em αfl para concretos de maior resistência e agregados com menor 
módulo de elasticidade. O procedimento teórico exibiu uma boa correlação com dados experimentais e 
modelos de previsão, e pode ser uma alternativa interessante para a obtenção da relação αfl de seções 
transversais não usuais. 

Palavras-chave: resistência à tração na flexão, resistência à tração direta, momento de fissuração, concreto 
pré-moldado, análise teórica. 
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1 INTRODUCTION 
Concrete is a material of quasi-brittle behavior evaluated predominantly in compression due to its high compressive 

strength and limited tensile strength. Such low tensile strength property is, therefore, neglected in the design of 
reinforced concrete structures, and steel reinforcement is used to support tensile stresses [1]. On the other hand, the 
tensile strength of concrete is an important property in assessments of both cracking formation and deflections at the 
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serviceability limit state [2], and cracking moment in prestressed elements, punching shear, concrete/steel bond 
strength, shrinkage, control of crack width in early-ages, and development of moment-curvature diagrams [3]. It can be 
obtained by three different test methods, namely direct tensile test, splitting tensile test, and flexural test. 

Splitting and flexural tensile strengths have been widely used and defined from the indirect application of tensile 
stresses according to EN 12390-6 [4] and EN 12390-5 [5], respectively. However, studies on the determination of the 
direct tensile strength are limited, since this property is susceptible to testing techniques, such as boundary conditions, 
loading ratio, and size and shape of the specimens tested [6], [7]. According to Chen et al. [8], although uniaxial tensile 
tests are challenging, their results are easily interpreted. Contrarily, flexural tests show a nonuniform stress-strain 
distribution in the cross-section of the specimen, thus hampering the analysis of results. Both tensile strengths (direct, 
splitting, and flexural) are usually correlated by some standard codes. Although the direct tensile strength is the true 
tensile strength of concrete, the splitting tensile strength is useful and reliable to estimate the conventional strength due 
to its simplicity execution. On the other hand, flexural tensile strength can be used to obtain the tensile strength in 
structural elements subjected to bending. For example, the ABNT NBR 6118 [9] indicates values for the correlation 
between flexural and direct tensile strength to be used on the verification of the cracking moment for rectangular, I-, T- 
and inverted T sections. 

In general, the direct tensile strength is acquired through correlations between other properties. Figure 1a displays 
the difference between the tensile behavior for both direct tensile and flexural tests. Direct tensile tests exhibit a linear 
hardening up to the direct tensile strength (fct) when a brittle failure occurs. Unlike direct tensile tests, flexural tests 
show nonlinear hardening after the tensile strength of concrete has been reached and a smooth failure when the flexural 
tensile strength (fct,fl) has been achieved (see Figure 1a). A typical nonlinear flexural behavior of plain concrete is shown 
by a moment-curvature relationship (see Figure 1b). Hillerborg et al. [10] proposed a plain concrete behavior under 
tensile loading based on a fictitious crack model, which considers the presence of a fracture process zone when the 
maximum stress reaches the tensile strength of concrete (Figures 1c-1d). Such a zone is characterized by a gradual 
softening of concrete due to micro-cracking and interlocking of the aggregates, cement, or fibers [11], [12]. A fictitious 
crack is formed in this region simultaneously with a tensile stress decrease in the bottom fiber. When the tensile stress 
is assumed zero, a real crack is installed, and its width increases according to the softening stress-strain relationship [13] 
(Figures 1d-1e). 

 
Figure 1. Plain concrete behavior under tensile loading: (a) stress-strain relationship, (b) moment-curvature relationship, and (c-e) 

stress-strain distribution diagrams along the uncracked and cracked sections. 
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Flexural tensile strength is essential for evaluations of the cracking moment of concrete elements (Equation 1). In 
particular, ABNT NBR 6118 [9] recommends the cracking moment verification by Equation 2 with a relationship 
between flexural and direct tensile strengths, shown in Equation 3: 

ct,fl g
cr

t

f   I
M  = 

y
⋅

 (1) 

fl  ct g
cr

t

α  f    I
M  = 

y
⋅ ⋅

 (2) 

ct,fl
fl 

ct

f
α  = 

f  (3) 

where Mcr is the cracking moment, fct,fl is the flexural tensile strength, fct is the direct tensile strength, Ig is the moment 
of inertia of the gross concrete section, yt is the distance from the centroidal axis of the gross section, and αfl is the 
flexural and direct tensile strength ratio. 

Some researchers have addressed the flexural and direct tensile strength ratio (αfl) due to differences between the 
flexural and direct tensile behaviors of concrete and the significance of their correlation. Maalej and Li [13] developed 
an analytical model to evaluate the flexural strength of fiber cementitious composites and observed the flexural and 
direct tensile strength ratio depends on the brittleness ratio and is affected by stress distribution in the fracture process 
zone. Ratio αfl is a function of the specimen geometry and should decrease as the specimen height increases [13], [14]. 
Sorelli et al. [15] performed bending and uniaxial tensile tests in hybrid fiber-reinforced concretes, and the results 
indicated both type and fiber geometry highly influence their post-cracking behavior. αfl was 1.46 for plain concrete 
and increased to 1.86 for macro fiber reinforced concrete. 

Wu et al. [6] and Chen et al. [8] studied the effects of strain rate and testing method on the tensile strength of 
concrete and experimentally compared three methods, namely direct tensile, splitting tensile, and flexural tests for 
measuring it. The results confirmed the specimens tested under flexure showed higher tensile strength than those 
subjected to direct and splitting tension. The authors concluded the tensile strength increases and αfl decreases with a 
strain rate increment, reaching 2.1 to 2.5 values for plain concrete of 37 MPa compressive strength [6], [8]. Balbo [16] 
evaluated a relationship between splitting tensile strength and flexural strength for dry and plastic concretes used in 
pavements bases. The experimental data showed the flexural strength is usually 92% and 49% higher than the splitting 
tensile strength of dry and plastic concretes, respectively. Lin et al. [17] proposed a testing method with embedded steel 
bars that was considered suitable for assessing the direct tensile strength of normal strength concrete specimens. The 
results were approximately 50% lower than the flexural tensile strength. αfl varied between 1.92 and 2.02 in tensile tests 
performed in Ultra-High Performance Fiber Reinforced Cementitious Composites [18]. 

The studies addressed are limited and report results only for rectangular cross-sections. On the other hand, structural 
elements with unusual cross-sections have been largely used in several precast concrete industries due to their 
versatility, production speed, durability, and safety [19]. Besides, such studies usually disregard the influence of 
strength and aggregate type of the concrete, which are important factors in tensile behavior [20], [21]. 

This paper evaluates the flexural and direct tensile strength ratio for unusual cross-sections used mainly in precast 
concrete elements. A theoretical analysis was performed in thirty-two different cross-sections regarding the 
compressive strength of concrete and the aggregate type used in the mixture. A discussion on the influence of ultimate 
tensile strain and a comparison between prediction models are also addressed. 

2 ANALYTICAL SOLUTION 
Ananthan et al. [22] investigated the fracture behavior of plain concrete slender beams subjected to flexural loading 

using equilibrium equations, and proposed a one-dimensional model, called softening beam model, which accurately 
predicts the maximum load of rectangular concrete specimens under bending. The model was developed from 
uncracked ligament equilibrium and use of the strain softening modulus, calculated by Equation 4: 
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ct
T 

ut pt

f
E  = 

 - ε ε  (4) 

where ET is the strain softening modulus (MPa), and Ɛut and Ɛpt are the ultimate and peak strains of concrete in tension, 
respectively. 

The relationship between strain softening modulus and elastic modulus is given by 

* T E
E  = 

E
 (5) 

where E* is the relation between strain softening modulus and initial modulus and E is the elastic modulus of concrete 
(MPa). 

According to Ananthan et al. [22], ratio E* features the failure mechanism in concrete specimens through the slope 
of the post-peak softening branch of the tensile stress-strain diagram. The material displays a perfectly brittle behavior 
when E* = ∞ and perfectly ductile behavior for E* = 0 (see Figure 2a). Figures 2b and 2c show the stress distribution 
for both perfectly brittle and perfectly ductile behaviors, respectively. The ultimate moment capacity can be obtained 
from the moment equilibrium of cross-section for both cases, and αfl assumes values of 1.0 and 3.0 for brittle and ductile 
materials, respectively. Such results indicate the limit range where αfl can be considered [22], [23]. 
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Figure 2. (a) Idealized stress-strain relationship in tension and stress distribution diagrams for (b) perfectly brittle material and (c) 

perfectly ductile material. 

Since a strain softening in tension characterizes the concrete, the idealized stress-strain relationships (Figure 2a) do 
not apply to an uncracked-ligament real behavior, whose description considers a slope of strain-softening modulus with 
0 < E* < ∞ (Figure 3a). The softening beam model assumes the stress-strain relationship of concrete in tension can be 
indicated by a bilinear diagram (Figure 3a). The plane section remains plane after deformation, and the compression 
behavior simulated is linearly proportional. The equilibrium conditions should be satisfied up to the fracture onset, 
represented in the stress-strain distribution diagrams in Figure 3b [22]. 
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Figure 3. (a) Stress-strain relationship for concrete in tension and (b) stress-strain distribution diagram on the uncracked ligament. 
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According to the stress-strain relationship in Figure 3a, the stress in the post-peak softening branch is given by 

t ct T  t ptσ  = f  - E (  -  )ε ε  (6) 

where σt is the tensile stress (MPa), and Ɛt is the corresponding tensile strain. 
Ɛt can be obtained by Equation 7, derived from the relationships depicted in Figure 3b. 

t pt
1 - λ =

δ
ε ε 

 
 

 (7) 

where λ and δ are variable factors from 0 to 1 that characterize the stress-strain distribution diagrams. 
Substituting Equation 7 in Equation 6 yields 

T  pt
t ct

 E (1 - λ - δ)
σ  = f  -

δ
ε

 (8) 

Because of the linear hardening of the stress-strain relationship, the peak strain of concrete in tension can be written 
as 

ct
pt

 f
 =

E
ε  (9) 

Replacing Equations 9 and 5 in Equation 8, the tensile stress in softening portion is given by 

*
t ct

(1 - λ - δ)σ  = f 1 - E
δ

 
 
 

 (10) 

According to the stress distribution diagram (Figure 3b), the compressive stress can be obtained by: 

c ct
λσ ' = f
δ

⋅  (11) 

where σc’ is the compressive stress (MPa). 
The compressive and tensile horizontal forces acting on the uncracked ligament (Equations 12 and 13, respectively) 

are defined multiplying the tensile strength of concrete by the area of the stress distribution diagram: 

c w
c

σ '   λ   h   b
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2
⋅ ⋅ ⋅  (12) 

ct w ct t
t w

 f    δ   h   b ( f  +  σ )
F  = + (1 - λ - δ) h b

2 2
⋅ ⋅ ⋅

⋅ ⋅  (13) 

where Fc is the horizontal compressive force (N), Ft is the horizontal tensile force (N), h is the rectangular section height 
(mm), and bw is a rectangular section width (mm). 

The first equilibrium condition should be satisfied, since no external horizontal forces act on the section, thus: 
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c tF  + F  = 0  (14) 
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Substituting Equations 10 and 11 in Equation 15, the first equilibrium condition is defined as 

( ) ( ) ( ) ( )2 * * * 2 * * *λ 1 + E  + 2λ δ + E δ - E  +  δ 1 + E  - 2δ 1 + E  + E =0 
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The solution to the quadratic equation is given by 
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* * * *
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The moment equilibrium condition is accepted when the external bending moment is equal to the ultimate moment 
capacity generated by the horizontal tensile force on the compression center, and can be written as 
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M  =  2f δ λ + δ  + σ 1 - λ - δ λ + 3δ + 3  + (f  -σ )(1 - λ - δ) λ + 2δ +1

6
⋅

⋅    (18) 

Finally, applying properties Ig and yt for rectangular cross-section, and replacing Equation 18 in Equation 2, 
Ananthan et al. [22] defined αfl as 

( ) ( ) ( ) ( )*
2*

fl
δ + 2  E δ + 2

α  = 3 - 2λ + E 2δ + 2λ - 1  -  δ + λ 1 + 
δ δ

 
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 
 

 (19) 

Equation 19 represents αfl for a rectangular cross-section. It is noteworthy that the characterization of the stress 
distribution diagram and knowledge of the stress-strain relationship in tension are sufficient to obtain αfl. 

3 SOLUTION FOR UNUSUAL CROSS-SECTIONS 
The theoretical analysis was developed in two phases. The first involved the definition of the geometry of the cross-

sections and mechanical parameters employed, whereas in the second, the ultimate moment capacity of the cross-
sections was calculated by the moment-curvature diagram, and αfl was obtained for normal and high strength concretes 
of 20 to 90 MPa. Six different aggregate types, namely basalt, diabase, granite, gneiss, limestone, and sandstone were 
considered in each series. 

3.1 Geometry of the cross-sections of precast concrete structures 
Thirty-two cross-sections usually applied in precast concrete structures were employed. They were divided into four 

groups of eight and coined according to both structural element type and application position in situ. The BCS Group 
was comprised of one-dimensional structural elements frequently used in precast concrete buildings, such as beams, 
columns, and piles, and the FLS Group considered structural elements of one and two dimensions employed in buildings 
and bridge floors (e.g., slabs, rails, filler blocks, and double tees). Structural elements, such as U and Y-beams and tiles 
used in roofs of commercial and industrial buildings were inserted in the RFS group. Finally, the BRS Group was 
comprised of buried large structural elements employed in waterway and highway infrastructures (e.g., culverts and 
tunnels). Figure 4 illustrates the geometry of the cross-sections evaluated. 
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Figure 4. Geometry of the cross-sections of precast concrete groups (dimensions in cm). 

3.2 Mechanical parameters 
The compressive behavior of concrete was described from a parabola-rectangle stress-strain relationship 

recommended by ABNT NBR 6118 [9], which shows an initial parabolic branch, and a constant branch between the 
strain at the maximum compressive strength and the ultimate compressive strain. [9]. The tensile behavior of concrete 
is represented by a bilinear stress-strain relationship proposed by Bažant and Oh [24]. This law considers a linear 
hardening characterized by the elastic modulus, and a linear softening after the tensile strength of concrete has been 
reached. Its ultimate tensile strain was 10 times greater than the peak tensile strain (Ɛut = 10Ɛpt) according to ACI 224.2R [25]. 
Safety factors β and γc were considered in stress-strain diagrams and assumed values of 0.85 and 1.4, respectively, in 
accordance with ABNT NBR 6118 [9]. In this paper, the steel reinforcement contribution was not considered because 
only the portion of tensile strength of concrete is employed to assess the cracking moment of the structural elements. 
Figure 5 shows the compressive and tensile behaviors of concrete. 
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Figure 5. Mechanical behavior of concrete: (a) Compression and (b) tension. 
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The mechanical properties were obtained from the characteristic compressive strength of concrete (fck) using 
relationships indicated in ABNT NBR 6118 [9], leading to valid results. Table 1 displays the relationships employed 
for the mechanical properties of concrete. 

Table 1. Summary of the mechanical properties of concrete. 

Property fck ≤ 50 MPa fck > 50 MPa 
fcd ck cf /γ  ck cf /γ  

fctd 2/3
ck c0.21f /γ  ( )ck c0.7 2.12ln 1 + 0.11f /γ    

E 1/2
e ck5600α f  ( )1/3

e ck21500α 0.1f  + 1.25  

Ɛc2 2.0‰ ( )0.53
ck2.0‰ + 0.085‰ f  - 50  

Ɛcu 3.5‰ ( ) 4
ck2.6‰ + 35‰ 90 - f /100    

n 2.0 ( ) 4
ck1.4 + 23.4 90 - f /100    

Ɛpt ctdβf /E  ctdβf /E  

Ɛut pt10ε  pt10ε  
Note: fck is the characteristic compressive strength of concrete (MPa), fcd is the design compressive strength of concrete (MPa), fctd is the design tensile 
strength of concrete (MPa), E is the elastic modulus of concrete (MPa), αe is the correction factor of elastic modulus according to aggregate type, Ɛc2 is the 
strain at the maximum compressive strength, Ɛcu is the ultimate compressive strain, Ɛut is the ultimate tensile strain, Ɛpt is the peak tensile strain, n is the 
exponent of compressive stress law, and β and γc are safety factors. 

The ultimate moment capacity was determined by the moment-curvature relations from a section analysis of the 
precast concrete elements. The geometry of the cross-sections, mechanical properties, stress-strain diagrams of 
concrete, force equilibrium, and strain compatibility were used for the obtaining of the moment-curvature relationships, 
assuming plane sections remained plane after bending. The neutral axis depth was adjusted for a given compressive 
strain of concrete, for satisfying the equilibrium of the internal forces, and the moment was calculated. The moment-
curvature curves exhibited a linear branch up to the peak tensile strain of concrete, with a subsequent nonlinear behavior 
until the ultimate tensile strain had been achieved. The elastic modulus was multiplied by a correction factor (αe) that 
assumed values of 1.2, 1.0, 0.9 and 0.7 for mix compositions with basalt/diabase, granite/gneiss, limestone and 
sandstone, respectively, for consideration of the different aggregate types, thus changing the peak and ultimate tensile 
strain of concrete. Finally, Equation 20 determined αfl. 

cr t
fl

ctd g

M y
α  = 

β f I
⋅

⋅ ⋅
 (20) 

4 RESULTS AND DISCUSSIONS 
Firstly, the theoretical model was compared with a combination of experimental results from flexural and uniaxial 

tensile tests conducted by Sorelli et al. [15], Lin et al. [17] and Wee et al. [26] in rectangular cross-section specimens. 
Different samples were tested under direct tensile and four- or three-point bending. The tensile strength of concrete was 
evaluated in models with 3 to 90-day curing time and 10 to 70 MPa compressive strength for distinct mix compositions. 

The experimental and theoretical results of the comparison of αfl (Figure 6) show the theoretical model reasonably 
agreed with the experimental data. The higher differences were observed in tests performed at early ages, which showed 
small compressive strength. Numerous operations are performed on the specimens at this stage, and their properties are 
widely influenced by temperature, humidity, and curing conditions [1]. Besides, the drying shrinkage occurs by the 
imposition of tensile stress fields on concrete [16]. The difference between experimental and theoretical results was 
approximately 10%, considering normal and high strength concretes above 20 MPa. Therefore, the theoretical model 
showed a good fit for the strengths scope considered in this study. 
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Figure 6. Comparison between theoretical and experimental results. 

The results were also divided into two topics. Firstly, αfl was addressed in terms of compressive strength of concrete, 
aggregate type used in the mixture, and ultimate tensile strain, and in the second topic, it was compared according to 
different prediction models. 

4.1 Influence of compressive strength of concrete and aggregate type 
An extensive theoretical analysis evaluated the influence of the compressive strength of concrete and aggregate type 

on αfl. Table 2 shows αfl calculated for a typical concrete with fck = 40 MPa and different types of aggregates. The 
results indicate the aggregate type used in the mix composition exerts a moderate influence on αfl. Low-stiffness 
aggregates provided greater deformability to the concrete [27], and compositions obtained higher values for αfl. The 
use of basaltic aggregates as reference promoted up to 12.9%, 6.9% and 4.3% increases for concretes that used 
sandstone, limestone, and granite aggregates, respectively, for all series analyzed. The difference decreased in function 
of the increase in the compressive strength of concrete. 

Table 2. Variation in αfl according to aggregate type for fck = 40 MPa. 

Group Section 
Aggregate type 

Mean CV (%) Basalt or 
Diabase 

Granite or 
Gneiss Limestone Sandstone 

BCS 

BCS-1 1.46 1.51 1.54 1.61 1.53 4.10 
BCS-2 1.68 1.75 1.79 1.87 1.77 4.48 
BCS-3 1.40 1.45 1.46 1.52 1.46 3.38 
BCS-4 1.43 1.46 1.50 1.54 1.48 3.23 
BCS-5 1.19 1.22 1.23 1.26 1.23 2.36 
BCS-6 1.40 1.44 1.47 1.52 1.46 3.47 
BCS-7 1.38 1.41 1.42 1.46 1.42 2.33 
BCS-8 1.37 1.41 1.43 1.49 1.43 3.51 

FLS 

FLS-1 1.26 1.29 1.31 1.33 1.30 2.30 
FLS-2 1.46 1.51 1.54 1.61 1.53 4.10 
FLS-3 1.40 1.45 1.48 1.55 1.47 4.27 
FLS-4 1.38 1.42 1.45 1.51 1.44 3.80 
FLS-5 1.32 1.35 1.37 1.42 1.37 3.08 
FLS-6 1.42 1.46 1.47 1.51 1.47 2.52 
FLS-7 1.44 1.48 1.49 1.53 1.49 2.49 
FLS-8 1.08 1.09 1.10 1.12 1.10 1.56 

RFS 
RFS-1 1.22 1.24 1.26 1.29 1.25 2.38 
RFS-2 1.48 1.54 1.57 1.66 1.56 4.80 
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Group Section 
Aggregate type 

Mean CV (%) Basalt or 
Diabase 

Granite or 
Gneiss Limestone Sandstone 

RFS-3 1.51 1.57 1.60 1.68 1.59 4.45 
RFS-4 1.31 1.35 1.38 1.44 1.37 4.00 
RFS-5 1.27 1.31 1.33 1.38 1.32 3.46 
RFS-6 1.53 1.59 1.62 1.70 1.61 4.39 
RFS-7 1.23 1.26 1.27 1.32 1.27 2.95 
RFS-8 1.37 1.42 1.44 1.51 1.44 4.04 

BRS 

BRS-1 1.12 1.14 1.16 1.19 1.15 2.59 
BRS-2 1.29 1.32 1.34 1.39 1.34 3.15 
BRS-3 1.17 1.21 1.22 1.26 1.22 3.04 
BRS-4 1.13 1.16 1.18 1.22 1.17 3.22 
BRS-5 1.11 1.13 1.14 1.18 1.14 2.58 
BRS-6 1.14 1.17 1.19 1.24 1.19 3.55 
BRS-7 1.18 1.21 1.23 1.27 1.22 3.09 
BRS-8 1.40 1.44 1.46 1.51 1.45 3.15 

 

Figure 7 more clearly shows the influence of the aggregate type on αfl. According to the correlations between the 
mechanical properties of concrete in Table 1, the elastic modulus reduction due to the aggregate type caused more 
deformability and improved the ultimate tensile strain of the concrete. Additionally, for the same tensile strength of 
concrete, the increase in the ultimate tensile strain reduced the softening branch slope and the strain softening modulus 
(ET), increasing αfl. On the other hand, the αfl ratio of concretes with aggregates of lower elastic modulus showed a 
smaller increment than concretes with aggregates of larger elastic modulus (Figure 7). αfl can be sequentially higher in 
concretes with basalt, granite, limestone and sandstone, respectively, for the same ultimate tensile strain value. 

 

  

Figure 7. Variation in αfl with ultimate tensile strain for BCS-1 and FLS-3. 

The increase in the compressive strength of concrete conduct to an increase in the tensile strength of the concrete 
reducing the neutral axis depth (λ) in structural elements subjected to bending (see Figure 4b), which smoothly increases 
the αfl ratio, according to Equation 19. The αfl value increased to 9.5% on average when the compressive strength of 
concrete improved from 20 MPa to 90 MPa. However, normal strength concretes (20 MPa to 50 MPa) showed an up 
to 7% increase against only 2.5% of high strength ones (60 MPa to 90 MPa). 

Figures 8, 9, 10 and 11 show αfl in terms of compressive strength of concrete and aggregate type for BCS, FLS, 
RFS and BRS groups, respectively. 
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Table 2. Continued... 
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Figure 8. Variation in αfl with compressive strength for BCS Group. 

 

  

  
Figure 9. Variation in αfl with compressive strength for FLS Group. 

10 20 30 40 50 60 70 80 90 100 110
1.0

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2.0

2.1

R
at

io
 α

fl

fck (MPa)

 BCS-1
 BCS-2
 BCS-3
 BCS-4
 BCS-5
 BCS-6
 BCS-7
 BCS-8

Basalt and Diabase Aggregates

10 20 30 40 50 60 70 80 90 100 110
1.0

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2.0

2.1

R
at

io
 α

fl

fck (MPa)

 BCS-1
 BCS-2
 BCS-3
 BCS-4
 BCS-5
 BCS-6
 BCS-7
 BCS-8

Granite and Gneiss Aggregates

10 20 30 40 50 60 70 80 90 100 110
1.0

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2.0

2.1

R
at

io
 α

fl

fck (MPa)

 BCS-1
 BCS-2
 BCS-3
 BCS-4
 BCS-5
 BCS-6
 BCS-7
 BCS-8

Limestone Aggregates

10 20 30 40 50 60 70 80 90 100 110
1.0

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2.0

2.1

R
at

io
 α

fl

fck (MPa)

 BCS-1
 BCS-2
 BCS-3
 BCS-4
 BCS-5
 BCS-6
 BCS-7
 BCS-8

Sandstone Aggregates

10 20 30 40 50 60 70 80 90 100 110
1.0

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2.0

2.1

R
at

io
 α

fl

fck (MPa)

 FLS-1
 FLS-2
 FLS-3
 FLS-4
 FLS-5
 FLS-6
 FLS-7
 FLS-8

Basalt and Diabase Aggregates

10 20 30 40 50 60 70 80 90 100 110
1.0

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2.0

2.1

R
at

io
 α

fl

fck (MPa)

 FLS-1
 FLS-2
 FLS-3
 FLS-4
 FLS-5
 FLS-6
 FLS-7
 FLS-8

Granite and Gneiss Aggregates

10 20 30 40 50 60 70 80 90 100 110
1.0

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2.0

2.1

R
at

io
 α

fl

fck (MPa)

 FLS-1
 FLS-2
 FLS-3
 FLS-4
 FLS-5
 FLS-6
 FLS-7
 FLS-8

Limestone Aggregates

10 20 30 40 50 60 70 80 90 100 110
1.0

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2.0

2.1

R
at

io
 α

fl

fck (MPa)

 FLS-1
 FLS-2
 FLS-3
 FLS-4
 FLS-5
 FLS-6
 FLS-7
 FLS-8

Sandstone Aggregates



J. A. D. Fernandes Neto and V. G. Haach 

Rev. IBRACON Estrut. Mater., vol. 16, no. 1, 16104, 2023 12/16 

  

  
Figure 10. Variation in αfl with compressive strength for RFS Group. 

 

  

  
Figure 11. Variation in αfl with compressive strength for BRS Group. 
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The αfl variation in terms of compressive strength of concrete showed constant values for 50 MPa and 60 MPa 
compressive strengths due to the distinct mechanical parameters adopted for normal and high strength concretes 
(Table  1). Regarding mechanical properties, the linear compressive stress-strain relationship employed in the analytical 
solution proposed by Ananthan et al. [22] was different from the parabola-rectangle stress-strain one used in this study. 
However, the ultimate moment capacity produces small compressive stresses in the top fiber of the cross-section, and 
the stress-strain relationship in compression exerts a small influence on αfl. 

According to the results, 75.1% of the calculated values of αfl remained between 1.20 and 1.60. Values above this range 
were mostly obtained by circular cross-section (BCS-2), rectangular cross-sections (BCS-1 and FLS-2), and U and Y-
beams (RFS-2/3/6) used as roof structural elements. On the other hand, 14.6% of the results (αfl < 1.20) were associated 
with large structural elements, such as cross-sections for box culverts (BRS-1/3/4/5) and box girder bridges (FLS-8). The 
αfl decrease in such structural elements may be related to the size effect phenomenon. According to [28]-[30], the flexural 
tensile strength of specimens of large dimensions is reduced due to an increase in the cross-section height. In this study, 
the size effect was milder in elements with circular segments, such as cross-sections for tunnels (BRS-2/7/8). 

4.2 Comparison with prediction models 
The theoretical results of αfl were compared with different prediction models from the literature. Codes for the 

design of concrete structures have shown fixed values or simple expressions for αfl. According to Model Code [14], αfl 
depends only on the cross-section height and is reduced with its increase. In contrast, ABNT NBR 6118 [9] recommends 
the use of fixed values for αfl. Both models disregard the mechanical characteristics of the structural element. 

Based on nonlinear fracture mechanics, Buchaim [23], Müller and Hilsdorf [31] and Rokugo et al. [32] proposed 
analytical models considering the influence of the characteristic length (lch) on the flexural behavior, defined by 
Hillerborg et al. [10] according to both fracture energy and mechanical properties of concrete. Although this parameter 
has no direct physical meaning, it is a property that determines the fracture process zone size [13]. Table 3 shows the 
summarized expressions of the codes and authors for the prediction of αfl. 

Table 3. Summary of the expressions for αfl. 

Model Ratio αfl 

Model Code [14] 
0.7

fl 0.7
1+0.06hα  = 

0.06h
 

Müller and Hilsdorf [31] 
( )

( ) ( )

0.7
mh

f
fl mh  ch1.5 20.7

ctchmh

1 + α 0.01h G E5α  =  ; with α = 0.8 +  and l  = 
f0.01lα 0.01h

 
  

  
 

 

ABNT NBR 6118 [9] flα  = 1.5, 1.3 or 1.2 for rectangular, I and T beams, respectively.  

Buchaim [23] ( )
( )

2 3 2
d ct

fl 2 f

3 - 6η + 3 1 - B η  + 2Bη a f L
α  = 1 + 2η ; with η =   and B = 

h 2G E3 - 6η +  B + 3 η

 
 
 
 

 

Rokugo et al. [32] 
( )

( )
ch f

fl ch 2
ch ct

1 + 0.85 + 4.5 h/l G Eα  =  ; with l  = 
0.85 + 4.5 h/l f

  
  

 

Note: λ and δ are factors of the characterization of the stress-strain distribution diagram, h is the cross-section height (mm), lch is the characteristic length 
(mm), Gf is the fracture energy of concrete (N.mm), E is the elastic modulus of concrete (MPa), fct is the direct tensile strength of concrete (MPa), ad is the 
fictitious crack height (mm), and L is the structural element length (mm). 

Figure 12 shows αfl for each prediction model compared to theoretical results for rectangular cross-section (BCS-1). The 
energy fracture was obtained according to the Model Code [14], and a 0.10 h/L ratio was considered. Predictions of 
design codes do not compute the concrete composition and show constant values for αfl. The results ranged between 
1.22 and 1.50 for Model Code [14] and ABNT NBR 6118 [9], respectively, whereas in the other prediction models, 
they varied up to 10% due to an increase in the compressive strength of concrete. The largest variations between the 
prediction models evaluated ranged between 36.8% and 26.5% for normal and high strength concretes, respectively. 
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Although most prediction models are defined only for rectangular cross-sections, ABNT NBR 6118 [9] establishes 
αfl for I and T beams – see Figure 13 for a comparison of αfl for rectangular, and I and T beams. 

 
Figure 12. Comparison of αfl obtained by different prediction models. 

 
Figure 13. αfl for rectangular, I and T beams: Theoretical results vs. ABNT NBR 6118 [9]. 

In general, the theoretical procedure used in this study showed a good agreement with the prediction models 
described, except for Model Code [14], which was more conservative. A greater disparity was observed for low strength 
concretes, which subsequently balanced αfl with the increase in the compressive strength. 

5 CONCLUSIONS 
This study reported a theoretical analysis of ratio αfl for unusual cross-sections widely used in precast concrete 
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employed in beams, columns, floors, roofs, and buried structures. Fictitious crack model considerations were used in 
the theoretical analysis for the obtaining of the ultimate moment capacity of precast concrete elements. Parametric 
studies investigated the effects of the compressive strength of concrete and aggregate type of the mix composition on 
αfl. Normal and high strength concretes of 20 MPa to 90 MPa compressive strength and six aggregate types were 
considered in the analysis. 

An increment in the compressive strength of concrete smoothly increased αfl. Similarly, lower elastic modulus 
aggregates caused a greater deformability in the concrete and increased αfl. Such an increment in αfl due to the compressive 
strength and aggregate type was higher in normal strength concretes than in high strength ones. The analyses revealed 
75.1% of ratio αfl results ranged between 1.20 and 1.60, highlighting its higher values for circular, rectangular, and U and 
Y beams. On the other hand, buried large cross-sections showed a significant decrement in αfl due to the size effect. 

The proposed methodology was compared with experimental results, and prediction models from the literature 
showed a reasonable agreement, with more significant differences observed concerning the Model Code [14]. 
According to the results, the theoretical procedure has proven a viable alternative and can be a consistent way for 
assessing the αfl of precast concrete elements with unusual cross-sections. 
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Abstract: The study proposes to analyze the distribution of bending moment due to live load in curved bridges 
that have undergone a process of widening, considering the influence of concrete’s strength variation. The 
results show that the bending moment redistribution is more significant the higher the stiffness in the 
widenings. In addition, the redistribution induced by the variation of stiffness depends on the live load 
positioning but, generally, it results in the migration of bending moments to the stiffer regions, relieving the 
original girders. The curvature did not significantly alter the response induced by the stiffening of the widened 
segments. Also, the divergences found between the MEF and the V-load Method results for models with 
uniform and variable stiffness were similar. Finally, the Modification Factors (MF) proved to be more 
sensitive to the influence of curvature than to the concrete strength in the widenings. 

Keywords: bridge widening, widening stiffness, live loads, FEM, V-load method. 

Resumo: Esta pesquisa propõe analisar a distribuição de momentos fletores devido à carga móvel entre 
longarinas de pontes curvas de concreto armado que passaram por um processo de alargamento da 
superestrutura. Como principais conclusões foi constatado que a redistribuição de momentos é tanto mais 
significativa quanto mais elevada for a rigidez dos alargamentos. Ademais também foi observado que a 
redistribuição induzida pela variação da rigidez está condicionada à posição do carregamento móvel, porém, 
em geral, resultam na migração de esforços para os trechos mais rígidos, aliviando as longarinas originais. 
Constatou-se ainda que a variação da curvatura pouco altera a redistribuição de esforços induzida pelo 
aumento da rigidez no alargamento. Ademais, as divergências entre os resultados do MEF e do Método V-
Load para os modelos com rigidez variável não divergiram significativamente daqueles obtidos nos modelos 
de rigidez constante. Por fim, os Fatores de Modificação (FM) mostraram-se mais sensíveis à variação do raio 
de curvatura do que à resistência do concreto nos alargamentos. 

Palavras-chave: pontes alargadas, resistência do concreto, cargas móveis, MEF, método V-load. 
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1 INTRODUCTION 

The structural analysis of horizontally curved bridges and viaducts presents a higher complexity level when 
compared to similar structures with straight layouts since, due to the curvature and stiffness of the deck, some geometric 
parameters directly affect the structural behavior. Regardless, curved bridges have become increasingly competitive, 
given their structural efficiency, stability, economy, and aesthetics. 

One of the most prominent subjects related to the analysis of curved bridges is the live load distribution on the deck, 
particularly the influence of the curvature on this mechanism. Studies such as Kim et al. [1] and Zhang et al. [2] 
highlight the curvature as a key parameter in the distribution of bending moments. Although relevant advances have 
been achieved in this field, the collected research concerning load distribution in widened curved structures is still 
significantly limited. 

In Brazil, the geometric standards for highway bridges have been evolving since the 1940s. For the first bridges, 
the recommended total width was 8.30 m (27.3 ft), without considering the addition of shoulders. Nowadays, the 
standard width for bridges of one roadway is 12.80 m (42 ft), comprehending two lanes as well as shoulders on each 
side [3]. In addition to changes in the standards governing the geometric characteristics of highway bridges, the 
constant increase in traffic volume and, therefore, in the loads to which these structures are subjected, are factors 
that contribute to their poor performance. For a significant portion of Brazilian highway bridges, the need for 
interventions directed to the recovery, widening, or strengthening is substantial, under the risk of becoming critical 
points for the occurrence of accidents [4]. 

According to Barros and Vitório [5], the “Conventional Widening Method with Reinforced Concrete” is the most 
employed in the country. It entails the addition of reinforced concrete beams and slabs that are incorporated into the 
original deck. The solidarization between the original and the widened sections is usually accomplished through a slab 
cast in place, executed on the upper part of the deck. When using this method, the concrete in the widened section often 
has a higher characteristic compressive strength and, therefore, higher stiffness than the material of the original 
structure. Fontana [6] proposed to analyze the impact of variable stiffness in a widened straight cellular bridge, noting 
the significant influence of this parameter on the distribution of bending moments. Consequently, in curved bridges 
widened by this method, in addition to the curvature, another aspect that should considerably impact the load 
distribution would be the variation of stiffness along the cross section. 

Thus, the main purpose of this research is to analyze the distribution of bending moments due to live loads in curved 
reinforced concrete bridges, considering the implementation of deck widening, to assess the effect of variable stiffness 
in widened sections. Furthermore, the study evaluates the influence of the curvature and the number of girders in these 
structures. The analysis was based primarily on the results obtained from numerical models, using the Finite Element 
Method, enabling the attainment of the Bending Moment Distribution Factors (BMDF) due to the live load. 
Additionally, the applicability of the approximate analytical method V-Load was analyzed by comparing its results with 
those of the FEM. In complement, the bending moments were analyzed according to an artifice proposed by Acosta 
and González [7], called the Modification Factor. 

2 STRUCTURAL BEHAVIOR IN CURVED BRIDGES 

The radius is the parameter that determines the deviation between the structural behavior of bridges with 
straight and curved layouts. In curved bridges, the curvature is responsible for setting an eccentricity between the 
center of gravity of the deck and the axis connecting the end supports. Thus, when the deck is subject to vertical 
loads, this eccentricity gives rise to torsional moments whose magnitude cannot be neglected as occurs in the 
analysis of straight bridges. 

In a curved beam subjected to vertical loads, the actions of bending and torsional forces occur in a coupled way. 
Figure 1 shows an infinitesimal element of a curved beam loaded only in the direction normal to the horizontal plane 
by load p (dead load), as well as the internal forces generated by this loading. By balancing the forces on the Y-axis is 
possible to obtain Equation 1: 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −𝑝𝑝 (1) 
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Figure 1. Internal forces in a curved beam element. Adapted from Barbosa [8]. 

Equation 1 shows that the shear force on an infinitesimal curved element does not depend on any geometric 
component of the beam. Therefore, one may conclude that there is no difference between a curved beam and a straight 
beam regarding the magnitude of the shear force, since the variation of the shear V along the segment ds results in the 
constant p. 

From the balance of moments about the Z-axis (Figure 1) results Equation 2: 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑉𝑉 − 𝑇𝑇
𝑅𝑅
 (2) 

From the balance of moments about the X-axis results Equation 3: 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑡𝑡 + 𝑀𝑀
𝑅𝑅

 (3) 

Therefore, it is verified that there is an interaction between bending moment and torsional moment, since, according 
to Equations 2 and 3, the bending moment generates torsion, and the torsional moment causes longitudinal bending in 
the beam. It is important to highlight that both aforementioned equations are also functions of the geometric parameter 
radius of curvature (R). This correlation allows one to see that there is a variation of both bending moment and torsional 
moment along the segment ds, due to the radius of the curved segment. 

3 APPROXIMATE ANALYSIS OF CURVED BRIDGES: V-LOAD METHOD 

Fu and Wang [9] and AASHTO [10] classify structural analysis methods in refined and approximate. With the 
advance of technology, it has become much more practical and advantageous to employ refined methods, which 
comprises analyses in two (2D) or three dimensions (3D), instead of approximate methods, i.e., a one-dimensional (1D) 
analysis. Although a wide variety of refined methods for structural analysis are available, among them FEM, 
approximate methods should not be disregarded. 

Besides being simple to apply, approximate methods can be used in preliminary design, or they can serve as a 
parameter to validate results from more complex analysis methods. Furthermore, these methods often allow a better 
understanding of the structural behavior of the structures to which they are applied. For curved steel girder bridges, 
AASHTO [10] allows the use of the V-Load Method. 

According to Fiechtl et al. [11], V-Loads result from the equilibrium, as a function of the radius of curvature (R), 
the bridge width (D), and the diaphragm spacing (d). Figure 2a shows the segment of curved bridge with two girders 
and five diaphragms spaced radially. Considering that the girders sections resist the bending moment entirely by 
longitudinal forces applied on the flanges, as shown in Figure 2b, the force on each flange of girder 1 is M1/h1, where 
h1 is the distance between the points of application of the forces and M1 is the bending moment. 
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Figure 2. (a) Segment of a curved bridge with two girders; (b) Longitudinal bending and flange forces acting on girder 1.  

Adapted from Fiechtl et al. [11]. 

However, since the girders are curved, the longitudinal forces due to bending in different sections are not in 
equilibrium. Therefore, to ensure radial equilibrium on the flanges, there must be a force acting in the direction of the 
diaphragm, indicated by H1. Similar forces must appear on the bottom flange. 

The forces H1 and H2 generate a rotation tendency and, to ensure the stability of the diaphragm, vertical forces must 
appear, as indicated in Figure 3. These shear forces are called V-Loads, indicated by V. The force H1 is determined by 
Equation 4, and the force H2 can be obtained analogously. 

𝐻𝐻1 =  𝑀𝑀1∙𝜃𝜃
ℎ1

 (4) 

 
Figure 3. View of the bridge focusing on the diaphragms. Adapted from Fiechtl et al. [11]. 

In Equation 4, θ is the angle between adjacent diaphragms, which is assumed to be small. Thus, considering the arc 
length and substituting the value of θ, H1 can be given by: 

𝐻𝐻1 = 𝑀𝑀1∙𝑑𝑑1
ℎ1∙𝑅𝑅1

 (5) 
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To maintain the equilibrium of moments in the diaphragm, the vertical force must be: 

𝑉𝑉 = (𝐻𝐻1 +  𝐻𝐻2) ∙ ℎ
𝐷𝐷

 (6) 

In Equation 6, the term h refers to the diaphragm height. Considering the two girders and the diaphragm with the 
same height, so that h = h1 = h2, we obtain: 

𝑉𝑉 =  
𝑀𝑀1∙

𝑑𝑑1
𝑅𝑅1
+𝑀𝑀2∙

𝑑𝑑2
𝑅𝑅2

𝐷𝐷
 (7) 

Since d1/R1 = d2/R2 = d/R, the shear force on the diaphragm is: 

𝑉𝑉 = 𝑀𝑀1+𝑀𝑀2
𝑅𝑅⋅𝐷𝐷/𝑑𝑑

 (8) 

The bending moments due to external loads (those that were applied to the bridge) are called “primary moments” 
and will be identified by the index “p”. The additional bending moments due to the curvature, represented by the vertical 
forces (V-Loads), will be denoted by the index “v”. Thus, the total bending moment is given by: 

𝑀𝑀1 = 𝑀𝑀1𝑝𝑝 + 𝑀𝑀1𝑣𝑣 (9) 

According to Monzon et al. [12], the same procedure can be followed for bridges with three or more girders. 
However, in these cases, beyond summing the bending moments due to external loads, a coefficient that depends on 
the number of girders must be applied. Therefore, the V-Load is calculated by: 

𝑉𝑉 =
∑ 𝑀𝑀𝑖𝑖𝑖𝑖
𝑁𝑁𝑔𝑔
𝑖𝑖=1

𝐶𝐶∙𝑅𝑅∙𝐷𝐷
𝑑𝑑 (10) 

Where Mip is the primary moment on the girder “i”; D is the distance between the axis of the inner girder and that of 
the outer girder; R is the radius of curvature; d is the spacing between the bracing or diaphragms; C is the coefficient 
that considers the linear distribution of the V-Loads according to the number of Ng stringers in the cross section. 

4 BENDING MOMENT DISTRIBUTION FACTOR AND MODIFICATION FACTOR 
Brockenbrough [13] was one of the pioneers in the study of live load distribution factors in curved bridges. In his 

research, the author proposes to obtain the distribution factors through the ratio between the bending moment obtained 
by a refined three-dimensional model and those resulting from a simplified girder model. Based on this concept, in this 
paper, the distribution factors are determined through the ratio between the moment at the most solicited section (mid-
span section) for each girder, obtained from 3D models, and the bending moment for the whole bridge, obtained by 
modeling the bridge as a beam (1D). Thus, the bending moment distribution factors are attained through Equation 11. 

𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 =  𝑀𝑀
𝑀𝑀𝑀𝑀𝑀𝑀,3𝐷𝐷

𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔

𝑀𝑀1𝐷𝐷𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
 (11) 

In addition to bending moment distribution factors, this study also had its analyses based on the Modification Factor 
(MF), developed by Acosta and González [7], obtained by the ratio between the maximum bending moment on the 
girders of a curved bridge (CB) and the maximum bending moment on the equivalent girders of a straight bridge (SB) 
(Equation 12). According to the authors, the purpose of Modification Factors is to serve as a reference in design 
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situations, as it allows to estimate the internal forces in a curved bridge from the results of a straight bridge with 
equivalent dimensions, i.e., same span length and cross-section. 

𝑀𝑀𝑀𝑀 =  𝑀𝑀𝑀𝑀𝑀𝑀.𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑚𝑚𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 (𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏)
𝑀𝑀𝑀𝑀𝑀𝑀.𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ( 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠ℎ𝑡𝑡 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏)

=  𝑀𝑀𝐶𝐶𝐶𝐶
𝑀𝑀𝑆𝑆𝑆𝑆

 (12) 

5 MODELS 

The preexisting bridge has a total width of 8.30 m, supported by three girders. After the widening, the deck will be 
12.80 m wide. The analysis will consider two different scenarios: 

— Scenario: 1: Widening performed through symmetric addition of two girders (one on each side), amounting to 
five girders; 
— Scenario 2: Widening performed through symmetric addition of four girders (two on each side), amounting to 
seven girders; 
The preexisting structure was generated admitting concrete compressive characteristic strength (𝑓𝑓𝑐𝑐𝑐𝑐) equal to 

25 MPa. In regards to the widenings, models with uniform and variable stiffness along the cross section were developed. 
The models with uniform stiffness had their widenings modeled with the same 𝑓𝑓𝑐𝑐𝑐𝑐 of the original structure and served 
for comparison with the models with variable stiffness. In these models, the widened regions were modeled either 
considering a concrete compressive strength of 40 MPa or of 60 MPa. 

In curved bridges, the curvature is usually established by fixating the radius or central angle along the entire length 
of the bridge. In terms of curvature, the models were classified into three groups: 

— Group 01 (G1): Infinite radius of curvature (straight bridge); 
— Group 02 (G2): Radius of 150 meters (central angle equals to 12.25°); 
— Grupo 03 (G3): Radius of 50 meters (central angle equals to 36.6°). 
A total of 18 models were analyzed, as shown in Table 1. The models were identified according to the number of 

girders, radius, and concrete compressive strength in the widened section. Thus, model 7LG2-40R, for example, consists 
of a 7-girder bridge with a radius of 150 meters and concrete compressive strength in the widened section of 40 MPa. 

Table 1. Summary of developed models 

Number of girders Group Compressive strength of concrete in 
the widening region Model identification 

5 

G1 
25 5LG1-25R 
40 5LG1-40R 
60 5LG1-60R 

G2 
25 5LG2-25R 
40 5LG2-40R 
60 5LG2-60R 

G3 
25 5LG3-25R 
40 5LG3-40R 
60 5LG3-60R 

7 

G1 
25 7LG1-25R 
40 7LG1-40R 
60 7LG1-60R 

G2 
25 7LG2-25R 
40 7LG2-40R 
60 7LG2-60R 

G3 
25 7LG3-25R 
40 7LG3-40R 
60 7LG3-60R 
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5.1 Geometry 
Figure 4 shows the cross sections adopted, considering the widening performed by adding two (Figure 4a) and four 

girders (Figure 4b). 

 
Figure 4. Cross sections after widening: (a) 5-girder model; (b) 7-girder model. 

5.2 Materials 
In all models, the material properties were determined following ABNT NBR 6118 [14]. To assess the influence 

exerted by the stiffness variation in the distribution of bending moments, the elasticity modulus (𝐸𝐸𝑐𝑐𝑐𝑐), calculated using 
the characteristic compressive strength of concrete, will be admitted. The elasticity moduli for the three types of 
concrete considered in the research are presented in Table 2. Considering that the expressions used in determining the 
elasticity modulus are related to the type of aggregate used in the concrete, it is relevant to emphasize that the values 
shown were determined admitting the use of granite aggregate. 

Table 2. Material properties 

ckf  (MPa) csE  (MPa) 

25 24150 
40 31875 
60 41208 

5.3 Load cases and boundary conditions 
This research only considers the live loads of the design truck TB-450 as defined by the ABNT NBR 7188 [15]. As 

established by this code, the TB-450 is a three-axle vehicle that weighs 450 kN, and occupies an area of 18 m2, as shown 
in Figure 5. Outside the region occupied by the design truck, a 5.0 kN/m2 uniformly distributed load is applied. 
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Figure 5. Vehicle type TB-450. Adapted from ABNT NBR 7188 [15]. 

Each girder absorbs a percentage of the total bending moment and to determine accurately this effect, the design 
vehicle was fixated in strategic transversal positions, moving only along the length of the bridge. They were called load 
cases 01 and 02. In load case 01, the design vehicle is fixed at the outermost position of the deck, while in load case 02 
it is positioned on the centerline of the deck (Figure 6). 

 
Figure 6. (a) Load case 01 – vehicle positioned at the outside of the curve. (b) Load case 02 – vehicle positioned at the curve 

centerline. 

The boundary conditions, in turn, were defined following what was proposed by Samaan et al. [16]. The authors 
identified that the tangential method of restriction, in which the translations are restrained only in the directions 
tangential or radial to the curve, produces results consistent with experimental data, besides being easier to execute. In 
all models, the girders are directly supported on the abutments, restraining vertical translations in all supports. However, 
to ensure the global equilibrium of the structure, in one of the girders, the boundary conditions are slightly different. In 
addition to the vertical constraint, the support at one end also constrains the tangential displacement, while the other 
extremity constrains tangential and radial displacements. Rebouças et al. [17] successfully applied these conditions in 
order to perform a similar analysis. 

6 3D MEF MODELS 
The numerical modeling was performed through the software CSIBridge® (version 21), which utilizes FEM. Fu 

and Wang [9] state that the level of accuracy of bridge modeling depends on the desired results and recommend the 
generation of three-dimensional models with two-dimensional elements. Studies such as Kim et al. [1] and 
Nevling et al. [18] show that this methodology provides highly satisfactory results, similar to data obtained in the field. 

This research developed three-dimensional models, with four nodes shell elements representing the slabs, girders, 
abutment, and diaphragms (Figures 7 and 8). In the development of the models, through consideration of boundary 
conditions and finite element analysis, it was decided to fixate the element dimension along the length of the bridge to 1.00 
meter. Furthermore, the aspect ratio was limited to 2.5, since the use of smaller elements required too much time in 
computational work for little gain in precision. It is worth noting that according to Logan [19], and with the corroboration 
of Fu and Wang [9] and Fatemi et al. [20], aspect ratios over 4 generate processing errors higher than 15%. 

         b)               a) 
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The determination of the bending moment distribution factors from the numerical models developed in CSIBridge® was 
done by the ratio between the maximum bending moment of each girder and the total bending moment acting on the bridge. 

 
Figure 7. Discretization of bridge cross section in numerical model. 

 
Figure 8. Three-dimensional finite element bridge model adopted in the analysis: (a) 5-girder model; (b) 7-girder model. 

7 ANALYSES OF RESULTS 
To assess the behavior of the bending moment distribution factors, the percentage variations between the BMDF's were 

calculated through two separate approaches: Global Analysis and Local Analysis. In the Global Analysis, the percentage 
difference captures the variation of the bending moment distribution factors (due to live load) that reaches the girders 
(𝑉𝑉𝑖𝑖 ,𝑉𝑉𝑖𝑖+1,𝑉𝑉𝑖𝑖+2, 𝑉𝑉𝑖𝑖+3) compared to the factor in the reference girder within the same model (Figure 9). This approach 
provides a better understanding of the general behavior of bending moment distribution per model since the comparison 
occurs between girders. In all cases, the percentages have the innermost girder (right side of the deck) as reference. 

 
Figure 9. Methodology for Global Analysis. 

b)  a) 
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In Local Analysis, the percentage reflects the magnitude of increase or decrease in the BMDF's of a girder 
𝑉𝑉𝑖𝑖𝑗𝑗  compared to the factor of a girder of the same local position (𝑉𝑉𝑖𝑖𝑗𝑗+1, 𝑉𝑉𝑖𝑖𝑗𝑗+2) but of a different model (Figure 10). 
Thus, greater emphasis will be given to this approach since it enables the direct analysis of the influence of the 
considered parameters. In the terms that identify the girders, shown in Figures 9 and 10, the index “i” specifies the 
girder while the index “j” refers to the model. 

 
Figure 10. Methodology for Local Analysis 

7.1 Bending Moment Distribution Factors 

Figure 11 presents the percentual differences for global analysis obtained for the BMDF's from group G3 models 
(R = 50 m), considering the load cases 01 and 02. The reference girder is always the innermost one (V5 in 5-girder 
models, and V7 in 7-girder models). First, it is verified that the maximum percentages occur in the outermost girder 
(V1) for both load cases, regardless of the stiffness of the widened regions. That indicates that said girder absorbs the 
majority of the total bending moment. 

According to the Precast Concrete Institute (PCI) [21], the bending stresses in the outermost girder tend to be 
substantially higher than in the other girders. One of the reasons for this behavior is that the arc length in the axis of the 
outermost girder is longer than the centerline of the bridge. This increases the bending moments in the external girder 
by approximately the square of the ratio between the arch lengths. Additionally, there is the fact that the girders transfer 
a portion of their torsional moments to the adjacent beam. This transfer develops to the external direction of the curve 
(from inside to outside). Thus, the outermost girder receives the contribution of the adjacent beam, but without 
redistributing a portion of these internal forces. In general, the direction of growth of the BMDF's is from inside to 
outside. Since all the percentage variations obtained are positive, one may conclude that the BMDF's are minimum in 
the innermost girder, that is, V5 in 5-girder models and V7 in 7-girder models. 

Still considering the values obtained through load case 01, regarding the additional external girders, the rise in 
widening stiffness amplifies the global percentage. Thus, it is possible to deduce that the increase in stiffness heightens 
the differences between the BMDF's of the additional external girders and the reference girder. For example, the 
percentage increase of the BMDF for girder V1 compared to V5, considering the widened section with fck of 60 MPa, 
is 509.2%, while in the model with uniform stiffness, this variation is 418.6% (Figure 11a). 

In the original girders, the behavior is the opposite. In the 5-girder model (Figure 11-a), for girders V2 and V3, the 
increase of stiffness in the widening reduces the percentage differences. In the girder V4, increases in the percentages 
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are registered, although the variation rate is low. In the 7-girder model (Figure 11b), the original girders (V3, V4, and 
V5) behave consistently, presenting reductions with increasing stiffness. 

 
Figure 11. Global analysis of the BMDF's for the models with 25, 40, and 60 MPa widening, in comparison to the innermost 

girder: (a) 5L-G3 (Load case 01); (b) 7L-G3 (Load case 01); (c) 5L-G3 (Load case 02); (d) 7L-G3 (Load case 02). 

Moving on to the analysis of the percentages resulting from load case 02, in the case of the 5-girder models (Figure 
11c), once again, the BMDF's are minimal in the reference girder (V5). The only exception is the model in which the 
widening has fck of 60 MPa, in which the minimum BMDF occurs in the girder V4, although the percentage is of little 
importance (-5.8%). Analogously, in the 7-girder model (Figure 11d), all percentages are positive, indicating that the 
minimum BMDF's occur in the girder V7. It is important to note that the percentage variations related to load case 01 
are higher than those obtained by load case 02. This behavior stem from the fact that, despite the asymmetry inherent 
to curved bridges, positioning the type-vehicle on the centerline of the deck, associated with the presence of diaphragms, 
contributes to a more homogeneous distribution. Furthermore, unlike what was verified for load case 01, the global 
percentages from load case 02 tend to reduce with the stiffening of the widening areas. 

As for the influence of stiffness, generally, the variations tend to be smaller in models with stiffer widenings. 
According to the data presented in Figures 11c,d, the global percentages behavior is approximately linear in models 
with uniform stiffness. However, in models with variable stiffness, the reduction rate of the global percentages caused 
by raising the stiffness is higher in the original girders, being more subtle in the widened sections. 

7.2 Analysis of the influence of stiffness in the widenings by means of concrete compressive strength 
Figure 12 summarizes the local percentage differences calculated for the group G3 models (R = 50 m), considering 

load cases 01 and 02. These results will be used to assess the effects induced in each girder by raising the widening 
stiffness. 
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Figure 12. Local analysis of the BMDF's for models with 40 and 60 MPa widening, compared to the models with uniform 

stiffness.: (a) 5L-G3 (Load case 02); (b) 7L-G3 (Load case 02); (c) 5L-G3 (Load case 01); (d) 7L-G3 (Load case 01). 

When studying the effect of widening in straight box bridges, Fontana [6] observed that the stiffer widenings began to 
support a higher percentage of loading, which led to an increase in the distribution factors in these areas. As a result, the 
distribution factors in the girder corresponding to the original deck suffered reductions. The author also verified that the 
loading decreases registered in the original girders, as well as the loading increases in the additional girders, tend to be 
higher the stiffer is the widening. Accordingly, this was the behavior verified in the values for load case 02 (Figure 12a,b). 

In all cases, the percentages are higher for the models where the widening performed with characteristic compressive 
strength of 60 MPa. For the 5-girder models (Figure 12a), the increments in the additional girder V5 are higher than in 
the girder V1. Similarly, in the 7-girder model, the percentages attained for the additional internal girders (V6 and V7) 
are higher than those of the external girders V1 and V2. For both cases, in the original girders, the percentages decrease, 
in absolute value, towards the inner side of the curve, although the observed variation is low. 

When it comes to curved bridges, the position of the load has a significant influence on the load distribution. In Figures 
12c,d, related to load case 01, the additional external girders (V1 in the 5-girder model, V1, and V2 in the 7-girder model) 
experiences loading increases. For the 5-girder model, girders V2 and V3 show reductions, while in the 7-girder model, 
decreases occur in girders V3, V4, and V5. So far, the observations are within the expected behavior considering only the 
effect of stiffening the widening. However, in the 5-girder model, the original girder V4 experiences an increase in loading, 
while in the additional girder V5 occurs a reduction. In the 7-girder model, the additional internal girders (V6 and V7) 
present reductions, particularly the girder V6, in which the decrease reaches -61.1%. 

Executing widenings with a higher stiffness than that of the original deck should relieve the pre-existing girders, not 
overload them. The behavior observed in the BMDF's attained from load case 01 is highly problematic since it has 
original girders receiving additional loading while widening girders, with concrete of higher compressive strength, 
receive less load than they would in a deck with uniform stiffness. This inconvenience is mitigated by the fact that the 
BMDF's on the girders positioned in the inner side of the deck (right side) tend to be smaller. 

7.3 Analysis of the influence of curvature 
Kim et al. [1] and Zhang et al. [2] presented the curvature as one of the most influential parameters in the distribution 

of bending moments in curved bridges. For this reason, it is relevant to evaluate the effect that varying the radius has 
on the distribution of bending moments in the widened deck. 
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In the previous subsection, the percentages resulted from the comparison of the BMDF's of the models of variable 
stiffness in relation to those of uniform stiffness, considering the models of group G3 (Figure 12). Deepening this 
analysis, Figure 13 introduces the percentages obtained from a similar analysis applied to the models of groups G1 and 
G2. It should be noted that, although Figure 13 shows the local percentage differences only for the 7-girder models, the 
behavior verified in the 5-girder models was analogous. 

The first noteworthy aspect is that the variation in curvature does not significantly affect the local percentages. This 
allows for the conclusion that the effects of stiffness variation in the widened sections are independent of the bridge 
radius of curvature. 

Preliminarily, one can see that the increases and decreases fit the observations made in the analysis of the 
percentages obtained for group G3 (Figure 12). For load case 01 (Figure 13a,c), as expected, loading increases happen 
in the additional external girders V1 and V2, while the original girders experience decreases. In the additional internal 
girder V7, contrary to expectations, reductions are verified. 

 
Figure 13. Local analysis of the BMDF's as a function of the radius for the 7-girder models: (a) widening of 40 MPa (Load case 
01); (b) widening of 40 MPa (Load case 02); (c) widening of 60 MPa (Load case 01); (d) widening of 60 MPa (Load case 02); 

The girder V6, however, experiences increases in the straight model (G1) and decreases in the curved models (G2 
and G3). These reductions are notably high for the models with the greater radius (G2), and these discrepancies occur 
mainly due to two reasons. Firstly, for load case 01, the bending moments tended to concentrate on the outermost 
girders. The values of the BMDF’s attained for the innermost girders (the girders V6 and V7 in particular) were in 
general very low. Thus, the percentages calculated by dividing the BMDF variation by the corresponding distribution 
factor in the model with uniform stiffness (reference model) contributed to producing high values. In addition to that, 
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in the model with uniform stiffness, contrary to the expectations, the bending moment direction caused tension on the 
upper fibers of the girder. However, when analyzing the models with variable stiffness, the influence exerted by the 
widening stiffening caused the inversion of the bending moment direction, which, as in the other girders, tensioned the 
lower fibers of the girder V6. Since the obtained data considered the difference between the load factor of the model 
with variable stiffness and the load factor on the reference model, the percentages in question reflected the total 
amplitude of the variation that led to the inversion of bending moment direction and not the occurrence of expressive 
variations in load distribution. 

It is worth noting that the phenomenon of reversal of moment direction only occurred in the girder V6 of the group 
G2 models. Although after the inversion, the modulus of the acting moment became lower, the inversion on its own 
represents an issue since, aside from causing relief of the original reinforcement, it creates a demand for new 
reinforcement in a different region. 

For the percentages obtained through load case 02 (Figure 13b,d), the effect of the curvature variation also proves 
to be negligible, and the highest impact is registered on the innermost girder (V7). In these girders, the increments rise 
with the reduction of the radius, being maximum for the group G3 models. 

7.4 Analysis of the influence of the number of girders 
Works such as Zhang et al. [2] highlight the number of girders as a factor of high impact on the load distribution in 

curved bridges. According to this study, for bridges with more than three girders, the addition of girders causes a 
significant reduction in the load distribution factors. In this sense, this analysis examines the effect of adding girders, 
comparing the results obtained from 5-girder models with those from 7-girder models. To achieve that, this assessment 
compares the sum of the factors in the original girders (O.G.), additional external (Ext. G.), and internal (Int. G.) between 
the 5-girder and 7-girder models. To better explain, the sum of the BMDF's from girders V2, V3, and V4 (5-girder 
model) will be compared to the sum of the factors from girders V3, V4, and V5 (the 7-girder model). Similarly, the 
BMDF of girder V1 will be compared to the sum of the factors from girders V1 and V2, while the factor from girder 
V5 will be compared to the sum of BMDF's from girders V6 and V7. These comparisons resulted in local percentage 
variations, as shown in Figure 14, considering the group G2 models (R = 150 m). 

For both load cases, in response to the increase in the number of girders, increments are observed in the quantity of 
bending moment absorbed by the external widened section (Ext. G.). Although these values indicate that the total 
moment absorbed in this section is higher in models with 7 girders, it should be noted that this section includes two 
girders, which share this loading and, therefore, are relieved. With the stiffening of the widening, these increments drop. 
In the original section, the portion of bending moment absorbed is smaller in the 7-girder model, indicating that the 
increase in the number of girders relieved the pre-existing girders, and said relief is more expressive the higher the 
stiffness of the widening. 

 
Figure 14. Local analysis between the BMDF's of the 5-girder and 7-girder models: (a) Load case 01; (b) Load case 02. 
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In the internal widened section, reductions are registered for load case 01 (Figure 14a), while increases occur for 
load case 02 (Figure 14b). However, for both load cases, in response to the widening stiffening, the differences between 
the total bending moment absorbed by the widenings reduce. 

7.5 Comparison between numerical models and the V-Load method 
In order to assess its applicability, the results obtained using the V-Load Method were compared with those 

generated through FEM. The comparison is based on percentage differences, obtained through local analysis. Therefore, 
the percentage reflects the variation between the BMDF calculated by the V-Load method compared to the value 
generated by FEM. This methodology was applied to models with uniform stiffness, as well as to those with variable 
stiffness along the cross-section. Figure 15 presents the data generated through this analysis. 

Figures 16a,b show the local percentage variations for the group G2 models (R = 150 m). For the girders included 
in the widened outermost section (V1 for the 5-girder model, V1 and V2 for the 7-girder model), decreases are 
registered, indicating that the BMDF's obtained by the V-Load Method in these girders are lower than those resulting 
from the FEM. In the central girders on both 5 and 7-girder models, reductions are also verified. In the 5-girder model, 
the percentages are higher, considering absolute value, in the girder V5. Similarly, the variations for the 7-girder model 
tend to be higher in the innermost girders and are maximum in the girder V7. 

 
Figure 15. Local analysis between the FEM and the V-Load Method: (a) 5L-G2; (b) 7L-G2; (c) 5L-G3; (d) 7L-G3. 

For the models belonging to group G3 (Figure 15c,d), regardless of the number of girders, reductions are observed 
from the outermost (V1) to the central girder. The main difference between the percentage’s behavior from group G2 
and G3 models is that, for the latter, the variations at the girder adjacent to the left widened section (V2 for the 5-girder 
model, V3 for the 7-girder model) is negative. Furthermore, the percentages are, in general, higher for the G3 group 
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models. According to Monzon et al. [12], the V-Load method is better suited to bridges with larger radii. As observed 
for group G2, the percentages in the girders on the inner side of the bridge tend to be higher, being maximum in the 
innermost girders V5 and V7. Ribeiro [22] also observed the incremental effect exerted by the radius on the divergences 
between the FEM and the V-Load method and, corroborating what was verified in these assessments, the author found 
that the highest discrepancies tend to occur in the innermost girders. 

Regarding the effect of stiffness variation in the widened regions, in general, for the external girders, the higher the 
stiffness, the smaller the discrepancies compared to the FEM results. For the internal girders, the same behavior is 
observed. For the external additional and the original girders, the stiffness variation in the widened regions does not 
significantly affect the differences between analytical and numerical models. It is valid to point out that the V-Load 
method was conceived for bridges in which all girders have the same bending stiffness [11]. 

7.6 Modification Factors Analysis 

In order to complement the analyses presented so far, this item presents the Modification Factors obtained for the 
curved models, considering the variation of the radius and widening stiffness. 

According to the concepts previously discussed, the MF result from the ratio between the maximum value of the 
bending moment obtained for a curved bridge and a straight bridge, considering the same girder. To limit the data 
volume, for both 5-girder and the 7-girder models, the MF analysis only involved the external, central, and internal 
girders, as shown in Figure 16. 

 
Figure 16. Girders considered for the attainment of Modification Factors. 

Figure 17 shows the MF’s obtained by applying load case 01 for the 5-girder and 7-girder models, each graphic as 
a function of widening stiffness. In general, for this load case, the factors are similar for the external and central girders 
while increasing noticeably for the internal girders, especially in the MF obtained for group G3 models (Figure 17c,d). 

The comparison between the results for groups G2 and G3 shows that the MF's are higher for models with greater 
curvature, and this disparity is particularly relevant considering the factors of the internal girders. These behavioral 
aspects of the MF's indicate that, concerning load case 01, inserting a curvature affects the internal stringers more 
expressively, and its influence is more intense the higher the radius. When considering the effect of the compressive 
strength variation in the widened sections, the data shows that the most relevant repercussions are felt only in the internal 
girders, especially in the group G3 models, with no significant variations for the other girders. 
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Figure 17. Modifications Factors for load case 01: (a) 5L-G2; (b) 7L-G2; (c) 5L-G3; (d) 7L-G3. 

 
Figure 18. Modifications Factors for load case 02: (a) 5L-G2; (b) 7L-G2; (c) 5L-G3; (d) 7L-G3. 
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Figure 18, in turn, introduces the MF's obtained from the bending moments resulting from load case 02. Firstly, the 
growth tendency of the MF's, in this case, is opposed to the behavior exhibited by the values pertaining the load case 
01 since they reduce towards the internal girder. Another aspect identified is that, compared to the results of load case 
01, the MF's tend to be smaller for load case 02, except for the external girders. It is interesting to note that, regardless 
of the number of girders or the radius, the MF's attained for the central girders are very close to the unity, indicating 
that there is no significant divergence between the bending moments obtained in the straight and curved models for the 
girder in question. Contrary to what occurred in the analysis of factors from load case 01, the internal girders have the 
lowest MF's, being, in all cases, lesser than 1.0. 

Considering the influence of curvature, although the MF's in the central girders are not affected by the change of 
radius, the factors in the external girders increase while decreasing in the internal girders. This behavior is compatible 
with what was verified by Acosta and González [7] and Rebouças et al. [17]. Furthermore, regarding the widening 
stiffness, there are no relevant changes due to the variation of this parameter. 

8 CONCLUSIONS 
This paper sought to analyze the transverse distribution of bending moments in curved bridges considering the 

execution of widenings with concrete of variable compressive strength. The analysis shows that the effects of this 
parameter depend not only on the magnitude of the stiffness but also on the live load positioning. In all cases, the 
percentage variations are greater the higher the stiffness of the widenings. For load case 02, consistently, the bending 
moment distribution factors in the widened regions tend to grow with the stiffening. As a consequence, the distribution 
factors from the original girders reduce. For load case 01, while the external widened sections experience increases, 
and the original girders are relieved, this relief also occurs in the internal widened regions. 

Regarding the curvature effect, the radius variation did not significantly alter the percentages calculated for bending 
moment distribution. This behavior allows deducing that, although the curvature is a key parameter for load distribution 
in curved bridges, changing the radius does not change the effect of load redistribution induced by the widening stiffness 
variation. 

Comparing the models with 5 and 7 girders, for load case 02, the load fraction absorbed by the original section of 
the deck with 7 girders reduced, while the widened regions experienced increases. However, for load case 01, not only 
the original girders were relieved, but the bending moments of the internal widened section also suffered reductions. 
Therefore, the addition of girders produced a similar effect to that induced by the stiffening of the widenings. This 
similarity is probably related to the fact that the addition of the girders, even when maintaining the concrete compressive 
strength, reduces the overhang length and stiffens the widening. Furthermore, the analysis shows that the higher the 
stiffness in the widened sections, the greater the percentage reduction, i.e., the higher the relief experienced by the 
original region of a 7-girder model compared to the loading in the same area on a 5-girder model. However, for the 
models with variable stiffness, the discrepancy between the loading in the widened sections of the 5 and 7-girder models 
tends to decrease. 

The comparison of bending moments obtained from FEM and those calculated by the approximate analytical V-
Load method shows that the percentage differences are higher in the innermost girders, which are even more significant 
for the group G3 models. Moreover, although the V-Load method was idealized considering the hypothesis of girders 
with uniform stiffness, the percentages for models with variable stiffness did not diverge significantly from those 
obtained in models with uniform stiffness. 

Finally, given the analyses of the Modification Factors, regarding the effect of the increase in curvature, the factor 
attained with load case 01 increased in general, particularly in the internal girders. However, for load case 02, while the 
central girders were hardly affected, the MF's of the external and internal girders increased and decreased, respectively. 
Compared to the curvature effect, the variation of widening stiffness only produced relevant changes for the internal 
girders of the group G3 models, considering load case 01, while being negligible in the other cases. 
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Abstract: Reinforced concrete elements with a high longitudinal and transverse reinforcement ratio may 
present conflicts on both of them, resulting in reduced labor productivity and a poor job when assembling the 
transversal reinforcement, reducing its effectiveness. Thus, this research presents a type of internal transverse 
reinforcement as an alternative to mitigate this conflict between the transverse and longitudinal bars. A total 
of 5 reinforced concrete wide beams were made, one of them as a reference with closed stirrups, and the other 
ones with internal stirrups, varying the inclination of the internal transverse reinforcement in 60° and 90°, and 
the number of vertical legs of the internal transverse reinforcement used. Comparing the results of the beams 
with internal stirrups with the reference beam, it was observed that the internal stirrups provided increases of 
up to 14% in shear strength when compared with the closed stirrup. 

Keywords: shear; internal transverse reinforcement; unconnected stirrups. 

Resumo: Elementos de concreto armado com elevada taxa de armadura longitudinal e transversal podem 
apresentar conflitos das duas armaduras gerando redução em produtividade durante a armação do elemento e 
mal posicionamento da armadura transversal diminuindo a efetividade da armadura. Diante disso, essa 
pesquisa apresenta um tipo de armadura transversal interna como forma de mitigar esse conflito entre as barras 
transversais e longitudinais. Foram ensaiadas 5 vigas faixa de concreto armado, sendo uma de referência com 
estribos fechados e as outras 4 com estribos internos variando a inclinação das armaduras transversais internas 
em 60º e 90º e a quantidade de pernas verticais da armadura transversal interna utilizada. Comparando os 
resultados das vigas com estribos interno com a viga de referência, observou-se que os estribos internos 
garantiram ganhos de até 14% de capacidade de resistência ao cisalhamento em comparação com o estribo 
fechado. 

Palavras-chave: cisalhamento; armadura transversal interna; estribos desconectados. 
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1 INTRODUCTION 
The need to overcome larger spans with reinforced concrete elements, without interfering in the architecture design 

and resist greater loads, generates greater shear stresses in beams and slabs. Elements with high shear and bending 
stresses (Figure 1) may present conflict between the types of reinforcement used, being necessary to rearrange the 
distribution of the shear reinforcement to solve the conflict between the bars. However, Freitas [1] highlights that the 
redistribution of the transverse reinforcement might reduce the structural performance. 

 
Figure 1 - Structures under one-way shear failure. 

Today, there are many types of transverse reinforcement, such as the conventional stirrups, which can be open or 
closed, and the studs or dowels, which have flattened heads and are recommended for use on flat slabs to avoid punching 
failure, as an alternative to the conflict of reinforcement. However, there may still be a conflict between the transverse 
and longitudinal reinforcement, since both types of reinforcement are external, that is, the ends need to be on the 
longitudinal bars. One of the alternatives to avoid the conflict between reinforcement is the use of shear reinforcement 
with internal anchoring, positioned between the tensile and compression bars, as discussed by [2]–[4]. Figure 2 shows 
the types of transverse reinforcement. 

 
Figure 2 – Cross section detail with different types of transverse reinforcement. 
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The closed stirrup is a type of cross-sectional reinforcement widely used in Brazil, mainly in the most remote 
locations of large urban centers, due to the possibility of being manufactured in loco, not requiring specialized labor 
and presenting ease of manufacture, as well as meeting the recommendations of NBR 6118 [5], which recommends 
these stirrups to involve the flexural reinforcement to ensure better anchoring. However, the closed stirrup, in elements 
with a high ratio of transverse and longitudinal reinforcement, presents difficulties in assembling, which may reduce 
the efficiency of the service done. 

In this context, the use of transverse reinforcement with internal anchoring has been highlighted, with several articles 
about it being published [2]–[4], [6]–[13]. As the shear reinforcement with internal anchoring are positioned between 
the upper and lower bars of the flexural reinforcement, their positions can be independent, avoiding the conflict of bars. 
This way, it is possible to industrially manufacture such reinforcement modules, speeding the construction process and 
generating greater savings with labor, contributing to the reduction of construction costs [14]–[16]. 

Despite the constructive advantages related to this type of reinforcement, [17], [18] found that the transverse bars 
that do not anchor to the longitudinal bars tend to show lower performance than those that have this anchoring 
guaranteed. In addition, some research have pointed out that premature failures and delamination cracks were related 
to shear reinforcement with internal anchoring [6]–[8]. However, it is worth noting that, in some cases, it was possible 
to control the cracking by delamination in structures with internal shear reinforcement, through a COMPLEMENTARY 
REINFORCEMENT, as observed in the results of Pinto [4], in which the complementary reinforcement works as well 
as the transverse reinforcement, allowing the flow of forces and the functioning of the Mörsh truss, resulting in strengths 
equal to or greater than that of elements with closed stirrups and studs [3], [4], [10]. 

In order to propose a new model of transverse reinforcement with internal anchoring, this work experimentally 
analyzes the behavior of reinforced concrete wide beams with internal stirrups with multiple legs, vertical and inclined 
ones, used as shear reinforcement. To evaluate the performance of these stirrups, the behavior of the beams with this 
type of reinforcement will be compared with that of a beam with closed stirrups, with the same transverse reinforcement 
ratio, as well as all the observed ultimate strengths will be compared with theoretical strengths, obtained by the 
recommendations of NBR 6118[5], ACI 318 [19] and Eurocode 2 [20]. 

2 CODE RECOMMENDATIONS 
Several code recommendations guide that the possibility of shear failure in concrete elements be reduced through 

the design, due to its brittle behavior, which can occur without many warnings, making interventions impossible. 
According to several authors, the use of transverse reinforcement is the most viable way to guarantee the increase in 
strength and ductility in concrete structures [21]–[29]. 

Thus, it is common to find in the design codes recommendations on the use of a minimum shear reinforcement ratio, 
even when the tangential stress is not so high. When it is necessary to design a concrete element under shear forces, the 
Brazilian, American, and European codes provide recommendations regarding the calculation of the contribution 
portion of concrete and transverse reinforcement. These recommendations will be presented in this section. It is worth 
mentioning that the equations will be presented without weighting coefficients, allowing the reader to better compare 
the codes, thus obtaining characteristic strengths, and not design ones. 

2.1 NBR 6118 (2014) 
NBR 6118 [5] mentions two models for calculating one-way shear strength estimates in reinforced concrete 

elements. The models consider that the shear strength in elements with transverse reinforcement (VR,cs) consists of 
concrete contribution (VR,c) plus the contribution of steel (VR,s), as shown in Equations 1 and 5. 

Model I of the Brazilian code adopts the value of inclination of the strut equal to 45º, therefore it is recommended 
to use Equations 2 and 3 to calculate the contributions of concrete and steel, respectively, and it is limited by the 
maximum shear strength (VR,max I) by Equation 4. 

, , ,V VR cs I R c I R s IV = +  (1) 

𝑉𝑉𝑅𝑅,𝑐𝑐 𝐼𝐼 = 0.6𝑓𝑓𝑐𝑐𝑐𝑐𝑐𝑐,𝑖𝑖𝑖𝑖𝑖𝑖  . 𝑏𝑏𝑤𝑤.𝑑𝑑 (2) 

𝑉𝑉𝑅𝑅,𝑠𝑠 𝐼𝐼 = �𝐴𝐴𝑠𝑠𝑠𝑠
𝑠𝑠
� ⋅ 0.9 ⋅ 𝑑𝑑 ⋅ 𝑓𝑓𝑦𝑦𝑦𝑦 ⋅ (𝑠𝑠𝑠𝑠𝑠𝑠 𝛼𝛼 + 𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼) (3) 
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𝑉𝑉𝑅𝑅,𝑚𝑚𝑚𝑚𝑚𝑚  𝐼𝐼 = 0.27 ⋅ �1 − 𝑓𝑓𝑐𝑐𝑐𝑐
250
� ⋅ 𝑓𝑓𝑐𝑐𝑐𝑐 ⋅ 𝑏𝑏𝑤𝑤 ⋅ 𝑑𝑑 ⋅ (𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼 + 1) (4) 

Where: 
VR,csI is the shear strength of reinforced concrete elements with transverse reinforcement estimated by model I; 
VR,cI is the shear strength of reinforced concrete elements without transverse reinforcement estimated by model I; 
VR,sI is the contribution of transverse reinforcement to the shear strength of reinforced concrete elements estimated by 
model I; 
α is the angle of inclination of the transverse reinforcement in relation to the longitudinal one. 
Asw is the steel area of shear reinforcement per layer; 
bw is the width of the beam; 
d is the depth; 
s is the spacing between the shear reinforcement layers; 
ƒck is the characteristic compressive strength of concrete; 
ƒcd is the design compressive strength of the concrete, where, as the safety factors were not used, the ƒcd = ƒck; 
ƒctk, inf = 0.7. ƒct, m - brittle tensile strength of concrete in 5% of cases; 
ƒct, m is the mean tensile strength of concrete, defined for concretes with a maximum strength of 50 MPa, calculated by 
ƒct, m = 0.3. ƒck

2/3; 
ƒyw is the yield strength of the shear reinforcement. 

Model II of NBR 6118 [5] considers the effects caused by diagonal cracking, which impacts the reduction of the 
strut inclination and, consequently, the concrete contribution. In this model, the Brazilian code allows the variation of 
the inclination angle of the strut θ between 30° and 45°, only if the value of the concrete contribution (Vr,cII) is calculated 
by Equation 6. In this case, the concrete contribution is a function of the applied force (Vsd), calculated through an 
iterative process. The contribution of transverse reinforcement (VR,sII) is calculated by Equation 7 and the maximum 
shear strength (VR, max) by Equation 8. 

, , ,V VRcs II R c II R s IIV = +  (5) 

𝑉𝑉𝑅𝑅,𝑐𝑐 𝐼𝐼𝐼𝐼 = 𝑉𝑉𝑐𝑐0 ⋅
𝑉𝑉𝑅𝑅,𝑚𝑚𝑚𝑚𝑚𝑚 𝐼𝐼𝐼𝐼−𝑉𝑉𝑠𝑠𝑠𝑠
𝑉𝑉𝑅𝑅,𝑚𝑚𝑚𝑚𝑚𝑚 𝐼𝐼𝐼𝐼−𝑉𝑉𝑐𝑐0

≤ 𝑉𝑉𝑐𝑐0 (6) 

𝑉𝑉𝑅𝑅,𝑠𝑠 𝐼𝐼𝐼𝐼 = 𝐴𝐴𝑠𝑠𝑠𝑠
𝑠𝑠
⋅ 0.9 ⋅ 𝑑𝑑 ⋅ 𝑓𝑓𝑦𝑦𝑦𝑦𝑦𝑦 ⋅ (𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼) ⋅ 𝑠𝑠𝑠𝑠𝑠𝑠 𝛼𝛼 (7) 

𝑉𝑉𝑅𝑅,𝑚𝑚𝑚𝑚𝑚𝑚  𝐼𝐼𝐼𝐼 = 0.54 ⋅ �1 − 𝑓𝑓𝑐𝑐𝑐𝑐
250
� 𝑓𝑓𝑐𝑐𝑐𝑐 ⋅ 𝑏𝑏𝑤𝑤 ⋅ 𝑑𝑑 sin2𝜃𝜃 ⋅ (𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼 + 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃) (8) 

Being: 
θ is the angle of inclination of the strut, varying from 30° to 45°; 

2.2 ACI 318 (2014) 
The American code considers one-way shear strength of reinforced concrete elements to be like the strength of a 

beam, so Equation 9 is used to estimate the shear strength of beams without transverse reinforcement (VR,c). The code 
adopts, among the variables that impact shear strength, only concrete strength. 

𝑉𝑉𝑅𝑅,𝑐𝑐 = 0.17 ⋅ �𝑓𝑓𝑐𝑐 ⋅ 𝑏𝑏𝑤𝑤 ⋅ 𝑑𝑑 (9) 

Where: 
ƒc is the concrete strength, obtained by tests with cylinder specimens; 
bw is the width of the beam; 
d is the depth of the beam. 
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For beams with transverse reinforcement, ACI 318 [19] considers that the shear strength (VR,cs) is given by the 
contributions of concrete and transverse reinforcement (VR,s), calculated by Equation 10, emphasizing that the code 
estimates that the inclination of the strut is equal to 45°. The contribution of shear reinforcement is calculated by 
Equation 11. In addition, the American code limits the maximum shear strength of beams given by Equation 12, which 
refers to failure due to crushing of the strut (VR,max). 

𝑉𝑉𝑅𝑅,𝑐𝑐𝑐𝑐 = 𝑉𝑉𝑅𝑅,𝑐𝑐 + 𝑉𝑉𝑅𝑅,𝑠𝑠  (10)
 

𝑉𝑉𝑅𝑅,𝑠𝑠 = �𝑑𝑑
𝑠𝑠
� ⋅ 𝐴𝐴𝑠𝑠𝑠𝑠 ⋅ 𝑓𝑓𝑦𝑦𝑦𝑦 ⋅ (𝑠𝑠𝑠𝑠𝑠𝑠 𝛼𝛼 + 𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼)  

(11)
 

𝑉𝑉𝑅𝑅,𝑚𝑚𝑚𝑚𝑚𝑚 = 0.66 ∙ �𝑓𝑓𝑐𝑐  ∙ 𝑏𝑏𝑤𝑤 ∙  𝑑𝑑  (12) 

Where: 
s is the spacing between the transverse reinforcement layers; 
Asw is the steel area of one layer of transverse reinforcement; 
fyw is the yield strength of the transverse reinforcement, limited to 420 MPa; 
α is the angle of inclination of transverse reinforcement in relation to the longitudinal one. 

2.3 EUROCODE 2 (2004) 
Eurocode 2 [20] gives Equation 13 to estimate the contribution of concrete to the shear strength of beams (VR,c). In 

this equation, it is seen that the European code takes into account other factors, such as concrete strength, size effect 
and longitudinal reinforcement ratio, which impacts shear strength due to the dowel action. 

𝑉𝑉𝑅𝑅,𝑐𝑐 = 𝑚𝑚𝑚𝑚𝑚𝑚 �
(0.18 ⋅ 𝑘𝑘 ⋅ (100 ⋅ 𝜌𝜌𝑙𝑙 ⋅ 𝑓𝑓𝑐𝑐)1/3) ⋅ 𝑏𝑏𝑤𝑤 ⋅ 𝑑𝑑

0.035 ⋅ 𝑘𝑘
3
2 ⋅ �𝑓𝑓𝑐𝑐 ⋅ 𝑏𝑏𝑤𝑤 ⋅ 𝑑𝑑

  (13) 

Where: 
k considers the reduction in shear strength due to size effect, calculated by Equation 14. 

𝑘𝑘 = 1 + �200
𝑑𝑑
≤ 2  

(14)
 

ρl is the portion related to the longitudinal reinforcement ratio, calculated by 𝜌𝜌𝑙𝑙 = 𝐴𝐴𝑠𝑠
𝑏𝑏𝑤𝑤⋅𝑑𝑑

≤ 2, As being the longitudinal 
steel area of the beam. 

Eurocode 2 [20] suggests Equation 15 to evaluate the shear strength of beams with transverse reinforcement (VR,cs), 
where it is seen that this estimate considers only the contribution of reinforcement, and its strength cannot be lower 
than that of a beam without shear reinforcement. In addition, the code also recommends that the angle of inclination of 
the strut may vary from 21.8° to 45°. The maximum shear strength (VR,max) is estimated by Equation 16. 

𝑉𝑉𝑅𝑅,𝑐𝑐𝑐𝑐 = 𝑚𝑚𝑚𝑚𝑚𝑚 �
𝐴𝐴𝑠𝑠𝑠𝑠
𝑠𝑠
⋅ 0.9 ⋅ 𝑑𝑑 ⋅  𝑓𝑓𝑦𝑦𝑦𝑦 ⋅ (𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 + 𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼) ⋅ 𝑠𝑠𝑠𝑠𝑠𝑠 𝛼𝛼

𝑉𝑉𝑅𝑅,𝑐𝑐
  (15) 

Being: 
θ is the angle of inclination of the strut, varying from 21.8° to 45°; 
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( )
2

1
,max

0.9 cot cot
1 cot

dw c
R

b f
V

ν θ α
θ

⋅ ⋅ ⋅ ⋅ ⋅ +
=

+
 (16) 

ν1 being determined by Equation 17; 

𝜈𝜈1 = 0.6 ⋅ �1 − 𝑓𝑓𝑐𝑐
250
� (17) 

As EC2 [20] admits the variation of the inclination angle of the strut θ for the design, it suggests that Equations 15 
and 16 are equalized for checking the strength, to verify the smallest angle that can be used to evaluate the strength of 
a beam according to its characteristics. Equalizing these two equations, Equation 18 is obtained, which provides the 
smallest angle that may be used. 

cot è=� bw∙s ∙ v1∙ 𝑓𝑓𝑐𝑐
Asw ∙ 𝑓𝑓d ∙ sen 𝛼𝛼

  (18) 

Where: 
ƒyd – is the yielding strength of steel, recommended by EC2 as 0.8.ƒys, which is the yielding strength for the 
characterization test of the steel. 

2.4 Flexural strength of reinforced concrete beams 
Several code recommendations, such as EC 2 [20] and ABNT NBR 6118 [5], shows simplified theories to estimate 

the flexural strength of reinforced concrete elements assuming that: the Bernoulli hypothesis of plane sections is valid; 
perfect compatibility between the strains of concrete and steel; the tensile strength of concrete is ignored for the ultimate 
limit state; the stress distribution in concrete can be assumed as a parabola-rectangle diagram, which can be replaced 
by a rectangle. To estimate the flexural strength in this study, the recommendations of ABNT NBR 6118 [5] will be 
used, considering that the tensile and compression flexural reinforcement reach yielding, to obtain Equations 19 to 23. 

𝐶𝐶𝑐𝑐 + 𝐶𝐶𝑠𝑠′ − 𝑇𝑇𝑠𝑠 = 0 (19) 

(𝜂𝜂 ∙ 𝑓𝑓𝑐𝑐 ∙ 𝑏𝑏𝑤𝑤 ∙ 𝑐𝑐) + (𝐴𝐴𝑠𝑠′ ∙ 𝑓𝑓𝑦𝑦𝑦𝑦′) = 𝐴𝐴𝑠𝑠 ∙ 𝑓𝑓𝑦𝑦𝑦𝑦  (20) 

𝑐𝑐 = (𝐴𝐴𝑠𝑠∙𝑓𝑓𝑦𝑦𝑦𝑦)−(𝐴𝐴𝑠𝑠′ ∙ 𝑓𝑓𝑦𝑦𝑦𝑦′)

𝜂𝜂 ∙ 𝑓𝑓 𝑐𝑐∙ 𝑏𝑏𝑤𝑤
  (21) 

𝑀𝑀𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 𝐴𝐴𝑠𝑠 ∙ 𝑓𝑓𝑦𝑦𝑦𝑦 ∙ 𝑧𝑧 (22) 

𝑉𝑉𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 𝑀𝑀𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓

𝑎𝑎
 (23) 

Being: 
η is a constant, assumed to be 1 for constant sections and 0.9 for the other cases; 
αcc is assumed to be 0.85 for fc ≤ 50 MPa. In cases where the long-term effects of concrete can be neglected, such as 
short-time tests, 0.95 is assumed; 
c is the height of the concrete compression block; 
a is the shear span of the element. 
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3 EXPERIMENTAL PROGRAM 
This experimental program had a series of tests on five transverse reinforced concrete wide beams, with a cross section 

of 500 mm of width, 210 mm of height, and 2300 mm of length. In one of the beams, closed stirrups were used as shear 
reinforcement, being a reference for comparison with the other four beams, which had their transverse reinforcement 
composed by continuous stirrups with internal anchoring. The main variables analyzed were inclination of transverse 
reinforcement, diameter of the transverse steel bars and number of bars per layer, in such a way that these variations had 
the same transverse reinforcement ratio. In addition, reinforcement with internal anchoring had complementary 
reinforcement, to contribute to the anchoring and avoid delamination effect, with the same pieces used by [3], [4]. 

For the names of the beams, a system of three terms was adopted: A-B-C. The first term (A) represents the transverse 
reinforcement used, where, if indicated by letter C, it refers to the closed stirrups and, where indicated by letter M, it 
refers to the continuous internal stirrups. The second term (B) represents the number of vertical bars in each layer of 
shear reinforcement, which may be 4 or 8 legs, and the term C indicates the angle adopted for shear reinforcement (90º 
or 60º). Table 1 shows the main variables of the tested beams. Figure 3 shows the dimensions of the beams and how 
they were positioned in the press. 

Table 1 - Characteristics of the tested beams 

BEAM Øw (mm) α (°) No. Øw Asw (mm2) S (mm) ρw (%) ƒyw (MPa) 

C-4-90 6.3 90 4 113.10 

100 

0.23% 687.12 

M-8-90 4.2 90 8 110.84 0.22% 612.56 

M-4-90 6.3 90 4 113.10 0.23% 687.12 

M-8-60 4.2 60 8 110.84 0.26% 612.56 

M-4-60 6.3 60 4 113.10 0.26% 687.12 

bw (mm) h (mm) a (mm) d (mm) L (mm) Øf '(mm) ƒc (MPa) ƒys (MPa) 

500 210 620 171.5 2300 8 25.01 531.95 

 
Figure 3 – Characteristics and dimensions of the tested beams. 
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3.1 Flexural reinforcement 
The steel bars used as flexural and transverse reinforcement were CA-50 and CA-60 types, where CA stands for 

Reinforced Concrete and the values 50 and 60 correspond to the characteristic strength of steel, that is, the CA-50 steel 
bars must have a characteristic strength of 500MPa and the CA-60 steel bars must have a characteristic strength of 
600MPa. 

The longitudinal reinforcement was designed so that the beams presented greater flexural strength, allowing shear 
failure. In the tensile region, six CA-50 steel bars with a diameter of 25.0 mm were used, and in the compression region, 
seven CA-50 steel bars with a diameter of 8.0 mm. 

To assess the mechanical properties of the steel used, three samples of the longitudinal bars were tested under tensile 
force according to NBR 6892 [30]. The samples of 8.0 mm bars showed an average of ƒys= 558.56 MPa, ɛys= 2.72‰, 
Es= 205.65 GPa and the samples of 25.0 mm bars showed an average of ƒys= 531.95 MPa, ɛys= 2.71‰, Es= 199.66 GPa. 
Table 2 presents the mechanical properties of tensile and compression bars. 

Table 2 - Mechanical properties of the flexural bars 

Ø (mm) Es (GPa) ƒys (MPa) ɛys (‰) 

8.0 205.65 558.56 2.72 
STANDARD DEVIATION 14.05 19.55 0.09 

25.0 196.66 531.95 2.71 
STANDARD DEVIATION 5.68 8.94 0.06 

3.2 Shear reinforcement 
Beam C-4-90 was composed by 2 closed stirrups per layer, resulting in four CA-60 vertical bars with diameter of 

6.0 mm in each stirrup layer. The recommendations from NBR 6118 [5] have been followed, where the stirrups involved 
tensile and compression reinforcement to guarantee their anchoring in the beam, as well as the bend diameter and 
development length were also based on the code recommendation. 

Beams M-8-90 and M-8-60 were assembled with an internal transverse reinforcement, i.e., the stirrups were 
positioned between the flexural reinforcement of the beam. The internal stirrups, called stirrups M, were manufactured 
with CA-60 steel of 4.2 mm in diameter, with 8 vertical bars. In addition, 6.3 mm longitudinal bars with CA-50 steel 
were inserted inside the bending points of the internal stirrups, contributing to anchoring, as recommended by 
NBR 6118 [5] and Eurocode 2 [20], in addition to assist in the manufacture of shear reinforcement in modules. 

Beams M-4-90 and M-4-60 were also reinforced with internal shear reinforcement, M stirrup. The stirrups were 
made of CA-60 steel with a diameter of 6.0 mm, composed of 4 vertical legs. To assist in anchoring, CA-50 steel 
longitudinal steel bars with a diameter of 10 mm were used. All beams with stirrups M were added with complementary 
reinforcement. 

The stirrup layers of M-8-90 and M-4-90 beams were positioned at 90º in relation to the longitudinal axis of the 
beams, while the stirrup layers of M-8-60 and M-4-60 beams were inclined at 60º in relation to the longitudinal axis of 
the beams. The stirrups of all tested beams were spaced every 100.0 mm, keeping the reinforcement ratio close to that 
of the reference beam. Figure 4 shows the cross section, the spacing and inclination of the reinforcement of the tested 
beams, and Figure 5 shows the stirrups used in the beams and the assembled module. 
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Figure 4 - Cross section and reinforcement layout of the tested beams. 

 
Figure 5 – Stirrups used in the beams. 

In the studies by Ferreira et al. [2] and Tapajós [3], the beams studied with internal transverse reinforcement showed 
a delamination effect due to an anchoring failure of the internal stirrups. To reduce these effects, Tapajós [3] used a 
complementary reinforcement to mitigate delamination effect and allow the flow of internal forces. In this study, this 
complementary reinforcement was adopted in the four beams with internal stirrups. The complementary reinforcement 
was manufactured with CA-50 steel with a diameter of 6.3 mm. Six complementary reinforcements were used per 
stirrup layer, they were positioned in the flexural reinforcement, being 3 of them located in the compression region and 
the other 3 in the tensile region, totaling a complementary reinforcement ratio ρwc of 0.75% for beams with transverse 
reinforcement at 90º and 0.86% for beams with transverse reinforcement at 60º. Figure 6 shows the dimensions and the 
manufactured complementary reinforcement. 
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Figure 6 – Complementary reinforcement. 

Three samples of each diameter used were separated from the steel used in the shear reinforcement and subjected 
to tensile tests following the recommendations from NBR 6892 [30]. Samples of CA-60 steel of 4.2 mm presented 
means of ƒys = 612.56 MPa, ɛys = 3.07‰, Es = 200.16 GPa, samples of CA-60 bars of 6.0 mm showed means of ƒys = 
687.12 MPa, ɛys = 3.60‰, Es = 192.28 GPa and samples of CA-50 bars of 6.3 mm presented means of ƒys= 585.83MPa, 
ɛys= 3.08‰, Es= 190.61GPa. Table 3 presents the mechanical properties of the steel bars used as transverse 
reinforcement of the beams. 

Table 3 - Mechanical properties of the transverse reinforcement 

Ø (mm) Es (GPa) ƒys (MPa) ɛys (‰) 
4.2 200.16 612.56 3.07 

STANDARD DEVIATION 10.63 15.07 0.17 
6.0 192.28 687.12 3.60 

STANDARD DEVIATION 17.62 31.28 0.49 
6.3 190.61 585.83 3.08 

STANDARD DEVIATION 11.46 13.81 0.18 

3.3 Concrete 
Concrete was produced with CP-II-E Portland cement (Portland cement composed with slag), medium sand as fine 

aggregate, gravel 01 with a maximum diameter of 19 mm as coarse aggregate and, to improve the workability of 
concrete, a multifunctional plasticizer and setting retarder admixture was used. 

To determine the mechanical properties of concrete, 15 cylinder specimens (three for each beam) were made, with 
a diameter of 100 mm and height of 200 mm, following the recommendations of NBR 5738 [31]. They were used in 
compression tests based on NBR 5739 [32], 28 days after concreting the specimens, and tensile tests following the 
recommendations of NBR 7222 [33]. As the beams were tested in the same week and cast with the same batch of ready-
mix concrete, their compressive strength as the mean of all tests performed, to avoid the influence of the variation of 
results in different tests from those samples. The concrete showed an average compressive strength of fc = 25 MPa and 
tensile strength of fct = 3.57 MPa. Table 4 presents the mechanical properties of the concrete used in the tested beams. 

Table 4 - Concrete compressive strength and concrete splitting strength at 28 days 

Sample fck (MPa) fct (MPa) 
CP1 23.85 3.80 
CP2 25.78 3.49 
CP3 25.54 3.68 
CP4 25.27 3.59 
CP5 27.12 3.42 
CP6 23.79 3.51 
CP7 23.69 3.50 

Mean 25.01 3.57 
SD 1.19 0.12 

COV 5% 3% 
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3.4 Instrumentation 
The Mid-span Deflection of the beams was measured with the aid of a LVDT, positioned in the mid-span of the 

beams, then measuring the maximum deflections of the beams. The potentiometer was fixed on the Yoke (device that 
helps in the positioning of the equipment), to avoid that the accommodation of the beams compromises the reading of 
the deflections. 

The monitoring of concrete strains took place from an electric strain gauge (SG), positioned on the side face of each 
of the beams, in the mid-span. To measure the strain of the flexural reinforcement of each beam, two SG were used in 
one of the central bars of the flexural reinforcement in the tensile region, adopting the mean of the two obtained 
readings. 

The choice of the positioning of the SG in the stirrups was based on the studies by [3], who instrumented all the 
stirrups positioned in the shear span to, thus, evaluate different levels of transverse reinforcement strain. Thus, as the 
studied beams had the same spacing between the stirrups, four stirrups located in the middle of the shear span of each 
beam were instrumented, obtaining the reading, and observing the behavior of all layers of the transverse reinforcement 
in the shear span. 

3.5 Test Set-up 
The beams were tested through a three-point test, using a hydraulic ram with a capacity of up to 3000 kN, where 

two points represent a roller and a pinned support, and the third point represents the load application in a simply 
supported beam. Due to limitations in the hydraulic ram dimensions, three hollow metal plates with a length of 1700 
mm, a height of 70 mm and a thickness of 15 mm were used over the center of the hydraulic ram table, so that the 
beams were positioned correctly. Figure 7 shows the Test Set-up used. 

 
Figure 7 – Test Set-up. 
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For load application, a double steel I-profile with a width of 160 mm was used in the mid-span, at the top of the 
beam. Two double metal I-profiles, 150 mm wide, were used for the supports. Both supports had steel rollers, on top 
of metal plates, one being free and the other with horizontal movement restrictions that simulated conditions of roller 
and pinned supports, respectively. A load cell with a loading capacity of up to 3000 kN was used on the central double 
steel I-profile, for monitoring the loading level throughout the tests. All instruments used to monitor the tests were 
connected to a data acquisition module. 

4 RESULTS AND DISCUSSIONS 

4.1 Mid-span Deflection and Strain on the Flexural Reinforcement 
Figure 8 shows the behavior of the shear force (V) versus deflection (δ) in the mid-span of the tested beams. Due to 

the setting used in the test, the value of the shear force used in the graphs is half of the value obtained in the load cell. 

 
Figure 8 – Shear force versus Deflection of the beams. 

The five tested beams, in general, presented a similar behavior for the same load until they reached the failure load 
and shear failure, where it was observed that the beams with internal transverse reinforcement presented greater strength 
and ductility than that of the beam with the closed stirrup (C-4-90), as also observed in the results of [3]. 

The M-4-90 beam showed a stiffer behavior for the same loading level than the other beams until the failure load, 
and after reaching it, presented greater strains when compared with the reference beam. This occurred due to the 
appearance of delamination cracks close to the failure load, reducing the post-peak performance of the beam. 

Beam M-8-90 presented behavior and strength similar to that of the reference beam until the failure load, however, 
after failing, it presented a ductile behavior, with low load reduction for a high strain, in relation to beams C-4-90 and 
M-4-90, which after the failure load presented high strains for a lower loading level. 

The beams with stirrups inclined to 60º, M-8-60 and M-4-60, presented greater strength capacity in comparison 
with the other tested beams, as observed by [4] in the tested beam with prefabricated truss stirrups inclined at 60º and 
with complementary reinforcement on both sides. The performance is due to the capacity of the inclined stirrups to 
allow a larger steel area in the cracks, ensuring greater strength to the beam. Beams M-8-60 and M-4-60, as well as 
beam M-8-90, presented a ductile post-peak behavior with high strain in relation to load reduction. 

Figure 9 shows the behavior of the shear force versus specific strain of the flexural reinforcement (ει) of the tested 
beams. 
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Figure 9 – Shear force versus Strains of the flexural reinforcement of the beams. 

The beams showed similar behaviors and no flexural reinforcement reached the yielding strain, ruling out the 
hypothesis of a possible flexural failure. The reinforcement of beams M-4-90, M-8-60 and M-8-90 showed greater 
strain of the longitudinal reinforcement, for the same loading level, when compared with beams C-4-90 and M-4-60. 
This behavior was probably due to M stirrups presenting initial strains with a low loading level of the beams when 
compared with the other beams. 

4.2 Concrete strain 
Figure 10 shows the behavior with the shear force curve versus concrete strain (εc) of the tested beams. 

 
Figure 10 – Shear force versus Concrete Strain. 

The beams showed similar behavior, and in all specimens, it was observed that the maximum strain concrete was 
less than 2‰, discarding any hypothesis of failure due to flexural compression. Beams M-8-90 and M-8-60, with 8 
vertical legs in the transverse reinforcement, presented smaller concrete strains for the same loading level in relation to 
the other beams. This behavior, as observed by [2]–[4], may have happened due to a larger steel area in the compression 
region of the beams, given that the constructive reinforcement of the modules added 78.5 mm2 of steel in the transverse 
reinforcement ratio, and by the greater number of legs in the stirrups of beams M-8-90 and M-8-60, as observed in the 
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beams tested by [3], where beams with the same reinforcement ratio and less spacing presented greater stiffness in 
comparison with the other beams tested by the author. 

Beams M-4-90 and M-4-60 showed greater concrete strain in relation to the other tested beams, probably due to the 
M stirrup, used in the two beams, having only 4 vertical legs per layer, thus allowing greater strains of concrete, for the 
same loading level, in relation to the other beams, as observed in the beams tested by [3], [4], where beams with the 
same reinforcement ratio, but with a greater number of stirrups, showed a stiffer behavior for the concrete strain. 
However, beam M-4-60 presented a difference in behavior when related to the strain of the flexural reinforcement with 
the concrete strain, and this difference may have occurred due to a possible failure in the instrumentation; it is necessary 
to carry out tests with more specimens to validate this behavior. 

4.3 Shear reinforcement strain 
Figure 11 shows the behaviors with the shear force curve versus strain of the transverse reinforcement (εw) of the 

tested beams. 

 
Figure 11 – Shear force versus Strain of the transverse reinforcement of the beams. 
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It was observed that the transverse reinforcement bars did not reach yielding, except for M-8-60 beam, where only 
one layer reached the steel yielding strain value. This behavior was also observed in the second series tested by [3] and 
occurred due to the high transverse reinforcement ratio, which allows a greater distribution of forces between the shear 
reinforcement layers. 

The closed stirrups, used in beam C-4-90, showed lower strains, in the initial loading stages, however for loading 
close to the failure load, the reinforcement presented greater strains, except for stirrup 1, which presented strains since 
the initial loading due to an accumulation of cracks near the stirrup. 

The beams tested with M stirrup showed greater shear strength when compared with the C-4-90 reference 
beam, where it was seen that stirrups 1 and 2 developed more than stirrups 3 and 4 in all tested beams, due to 
the inclination of the cracks, where the diagonal concrete struts that rest on the longitudinal tensile bar lose 
anchoring. This delamination effect was seen in all beams with M stirrup, as observed by [2]–[4]. However, 
the efficiency of the complementary reinforcement stands out, as evidenced by [3], [4], since even with the 
appearance of cracks due to the delamination effect, beams with M stirrup showed greater strength when 
compared with C-4-90 beam. 

Regarding the number of legs of the transverse reinforcement, beams M-4-90 and M-4-60 showed lower initial 
strains for stirrups, however they presented a ductile behavior in relation to beam M-8-90, which presented initial strain 
higher than the beams with 4 vertical legs, however, when approaching the failure load, stirrups presented greater 
stiffness, probably due to the complementary reinforcement. Again, there was an accumulation of cracks close to 
stirrups 1 and 2. 

4.4 Failure Surface 
Figure 12 shows the failure surfaces of the beams after the tests. All of them presented shear failure, with inclination 

of the main crack varying between 24º and 34º. In beams with internal shear reinforcement, even with complementary 
reinforcement, there was a delamination effect, however, as observed by [4], the effect was controlled by the 
complementary reinforcement and occurred close to the failure load, confirming the efficiency of the hooks in 
controlling and reducing the delamination effect. 

4.5 Failure shear force 
Regarding the failure load of the beams, they showed shear strength between 207 kN and 235 kN, in which the 

beams with the internal stirrups showed an increase in strength up to 10% when compared with the beam with closed 
stirrups (C-4-90), as observed in the results of [3], specifically in relation to the beam with prefabricated truss stirrups 
and complementary reinforcement. The beam with M stirrup, which presented lower performance in relation to the 
other beams, was M-8-90 beam, when compared with the reference beam, which showed a strength gain of only 2%. It 
is believed that this performance may have occurred due to the delamination cracks that appeared in the beam, thus 
reducing its shear strength. 

The beams M-4-60 and M-8-60, with transverse reinforcement inclined at 60º, as expected, showed greater strength 
in comparison with the beams M-4-90 and M-8-90, with the stirrups at 90º, as observed in the study by [4], since the 
inclined transverse reinforcement manages to intercept a greater number of cracks, ensuring greater load capacity for 
the beam. 

It was also observed that, when the stirrups with 4 vertical legs are compared with the stirrups with 8 legs, M-4-90 
beam showed greater shear strength when compared with M-8-90 beam, however, the delamination effect may have 
limited the real strength of the beam. 

The beams with M stirrup inclined at 60º, M-4-60 and M-8-60, presented an approximately equal strength, thus it 
is observed that the variation of the number of legs does not present increase in shear strength. 

As for the flexural strength, it was observed that all beams had shear failure. And in relation to the reference 
beam, beams M-4-60 and M-8-60 showed the greatest strength increase, around 14%, followed by M-4-90 beam, 
which showed an increase of 10%, and finally M-8-90 beam, with a 2% strength gain, in comparison with the 
reference beam. 
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Figure 12 – Failure surface of the tested beams 
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4.6 Code comparison 
Table 5 shows the failure load of the beams, compared with the flexural shear and the values expected by theoretical 

prediction. Figure 13 shows the graph comparing the failure load with the theoretical prediction. 

Table 5 - Failure load of the beams and comparison with theoretical estimates. 

Beams Vu (kN) Vu/Vflex Vu/Vref Vu/VNBR-I Vu/VNBR-II Vu / VACI Vu / VEC2 
C-4-90 207.00 0.71 1.00 1.15 0.97 1.28 0.95 
M-4-90 227.50 0.78 1.10 1.27 1.07 1.41 1.04 
M-8-90 210.50 0.72 1.02 1.18 1.00 1.32 0.98 
M-4-60 233.50 0.80 1.13 1.10 0.97 1.22 1.00 
M-8-60 235.00 0.81 1.14 1.12 0.99 1.24 1.03 

Mean 1.17 1.00 1.30 1.00 
Standard deviation 0.06 0.04 0.07 0.04 

COV (%) 5% 4% 6% 4% 

 
Figure 13 - Comparative graph of failure load by theoretical estimates 

In general, it is possible to observe that the level of dispersion of the results was relatively low, as well as the level 
of safety of the analyzed codes, for this sample universe, proves to be adequate. 

Regarding the comparison with the analyzed codes, the most conservative was the American one [19], which was 
already expected, since it has this conservative profile in relation to safety, where all beams presented strength greater 
than 30% of what was estimated by it. 

NBR 6118 [5] was conservative in its model I, however, model II presented all its values closer to the experimental 
ones, with theoretical estimates against security with the worst scenario 3% below what was predicted by the code. This 
approximation to the experimental values may have occurred due to model I considering only the 45º angle for the 
inclination of the strut in its design, while model II considers values between 30º and 45º, with this, a greater amount 
of transverse reinforcement layers is estimated, making the model II approach the tested values. 

Eurocode 2 [20] approaches model II of NBR 6118 [5], where the mean of the comparisons of the two codes was 
equal to 1, and the standard deviation and variation of the code is equal to that of [5], confirming this proximity in the 
estimates, and this is justified since the recommendations for estimating the shear strength of the two codes are similar. 

5 CONCLUSIONS 
The main objective of this study was to evaluate the behavior of a new type of transverse reinforcement with internal 

anchoring, comparing it with closed stirrups, as they are a type of shear reinforcement widely used. It is worth 
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mentioning that the objective of the study was not to compare the consumption of steel to produce the beams, as the 
possible benefits of this type of reinforcement would not bring savings in material consumption, but in productivity, 
since this type of reinforcement allows for industrialization and prefabrication, as the position of the transverse 
reinforcement does not depend on the position of the longitudinal reinforcement. 

The test set-up adopted to carry out this experimental study proved to be efficient, presented good behavior and all 
the parameters that were planned could be collected without major difficulties. In general, all beams had shear failure 
and the beams with M stirrups also showed delamination effects, however, the efficiency of the complementary 
reinforcement to control and reduce the delamination cracks stands out, due to the better anchoring of the internal 
transverse reinforcement, allowing the stirrups to show greater shear strength. 

The beams tested with M stirrup showed mid-span strains similar to those of the reference beam and shear strength, 
on average, 10% higher than that of the beam with closed stirrups, the C-4-90 beam. Regarding the variation in the 
number of legs used in M stirrups, there was no increase in strength for stirrups with 4 vertical legs or stirrups with 8 
vertical legs, but it was observed that beams with M stirrups with 4 legs showed greater ductility in relation to beams 
with stirrups with 8 legs. 

Beams M-4-60 and M-8-60, with internal transverse reinforcement inclined at 60º, presented greater shear strength 
in relation to beams with M stirrups inclined at 90º. This gain in load capacity was also justified in the tests of [4] and 
can even be attributed to the fact that the inclined transverse reinforcement intercepts a greater number of cracks, thus 
allowing a better flow of internal forces. 

The results of the two types of internal transverse reinforcement show the M stirrup as a promising alternative, since 
it can be industrially manufactured, presents ease of execution and gains in productivity, since it is only positioned 
between the flexural bars, thus reducing the cost with labor to manufacture the M stirrups. 

Through the comparisons made with the test results of the beams with the theoretical prediction of the analyzed 
standards, it is possible to design efficiently and with adequate shear safety for beams with the M stirrups, as there were 
no large dispersions of the results of the beams strength when compared with the predicted strengths. However, it is 
worth mentioning that, as only one specimen of each beam was tested, more tests must be performed to observe and 
confirm whether this behavior is maintained in a larger sample universe, with more variables involved. 
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Abstract: In this work, a study on failure by concrete pry-out in Crestbond shear connectors is presented. The 
study’s aim was the development of an expression that estimates the connection’s bearing capacity. The 
analyses were carried out through numerical simulations designed to reproduce the referred failure mode. 
Numerical and experimental results are compared and discussed in relation to the maximum force reached 
and the cracking aspect typical of concrete pry-out. The proposed equation corresponded well to experimental 
results, with a mean ratio Ptheo/Pexp equal to 0,99 and a coefficient of variation of 10%. The results found in 
this study indicate that the concrete pry-out expression in German Technical Approval Z-26.4-56 can also be 
applied to Crestbond shear connectors. 
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proposto apresentou boa correspondência com os resultados experimentais, com uma razão média Pteo/Pexp 
igual a 0,99 e um coeficiente de variação de 10%. Os valores encontrados nesse estudo sugerem que a 
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1 INTRODUCTION 
In recent years there has been a lot of research, especially as part of a European project called PreCo-Beam, to 

investigate the structural behavior of composite dowels [1]-[8], among which two shear connectors stand out due to 
their structural performance: the puzzle connector (PZ) - Figure 1b - and the clothoidal connector (MCL) – Figure 1c. 
In Brazil, a third shear connector was studied by Veríssimo [9], called Crestbond (CR) – Figure 1a. 

 
Figure 1. Composite dowel shear connection geometries: (a) Crestbond (CR); (b) Puzzle (PZ) and (c) Clothoidal (MCL). 

Crestbond was developed due to the difficulties associated with the installation of the usual connectors in Brazil 
(shear-stud and C-channel) and has been the subject of research over the last few years [10]-[16]. Crestbond's geometry 
is similar to that of connectors studied in the PreCo-Beam project [5], particularly the puzzle shear connector. However, 
the Crestbond shear connector may have a different structural behavior due to its greater slenderness. 

Because of the complex geometry of shear connectors, the heterogeneous behavior of concrete, and the interaction 
between these two elements, the strength mechanism of composite dowels cannot be sufficiently described through 
experimental tests alone. Therefore, a significant part of this research was carried out through numerical models capable 
of simulating the nonlinearities of the materials and contact interactions to better understand the behavior of composite 
dowels [7], [17]-[20]. 

The bearing capacity of composite dowels is limited to three failure modes [21]: (a) concrete shearing, (b) concrete 
pry-out, and (c) steel failure. Currently, German Technical Approval Z-26.4-56 [22] establishes design equations 
concerning these failure modes for the PZ and MCL geometries. On the other hand, the only expressions available for 
Crestbond failure modes are those pertaining to concrete shearing and steel failure [9], [14], [16], [23]. This work aims 
to suggest an expression to estimate Crestbond’s bearing capacity to concrete pry-out, a third failure mode, through 
finite element modelling (FEM). To achieve this objective, the research was divided in two parts: (i) development and 
validation of a numerical model representing push-out tests with Crestbond shear connectors and (ii) a parametric study 
of factors that directly affect concrete pry-out resistance. Combined with the already established equations for concrete 
shearing and steel failure in Crestbond, a new expression that solves the matter of concrete pry-out would allow for the 
design and application of Crestbond shear connectors in steel-concrete composite structures. 

2 CONCRETE PRY-OUT FAILURE MODE 
Concrete pry-out occurs when the shear connector is not deeply embedded in the slab, i.e., when concrete cover 

over the connector is small (parameters ct or cb of Figure 2). Once under load, the concrete confined in the connector’s 
openings becomes more resistant to compression than the concrete above the connector. This results in forces aimed 
towards the smallest height of concrete (hpo). When the shear stresses exceed the shear strength of the concrete, a cone-
shaped portion of concrete detaches from the slab (Figure 3) leading to the connection’s failure [21], [24]. 

 
Figure 2. Idealization of concrete pry-out in Crestbond shear connectors. 
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Figure 3. Concrete pry-out failure in MCL shear connectors – Feldmann et al. [2]. 

Since this failure mode was discovered, design equations have been proposed to estimate the connection’s resistance 
to concrete pry-out [25]-[27]. These equations were established in German Technical Approval Z-26.4-56 [22], which 
contains all usage guidelines for MCL and PZ shear connectors. The design equation for concrete pry-out is presented 
in Equation 1: 

( ) 1,5
, ,90 1po k D i x y ck poP f hρ χ χ= +

 (1) 

where: fck – compressive strength of the concrete [MPa]; hpo – height of the pry-out cone [mm]; Ppo,k – characteristic 
resistance to concrete pry-out [N/dowel]. 
The reduction factors χx and χy consider the overlapping of the concrete cones in the longitudinal and transverse directions, 
respectively, and are determined according to Equation 2. In the case of a single row of connectors, factor χy is equal to 1,0. 
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The term ρD,i (Equation 3) considers the influence of the effective reinforcement ratio (Ab + At = Aef), i. e., 
reinforcement passing through the opening and above the shear connector (Figure 4): 

,
,

s ef
D i

cm D i

E A
E A

ρ =
 (3) 

 
Figure 4. Parameters of composite dowels. 

According to Z-26.4-56 [22], the height of the concrete cone (hpo) for both MCL and PZ geometries is determined 
as follows (Equation 4): 

( )min 0,07 ; 0,13po t x b xh c e c e= + +  (4) 

It should be mentioned, however, that Equation 1 estimates the characteristic resistance of composite dowels to 
concrete pry-out, and a large set of experimental results is required to develop expressions at characteristic-level. These 
expressions can be obtained through the method presented in Annex D of EN 1990:2002 [28], which converts the 
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engineering model (the mean value) to design load level. In this research, the expression at the mean-level was used as 
presented at Equation 5 [21]: 

( ) 1,5
,

1 1po D i x y ck poP k f hρ χ χ
η

= +
 (5) 

The factor 1/η was initially proposed by Heinemeyer [27] and depends significantly on the concrete strength 
(Equation 6). In German Technical Approval Z-26.4-56 [22], this factor was replaced by a constant value determined 
for the lowest concrete class (C20/25). 

0, 4 0,001 cfη = −  (6) 

The coefficient ‘k’ in Equation 5 takes into consideration assumptions made for the construction of the expression, 
such as the admission of ckf  as the concrete’s tensile strength and of parameter 1,5

poh , which estimates the surface 
area of the pry-out cone [24]. This coefficient, defined through a regression analysis, significantly affects the quality of 
the mechanical model, which is why an extensive database is needed for its determination. According to 
Kopp et al. [21], a value of 40,44 was obtained through experiments for puzzle and clothoidal shear connectors. 

3 EXPERIMENTAL PROGRAM 
The experimental program conducted in the developmental stages of the Crestbond shear connector involved 41 

push-out tests, which were divided into four series (A, B, C, and D) and performed according to the specifications of 
EN-1994-1-1:2004 [29]. 

The purpose of the experimental program’s series A was to evaluate the connector’s behavior from a qualitative 
standpoint in order to define the parameters that would be employed in subsequent tests. With the results obtained in 
this series, Veríssimo [9] developed the CR56b shear connector used in series B and C. These series were performed 
in order to understand the behavior of the CR56b connector, including its shear capacity, failure modes, and ductility. 
Series C is identical to series B, except for the concrete’s strength. The third stage of the experimental program 
(series D), object of study of this work, was handled by Oliveira [30] and includes tests that simulate the presence of a 
pre-slab, given the widespread use of composite floor systems with prefabricated concrete slabs in Brazil. In series D, 
specimens were assembled with a real concrete pre-slab (Figure 5a); with EPS (expanded polystyrene) plates in place 
of the pre-slab (Figure 5b); and without a pre-slab (Figure 5c). Fifteen tests were performed, divided into five groups, 
identified in Table 1. Dimensions of the shear connector used in series D (CR56b-PL) and the setup of the experiments 
are shown in Figure 6. The shear connectors were 12mm thick in all series. 

Table 1. Parameters and description of specimens. 

Group Nomenclature Description Specimen fcm [MPa] Ab At cb 
[mm] 

ct 
[mm] 

D1 CR56b-PL30EPS-As0 
30 mm thick EPS 

plate and no 
reinforcement 

D1.a/D1.b/D1.c 31,6/31,3/31,3 - - 30 33,8 

D2 CR56b-PL30EPS-As8 
30 mm thick EPS 

plate with 
reinforcement 

D2.a/D2.b/D2.c 31,4/31,4/31,3 1 ϕ8,0 1 ϕ8,0 30 33,8 

D3 CR56b-PL30-As0 
30 mm thick concrete 

pre-slab and no 
reinforcement 

D3.a/D3.b/D3.c 31,6/32,4/31,1 - - - 33,8 

D4 CR56b-PL45EPS-As0 
45 mm thick EPS 

plate and no 
reinforcement 

D4.a/D4.b/D4.c 32,6/32,2/32,2 - - 15 33,8 

D5 CR56b-As0 no pre-slab and no 
reinforcement D5.a/D5.b/D5.c 22,2/32,1/31,3 - - - 33,8 
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Figure 5. Specimens tested: (a) concrete pre-slab; (b) EPS plate and (c) no pre-slab. 

All specimens had longitudinal reinforcement and additional transverse reinforcement arranged close to the regions 
of support and load application. No reinforcement was placed inside the openings of the shear connector, except for 
group D2. 

 
Figure 6. Dimensions of specimens (in mm) and experiment setup (group D2). 

4 NUMERICAL ANALYSES 
Numerical simulations were performed using finite element package ABAQUS, used by several authors to study 

the behavior of shear connectors [14], [17], [19], [20], [31], [32]. The description of the numerical model is presented 
in the subsequent sections. 

4.1 Development and validation of the numerical model 

4.1.1 Geometry and boundary conditions 
Due to its double symmetry, only a quarter of the specimen was modeled to reduce computational effort. The base 

of the slab was fixed to prevent displacement in the normal direction (UZ = 0) and symmetry conditions were applied 
to the symmetry planes (Figure 7). The analysis was performed by means of displacement control, which was applied 
to the steel profile’s cross section. 
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Figure 7. Geometry and boundary conditions of the numerical model (group D2). 

Contact between the concrete slab and the steel components was simulated through the “hard contact” interaction 
in the normal direction. In the tangential direction, an interaction that admits friction (penalty) between the elements 
was adopted, with a friction coefficient of μ = 0,3 (Figure 8). Values between 0,3 and 0,5 are recommended for this 
type of analysis by Fink et al. [33] who investigated the value of this coefficient through an extensive parametric study. 
Other authors also adopt the value of 0,3 in numerical simulations of continuous shear connectors with regular 
openings [8], [20]. 

 
Figure 8. Interactions in the numerical model (Group D2). 

In the specimens of groups D3 and D5, which include, respectively, a concrete pre-slab and no pre-slab, the 
interaction extends until the upper flange of the steel profile. The contact between the elements was simulated using 
the penalty contact formulation, and the perpendicular forces of contact between the shear connector and the concrete 
slab were determined through the finite sliding formulation, which investigates possible contact pairs between the nodes 
of the elements throughout the analysis [7]. The reinforcement was configured completely embedded in the concrete 
slab, so that the translational degrees of freedom of the reinforcement were coupled to the nodes of the surrounding 
concrete. 
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4.1.2 Finite elements mesh 
A mesh convergence study was conducted to determine the finite elements’ size, which also took into consideration 

the meshes used by Dutra [23] and Silva [34] in their numerical modeling of the Crestbond shear connector. In the 
transverse direction of the concrete slab, element sizes began at 5 mm around the connection and increased up to 15 mm 
towards the edge of the slab (Figure 9). In the longitudinal direction, the size was fixed at 5 mm. The steel profile and 
the shear connector were discretized into 15 and 5 mm elements, respectively. These components were modeled with 
solid C3D8R elements, with eight nodes and reduced integration, as the C3D8R is more appropriate for performing 
explicit dynamic analyses [34]. The slab reinforcement was modeled as a B31 beam element, with two nodes, and 
discretized into 10 mm elements. 

 
Figure 9. Finite element mesh. 

4.1.3 Analysis method 
Numerical simulations were performed through explicit dynamic analysis, recommended for very non-linear 

problems, where large deformations and contact interactions occur, which is the case in push-out tests [20]. Unlike 
implicit numerical methods (such as the usual Newton-Raphson), the explicit analysis is based on dynamic equilibrium, 
being frequently employed in problems involving concrete cracking and steel lamination. In the explicit dynamic 
analysis method, the global mass and stiffness matrices do not need to be allocated and inverted, which means that each 
increment results in less computational effort in comparison to the implicit analysis [23]. The most important aspect of 
any explicit dynamic analysis is the size of the smallest finite element in the model, since it represents an estimate of 
the time increment size once divided by the material's wave propagation velocity [35]. This type of analysis is generally 
used to model events called “quasi-static”, in which the loading rate is small enough so that the inertial forces are 
negligible. However, a quasi-static analysis can be extremely long when modeled in real-time, requiring large 
computational resources. Therefore, the analysis speed is artificially increased to obtain an economically viable 
solution. ABAQUS offers two methods for reducing analysis processing time: time scaling and mass scaling. These 
methods, however, tend to increase the inertial forces in the numerical model, which can lead to unrealistic results. In 
this research, mass scaling was employed with a desired time increment of 0,005s, determined through preliminary 
analyses in order to provide the shortest possible analysis time with insignificant inertial forces [35]. This method 
artificially increases the mass of the elements so that the time increments are less than or equal to the time increment 
technically necessary for a quasi-static condition. 

A quasi-static solution can also be attained through gradually applied loads or displacements. The application of an 
external action can induce the propagation of stress waves throughout the model, compromising the simulation’s 
accuracy [35]. Thus, a displacement was applied based on a smooth curve in order to decrease inertial forces. ABAQUS 
creates a fifth-order transition polynomial between two extreme values, so that the first and the second derivatives are 
zero at the beginning and end of the transition. The displacement-rate adopted was 0,02 mm/s, similar to the real 
displacement-rate used in the experiments. 
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One way to verify if the numerical simulation truly reflects a quasi-static analysis is to balance the numerical 
model’s energy. In general, the kinetic energy of the model should not exceed a small fraction (1-10%) of its internal 
energy throughout most of the analysis. In other words, the work exerted by external forces must be nearly equal to the 
internal energy of the system [35]. This balance is usually not present at the beginning of analyses, as parts of the model 
will be moving before any significant deformations develop. 

4.1.4 Materials 

4.1.4.1 Concrete 
The non-linear behavior of concrete was simulated using the Concrete Damaged Plasticity (CDP) model 

implemented in the ABAQUS library. This model is widely used in numerical studies of shear connectors, and in this 
research its input parameters were adopted according to literature recommendations [8], [20], [32], [33], [36] as shown 
in Figure 10. The behavior of concrete under compression was simulated using the stress-strain relationship proposed 
by Pavlovic et al. [32], which adopts an extension of the curve presented in EN 1992 1 1:2010 [37], limited to an 
ultimate strain εcu1 = 3,5‰. This strain is not a problem in conventional reinforced concrete structures since, in general, 
deformations in these structures remain below this value. In push-out tests, on the other hand, the concrete inside the 
openings undergoes large deformations and resists high compressive three-dimensional stresses, which produce a 
confinement effect in this region. In this situation, the behavior of the concrete becomes highly dependent on the 
descending branch of its stress-strain relationship. An ultimate strain of εcu1 = 3,5‰ would lead to unrealistic stresses 
in the concrete, overestimating the connector’s strength. The extension proposed by Pavlovic et al. [32] involves a 
series of parameters and is divided into two branches: sinusoidal and linear (Figure 10). The parameters were calibrated 
so that the numerical results would be as close as possible to the experimental ones. 

 
Figure 10. Material model for compression and CDP model parameters. 
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The numerical model was configured to take into consideration any damage suffered by the compressed concrete, 
which starts when the deformation in the concrete exceeds the deformation corresponding to the concrete strength (εc1). 

The tensile behavior of concrete was represented by a stress-crack width model proposed by Hordijk [38]. In this 
model, the concrete response is governed by an exponential function (Figure 11). 

 
Figure 11. Material model for tension. 

Fracture energy (Gf) was determined according to Model Code 2010 [39], while other properties necessary for 
implementing the behavior of concrete in the numerical model (such as modulus of elasticity – Ecm; mean tensile 
strength – fctm; and strain associated with the maximum compressive stress – εc1) were determined according to the 
equations presented in EN 1992 1 1:2010 [37]. The compressive strength was adopted as the mean value between 
models of the same group (Table 1). 

4.1.4.2 Steel components 
The properties of the steel components (shear connector, reinforcement, and steel profile) are shown in Figure 12. 

Elasto-plastic diagrams were used for the reinforcement (CA-50 steel) and steel profile materials (ASTM A572 Grade 
50), while a hardening modulus (Eh) equal to 2700 N/mm2 was adopted for the shear connector. This artificial modelling 
was suggested by Byfield and Dhanalakshmi [40] for occasions where no material characterization tests are available. 

 
Figure 12. Material model for steel components. 
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4.1.5 Validation 
The validation of the numerical model was based on the experimental results of Oliveira [30]. Aspects such as 

concrete cracking and shear connector deformations were also considered. In Figure 13, the “load-slip” curves obtained 
in the experiments and numerical models are compared. The maximum load obtained in the experiments and in the 
numerical models is presented in Table 2. 

Table 2. Numerical and experimental results. 

Specimen Group 
Maximum force of the shear connector 

Numerical Test Ratio 
Fmáx,num [kN] Fmáx,exp [kN] Fmáx,num/Fmáx,exp 

CR56b PL30iso-As0 D1 296,63 312,78 0,95 
CR56b PL30iso-As8 D2 359,00 408,29 0,88 

CR56b PL30-As0 D3 306,82 313,09 0,98 
CR56b PL45iso-As0 D4 271,90 291,35 0,93 

CR56b-As0 D5 331,22 344,37 0,96 
   Mean 0,94 
   Standard deviation 0,04 
  Coefficient of variation 4,07% 

 
Figure 13. Comparison between experimental and numerical “load-slip” curves. 
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In all cases, the maximum numerical load reached is slightly below the respective experimental value, with a mean 
ratio of 0,94 and a small coefficient of variation of 4,07% (Table 2). Although the focus of this research is to analyze 
the behavior of the connection when it reaches its maximum strength, the numerical model was able to simulate the 
post-peak behavior of groups D1, D3 and D5. Modelling push-out tests in their post-peak stage is a difficult task due 
to all the contact interactions involved and due to the concrete cracking and plastic deformations present in this stage. 
The effect of the reinforcement inside the openings of the shear connector was well captured by the numerical model 
of group D2 in spite of the divergence in the post-peak stage. In general, the numerical model yielded reliable results 
in comparison to experimental ones, with the highest and lowest shear connector strength in groups D2 and D4, 
respectively. 

In the experiments, cracks were observed on the concrete in the central region of the slab, which would later be 
expelled, causing the connection to fail (Figure 14a). In the numerical model, this aspect of cracking is simulated very 
similarly, as shown in Figure 14b. 

 
Figure 14. Concrete slab cracking: (a) experiment and (b) numerical model (group D1). 

In the specimens with no pre-slab (group D5), a detachment of the concrete located immediately in front of the 
connector was observed in the internal region of the slab due to the frontal force exerted by the shear connector. In the 
respective numerical model, this aspect was also observed through tensile damage (Figure 15). 

 
Figure 15. Concrete cracking in front of the shear connector. 

According to Oliveira [30], in all experiments, the shear connector did not suffer significant deformations, remaining 
practically intact after the tests. For comparison purposes, the numerical model of group D3 is illustrated in Figure 16 
in which the maximum stress reached by the shear connector (451,87 MPa) is highlighted. This value is slightly higher 
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than the yield stress (fy = 436 MPa) of the shear connector and was identified in a small region in the steel dowel, 
corroborating the observations of Oliveira [30]. 

 
Figure 16. (a) Shear connector after tests; (b) stresses in numerical model (group D3). 

In all experiments, the rupture was caused by a specific concrete failure mode since the connector remained 
practically intact in all tests. According to Kopp et al. [21], there are two possible failure modes of concrete associated 
with composite dowels: (a) concrete shearing and (b) concrete pry-out. In the latter case, the rupture is due to the 
confinement of the concrete that occurs inside the openings of the shear connector, as previously explained. The height 
of the pry-out cone (see Figure 2) depends on ct and cu and is one of the main factors that directly affects concrete pry-
out resistance. 

By associating the values of parameters ct and cb of the tested specimens (Table 1) with the experimental and 
numerical results (presented in Table 2), one could conclude that concrete pry-out was the failure mode that occurred 
during the tests. In fact, since the D4 model has the smallest cover, it was expected to have the lowest capacity among 
all models, with a pry-out failure in the internal region of the slab. In groups D1 and D2, due to the close values of ct 
and cb, the failure could occur on both the inner and outer surface of the slab, while in models D3 and D5 concrete pry-
out should only occur on the outer surface, since the upper flange of the steel profile prevents the expulsion of the 
concrete cone from the inner surface. It is important to highlight that, in specimens with EPS plates, the height of the 
board was not considered to calculate the concrete cover in the bottom (cb) since the EPS plate would not resist the 
blow-out force. 

The emergence of the fracture surface related to concrete pry-out was checked in numerical models by a cutting 
plane in the slab 30 mm away from the shear connector (Figure 17). The tensile damage present in numerical models 
is consistent with the concrete pry-out failure mode described: the pry-out cone was observed on internal (model D4), 
external (model D3), and in both (model D1) surfaces. 

 
Figure 17. Tensile damage in the concrete slab. 
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4.2 Parametric analysis 
A numerical model capable of reproducing concrete pry-out conditions was developed for a single CR50 dowel so 

that a parametric analysis of its pry-out resistance could be conducted (Figure 18). For this purpose, boundary conditions 
and reinforcement arrangement were adopted based on the research by Classen and Herbrand [20], where the authors 
investigated concrete pry-out in puzzle-shaped shear connectors. The reinforcement was adopted in a way that provides 
the necessary confinement to cause the concrete to pry-out. In addition, a 20 mm thick shear connector with a yield 
strength of 460 MPa (European high-strength steel S460) was used. These parameters were adopted to avoid steel 
failure of the shear connector, which would nullify the hypothesis of concrete pry-out. Other properties of the numerical 
model such as material behaviors, contact interactions, mesh, and analysis method were the same as those of the model 
used in the validation of the tests. 

 
Figure 18. Numerical model developed for the parametric study. 

The dimensions of the Crestbond shear connectors are described in terms of dowel spacing ‘ex’ and are shown in 
Figure 19. 

 
Figure 19. Crestbond dimensions as a function of dowel spacing ex. 

The main objective of this study was to create a database that would enable the adjustment of Equation 5 for the 
Crestbond shear connector. The range of all parameters was configured to ensure the occurrence of pry-out in all 
analyses. A scheme identifying the studied parameters, as well as their range, is presented in Figure 20. 
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Figure 20. Parametric study (dimensions in mm). 

The results of all 36 numerical simulations are shown in Table 3. They were divided according to the height of the 
concrete slab and the nomenclature of the models following the designation shown in Figure 21. 

 
Figure 21. Example of nomenclature. 
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Table 3. Numerical results of the parametric study. 

 Model Maximum 
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fc20-Ab10-At8 133,82  

fc20-Ab10-At10 128,28 fc20-Ab10-At10 135,98 fc20-Ab10-At10 136,45  

fc20-Ab125-At8 130,47 fc20-Ab125-At8 138,32 fc20-Ab125-At8 138,77  

fc20-Ab125-At10 133,13 fc20-Ab125-At10 141,05 fc20-Ab125-At10 140,29  

fc35-Ab10-At8 162,54 fc35-Ab10-At8 171,01 fc35-Ab10-At8 173,78  

fc35-Ab10-At10 167,18 fc35-Ab10-At10 176,47 fc35-Ab10-At10 177,94  

fc35-Ab125-At8 173,28 fc35-Ab125-At8 181,78 fc35-Ab125-At8 183,71  

fc35-Ab125-At10 177,85 fc35-Ab125-At10 185,88 fc35-Ab125-At10 188,42  

fc50-Ab10-At8 192,95 fc50-Ab10-At8 199,87 fc50-Ab10-At8 209,27  

fc50-Ab10-At10 199,14 fc50-Ab10-At10 208,64 fc50-Ab10-At10 213,09  

fc50-Ab125-At8 201,69 fc50-Ab125-At8 206,75 fc50-Ab125-At8 216,56  

fc50-Ab125-At10 208,47 fc50-Ab125-At10 215,35 fc50-Ab125-At10 220,77  

 
The results of all models were analyzed in order to verify the failure by concrete pry-out. Below, evidence is 

presented identifying this failure mode in the numerical model where its occurrence is the most unlikely, since it is the 
one with the highest concrete strength (50 MPa) and slab height (120 mm). 

In Figure 22, tensile damage in the maximum force increment of the fc50-Ab125-At10 model indicates a cracking 
aspect similar to the formation of the pry-out cone, with damage appearing near the tips of the shear connector and 
progressing towards the slab’s upper surface. 

 
Figure 22. Load-slip curve of 'fc50-Ab125-At10' model (hc = 120 mm). 

In Figure 23, there is a good correspondence between the tensile damage of the numerical model and the cracking 
pattern observed in the experiments conducted by Classen and Herbrand [20] with puzzle shear connectors. Another 
aspect that should be highlighted is that a vertical displacement of a concrete portion was observed in the numerical 
simulations, caused by the outward pry-out force (Figure 24). 
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Figure 23. (a) Tensile damage in numerical model; (b) concrete cracking in experiments with puzzle shear connector – Classen 

and Herbrand [20]. 

 
Figure 24. Vertical displacement of concrete due to pry-out. 

Finally, tensile damage was verified in the same section of the slab (30 mm from the shear connector) as presented 
in Figure 17. The similarity between the cracking aspect of the model based on Veríssimo's experiments and the single 
dowel model is evident (Figure 25). 

 
Figure 25. Tensile damage comparison between group D3 and fc50-Ab125-At10 (hc = 120 mm). 

Considering that no steel damage was observed in the shear connector of the single dowel model, and due to the 
similarity of the cracking aspect of all three push-out models (physical, numerical, and single dowel), one can conclude 
that concrete pry-out is the failure mode occurring in all of these cases. Therefore, the results of the single dowel 
model’s parametric analysis can be used to calibrate the analytical model. 
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5 MECHANICAL MODEL AND COMPARISON WITH EXPERIMENTAL RESULT 
The mechanical model presented in Equation 5 was used to estimate Crestbond’s resistance to concrete pry-out 

considering only one row of shear connectors (χy = 1,0). The height of the concrete cone was calculated according to 
Equation 4, valid for PZ and MCL geometries. In this work, the ‘k’ coefficient was determined using the results of the 
parametric study through a regression analysis, and the value obtained was 37 (Equation 7), which results in a mean 
Ptheo/PFEM value equal to 0,91 and a coefficient of variation of 24,24%. 

( ) 1,5
, ,

137 1po CR D i x ck poP f hρ χ
η

= +
 (7) 

Finally, experimental results were compared with those obtained through Equation 7 (Figure 26), in which a mean 
ratio Ptheo/Pexp of 0,99 and a coefficient of variation of 10% were obtained. The coherence of the mechanical model is 
especially evident when its results are compared with those of group D4. Due to the small concrete cover (cb = 15 mm), 
there is a high probability of concrete pry-out in specimens of this group, and this is evident in the extremely close 
values between Ptheo and Pexp. This is consistent with Figure 27b, where a vertical displacement (in the direction of the 
smallest concrete cover - cb) was observed. 

 
Figure 26. Comparison between experimental and analytical results. 

The influence of the reinforcement is clearly visible when comparing the results of groups D1 and D2, which have 
the same concrete cover on both sides. Although the mechanical model takes the effect of the reinforcement into 
consideration, it is clear that its contribution to the connection’s resistance is greater in the experimental values. In 
general, the errors between theoretical and experimental results did not exceed 15%, which demonstrates the 
consistency of the mechanical model. 

 
Figure 27. Typical cracking of concrete pry-out observed in tests: (a) D1 and (b) D4. 
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7 CONCLUSIONS 
In this paper, a mechanical model was proposed to estimate the concrete pry-out resistance of Crestbond shear 

connectors. The model was based on already established expressions currently in use for shear connectors with puzzle 
and clothoidal geometries. The proposed expression was adjusted through a parametric study involving numerical 
simulations capable of representing the concrete pry-out failure mode. Explicit dynamic analysis was conducted and it 
proved to be effective in validating the numerical model, presenting a mean ratio between numerical and experimental 
results equal to 0,94 and a small coefficient of variation of 4,07%. The validation of the models for concrete pry-out 
was performed through an analysis between the concrete tensile damage observed in the numerical model and the 
cracking aspect in experiments. The proposed equation corresponded well to the experimental results, with a mean ratio 
Ptheo/Pexp equal to 0,99 and a coefficient of variation of 10%. The values found in this study suggest that the concrete 
pry-out expressions in German Technical Approval Z-26.4-56 [22] can also be applied to Crestbond shear connectors. 
An analysis of the structural behavior of Crestbond shear connectors in full-size beams subjected to monotonic loads is 
suggested as a subject for future research for the purpose of evaluating the consistency and applicability of the proposed 
expressions. 
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Abstract: The cross-section of concrete-filled steel tube (CFST) columns is classified according to the local 
slenderness of the steel tube as slender, non-compact, or compact. There are analytical models to determine 
the axial force of locally slender CFST columns, however studies on load transfer from beams connected to 
these columns are scarce. This paper presents the process of the development and validation of a numerical 
model to simulate the behavior of Crestbond connectors applied to CFST columns with slender steel tubes, 
based on the results of experiments carried out. The numerical model presented can be used for the analysis 
and design of the load transfer in slender columns using connectors known as composite dowels. 

Keywords: Crestbond connector, load transfer device, CFST, composite dowels. 

Resumo: Os pilares mistos preenchidos com concreto (PMPC) podem ter a seção transversal classificada em 
função da esbeltez local do perfil tubular como sendo: esbelta, semicompacta ou compacta. Embora já existam 
modelos de cálculo para determinação da força axial resistente dos PMPC com seção tubular esbelta, são 
escassos os estudos sobre a transferência de forças vindas das vigas conectadas a esses pilares. Este artigo tem 
como objetivo apresentar o processo de desenvolvimento e validação de um modelo numérico para simular o 
comportamento dos conectores Crestbond aplicados a (PMPC) de seção tubular esbelta, com base em 
resultados de experimentos realizados. O modelo numérico apresentado pode ser utilizado para o estudo e 
projeto da transferência de força em pilares de seção esbelta utilizando conectores em chapa conhecidos como 
composite dowels. 

Palavras-chave: conector Crestbond, transferência de carga, PMPC, composite dowels. 
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1 INTRODUCTION 
The competitiveness and applicability of concrete-filled steel tubes (CFST) columns are associated with the 

interaction between the steel tube and the concrete core and the difficulty to connect them to the beams. In this way, 
when the shear stress exceeds the natural bond strength between the steel tube and the concrete core, it is necessary 
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to apply mechanical devices such as shear connectors. Among the devices standardized by ABNT NBR 
8800:2008  [1], there are stud bolts and by ABNT NBR 16239:2013 [2], there are bolted shear connectors. Several 
studies on the load transfer through these connectors have already been carried out, including De Nardin and El 
Debs  [3] and Santos et al. [4] 

The behavior of the concrete-filled steel tubes (CFST) columns is also influenced by the local slenderness of the 
composite cross section (λ), since it is a function of the ratio between the diameter (or side, for rectangular sections) 
and the thickness of the tube [5]–[7]. The American standard AISC 360-16 [8] classifies CFSTs according to the local 
slenderness of the cross section. According to this standard, the cross section can be classified as being slender, non-
compact or compact, providing the design recommendations for determining their axial strength. However, the load 
transfer from the beams connected to these columns still has few studies and solutions. 

De Nardin and El Debs [3] verified the contribution of stud bolts, in the shear strength in the steel-concrete interface 
in CFST columns submitted to push-out tests. Starossek et al. [5] and Cardoso [9] experimentally evaluated the rupture 
mode of CFST columns subjected to an axial load while using stud bolts as shear connectors, proving the efficiency of 
bolted shear connectors for such application. Cardoso [9] experimental results later served as basis for studies by 
Santos [10] and Prates [11]. Santos [10] proposed a new analytical model to describe the behavior of bolted shear 
connectors when used as shear connectors in CFST. Prates [11] studied the behavior of bolted shear connectors, when 
used as shear connectors in columns composed of cold formed steel tubes filled with concrete, a simple and innovative 
solution for this type of connection, eliminating welding. The load transfer in the CFST by bolted shear connectors was 
also the study object of Ribeiro and Sarmanho [12] and Xavier et al. [13] Younes et al. [14] and Tao et al. [15], who 
evaluated the load transferred using bolted connectors in CFST columns subjected to axial and cyclical loads, 
respectively. Although the way in which force is applied is different, Younes et al. [14] as for Tao et al. [15] also 
corroborated the efficiency of this type of tool as shear connector in CFST columns. 

The Crestbond connector initially studied for application in beams [16], began to be tested as a load transfer device 
in CSFT columns. The Crestbond dowels allow compatibility with the reinforcement rebars of the CSFT columns, and 
its steel plate can be designed to integrate with a beam-column connection (Figure 1). 

 
Figure 1. Crestbond connector with single plate extension for connection with beams [Caldas  et al. [17] 

Different studies carried out by researchers at the School of Engineering at Universidade Federal de Minas Gerais 
(UFMG) prove the efficiency of the Crestbond connector to be used as a shear load transfer device in compact section 
CFST columns [17]–[19] 

After the efficiency of the Crestbond connector in application in CFST columns was proven, both the behavior of 
the Crestbond connector and the composite cross section started to be analyzed in specific ways. In this context, the 
present study aimed to develop and validate a numerical model to analyze the shear load transfer in locally slender 
composite CFST columns with the Crestbond connector. 

2 EXPERIMENTAL PROGRAM 
Two shear tests were carried out in order to experimentally evaluate the behavior of the Crestbond shear connector 

when used as load transfer device in slender section of the CFST columns. The execution of the tests was defined by 
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adapting the standard shear test procedures (push-test) prescribed in Annex B of the European Standard EN 1994-1-
1:2004 [20] 

As in Cardoso [18] experiments, the displacement of the CFST was restricted, while the steel tube was kept free to 
slide in relation to the concrete core. In addition, a release agent was applied to the internal surface of the steel tubes to 
minimize friction at the material interface, causing the force in the section to be transmitted, mainly, through the 
Crestbond CR56b-R12 shear connectors with the geometric pattern proposed by Verissimo [16] The relative 
displacement between the steel tube and the concrete core was measured using displacement transducers (DTs) fixed 
vertically in strategic positions to capture linear displacements between the tube and the concrete. From the force versus 
vertical relative displacement curves obtained experimentally, it was possible to develop the numerical models of the 
present study. 

2.1 Compact cross section CFST 
In the study by Cardoso [18], the CFST models with Crestbond shear connectors had compact tubular cross sections 

(local slenderness limited to 34 ≤ λ ≤ 40) and had the force applied to the steel tube through a set of end-plates (Figure 2). 
The prototypes were 100 cm high with a gap of 5 cm between the top of the concrete core and the plate for applying 
force to the test device. The configurations of the shear test can be seen in Figure 2. 

 
Figure 2. Schematic illustration of test-setup [18] 

2.2 Slender cross section CFST 
The authors experimentally evaluated the behavior of the Crestbond connector applied to slender section CFST 

(local slenderness equal to 153) and, due to the great local slenderness of the steel tubes, a new shear test methodology 
was developed [21] In this test program, the force was introduced directly into a Crestbond connector. 

The CFSTs were 75 cm high and were locked by end-plates rigid enough to prevent rotation of the model that had 
a Crestbond with two steel dowels (CR2D). The configurations of the shear test can be seen in Figure 3. 

 
Figure 3. Schematic illustration of test-setup [21] 
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The configuration of the tested models can be seen in Figure 4 and their geometrical properties are shown in Table 1. 

 
Figure 4. Schematic illustration: (a) C Model; (b) E Model. 

The present study has the purpose to develop a finite element model able to simulate the behavior of Crestbond 
connectors applied in thin-walled CFST columns. Among the studies previously presented Cardoso (2018) was the 
principal reference by this work, because it analyzed CFST columns with compact cross-section using the same 
connectors. 

The numerical results of Cardoso [18] were good from a numerical study calibrated based on an experimental 
analysis realized with more than 20 models. In this sense, the present study aims to be a continuation of the work started 
by Cardoso [18], but now to evaluate the slender thin-walled CFST columns tested in the same laboratory and developed 
by the same research group. 

So, the experimental models studied by Cardoso [18] are present in Table 1 with the experimental models of the 
present work, because these models together formed the basis of the numerical model developed. 

Table 1. Experimental model configuration 

Ref. Model Tube 
section 

Dimensions 
(mm) Steel tube λ* Connection 

description Steel connection 

Cardoso 
[18] 

S1-04CR Circular 219.1 x 6.4 VMB 350 34 4×(3Da+2Dc+F) USI CIVIL 350 
S1-02CR Circular 219.1 x 6.4 VMB 350 34 2×(3Da+2Dc+F) USI CIVIL 350 

S1-02CR-ConA Circular 219.1 x 6.4 VMB 350 34 2×(3Da+2Dc+F) USI CIVIL 350 
S1-02CR-E Circular 219.1 x 6.4 VMB 350 34 2×(3Da+2Dc+F) USI CIVIL 350 

S1-02CR-2D Circular 219.1 x 6.4 VMB 350 34 2×(4Da+3Dc+F) USI CIVIL 350 
S2-02CR Circular 355.6 x 9.5 VMB 250 37 2×(3Da+2Dc+F) USI CIVIL 350 

S2-02CR-E** Circular 355.6 x 9.5 VMB 250 37 2×(3Da+2Dc+F) USI CIVIL 350 
S3-02CR Rectangular 320 x 250 x 8.2 VMB 250 39 2×(3Da+2Dc+F) USI CIVIL 350 

S3-02CR-E Rectangular 320 x 250 x 8.2 VMB 250 39 2×(3Da+2Dc+F) USI CIVIL 350 
Current 

work  
C** Circular 230 x 1.50 SAE J403 1010 153 1×(3Da+2Dc+SF) ASTM A1018 
E** Circular 230 x 1.50 SAE J403 1010 153 1×(2Da+1Dc+F) ASTM A1018 

*λ represents the thinness index of the cross section of the composite column | ** This series features only one model | S1 - Section 219.1 x 6.4 | S2 - Section 
355.6 x 9.5 | S3 - Section 320 x 250 x 8.2 | CR - Crestbond Connector | Da - number of steel dowels | Dc - number of concrete dowels | F - Concrete frontal 
strength | SF - Without concrete frontal strength | ConA - Self-compacting concrete | E - Stirrup | | The S1-02CR-E models; S2-02CR-E and S3-02CR-E had 
internal reinforcement 

From the data obtained during the tests, the curves Force (kN) x Relative Displacement (mm) shown in Figure 5 
and Table 2 were obtained. 
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Figure 5. Force (kN) x Relative Displacement (mm) of the experimental models. 

Table 2. Force and displacement numbers acquired from tests 

Model Maximum Force (kN) Displacement at Maximum Force (mm) 
C Series 535.24 13.39 
E Series 492.99 13.16 

3 FINITE ELEMENT MODEL 

3.1 Generalities 
The numerical analysis was developed using the finite element program ABAQUS - version 6.14. The numerical 

model was elaborated with the same parameters adopted in the study by Cardoso [18] The final shape of the numerical 
models can be seen in Figure 6. 

 
Figure 6. Numerical model overview: (a) SerieC Model and (b) SerieE Model. 

3.2 Finite Element Mesh 
The mesh elements adopted for the modeling of the steel tube, concrete and connector were of the C3D8 type 

(Continuum, hexahedral and linear), a type of solid element that has eight nodes (only at the vertices) with three degrees 
of freedom per node (translations in the three main directions X, Y and Z). This element is shown in Figure 7. 
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Figure 7. C3D8 Mesh Element [19] 

The sizes of the mesh elements were defined through a study of mesh sensitivity and refinement and its discretization 
are illustrated in Figure 8. In Crestbond and in the region limited by around the shear connectors, mesh elements with 
a length of 8 mm (II) were used, which was increased as the elements moved away from the region of concentration of 
efforts. For the concrete and tube located in the upper region of the connector, mesh elements with a length varying 
between 10 mm and 15 mm (I) were applied. For the parts located in the region below the connector, the mesh was 
divided into elements with a length varying between 10 mm and 20 mm (III). Finally, mesh elements with a width of 
10 mm were chosen for the direction corresponding to the model's transversal axis (IV). 

 
Figure 8. Finite element mesh distribution in numerical models. 

The mesh distribution methods adopted were structured mesh and sweep mesh. Due to the complexity of the model, 
divisions were made to favor the allocation of the finite element mesh and are shown in Figure 9. 

 
Figure 9. Divisions and finite element mesh adopted in numerical models 
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Based on the studies carried out by Santos [21] and Cardoso [18], the contact between concrete, steel profile and 
shear connector was simulated considering a static friction coefficient of 0.5 for the contact between the connector and 
the concrete, 1.0 between the connector and tube, and 0.17 between the tube and the concrete core. It was considered 
that in the test the friction between the steel tube and the concrete was minimized with paint and the release agent inside 
the tube. 

The contact between concrete, steel tube and shear connectors, was simulated through face-to-face interactions and 
it was necessary to define separately in each contacts pairs which was the stiffer element. The rigid type of contact was 
defined in all the interactions which is the one that admits the minimum penetration between the surfaces of the 
elements. The contact pairs on the surfaces were defined as: Concrete-to-Tube (Figure 10a); Concrete-to-Connector 
(Figure 10b); Tube-Connector (Figure 10c). 

 
Figure 10. Perspective view of the contact pairs of the numerical models: (a) Concrete-to-Tube; (b) Crestbond-to-Concrete; (c) 

Connector-to-Tube. 

3.2.1 Boundary Conditions 
To reproduce the test conditions, the following boundary conditions were adopted: (I) restriction of the concrete 

core to vertical displacement to simulate the rigid support of the test; (II) rotation and horizontal displacement 
restrictions to represent the symmetry of the real model and (III) springs with stiffness (k) calculated in order to simulate 
the stiffness of the locking plates of the experimental model. The boundary conditions are shown in Figure 11. 

 
Figure 11. Boundaries Conditions of the Numerical Models. 
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3.2.2 Displacement Application and Data Acquisition 
To simulate the monotonic loading with displacement control of the experimental test and to avoid possible 

convergence problems, it was decided to introduce displacement increments and obtain the corresponding reaction 
forces to get the force versus displacement curve of the model. 

For this purpose, a reference node was created, called as Reference Point (RP) connected to the Crestbond connector 
plate, as shown in Figure 12. In this way, as each increment was applied, the connector moved and, because of the rigid 
connection with the other materials of the model, transferred the displacement in the section. In addition, it is important 
to note that numerical data acquisition was also carried out through the RP. 

 
Figure 12. Displacement insertion point in the numerical model 

For the nonlinear analysis of the models, the Dynamic Implicit analysis method was used with the quasi-static 
option. This method was used by Santos [10] and Cardoso [18] and it shows good convergence and satisfactory results, 
proving to be efficient for the analysis of shear connectors applied in CFST columns. 

3.2.3 Concrete Constitutive Model 
The Concrete Damaged Plasticity model (CDP) was used for the simulate the concrete core constitutive model and 

it is available in the ABAQUS library. This model is suitable for modeling fragile materials and has been widely applied 
for numerical modeling involving confined concrete. 

The input parameters required for this model are the dilatation angle (ψ); the ratio between the compressive yield 
stress in the biaxial and uniaxial state (σb0⁄σc); the ratio between the second invariant stress of the tension meridian and 
the second invariant stress of the compression meridian (Kc); viscosity parameter (μvis); and the eccentricity (ϵ). Based 
on the studies by Aguiar [22] and Cardoso [18], in this work adopted: ψ = 36 °, σb0⁄σc = 1.16, Kc = 2/3, μvis = 0.00005 
and ϵ = 0.1. 

To represent the behavior of the confined concrete subjected to compression, it was adopted the stress versus strain 
relationship, proposed by Pavlović et al. [19] illustrated in Figure 13. 

 
Figure 13. Compressive stress-strain relationship of concrete [18] 
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Concrete core

CrestbondSteel tube
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Pavlović et al. [19] proposed a continuous sinusoidal curve that starts at the point D, presented by the European 
standard EN 1992-1-1:2004, and continues until the strain εcu = 0.01, defined by the following equation: 

𝜎𝜎𝑐𝑐 =  �
𝑓𝑓𝑐𝑐𝑐𝑐 �

1
𝛽𝛽
−

𝑠𝑠𝑠𝑠𝑠𝑠�𝜇𝜇𝛼𝛼𝑡𝑡𝑡𝑡𝛼𝛼𝑡𝑡𝑡𝑡𝜋𝜋2 �

𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽�𝛼𝛼𝑡𝑡𝑡𝑡𝜋𝜋2 �
+ 𝜇𝜇

𝛼𝛼
� ,  𝜀𝜀𝑐𝑐𝑐𝑐𝑐𝑐 <  𝜀𝜀𝑐𝑐 ≤  𝜀𝜀𝑐𝑐𝑐𝑐𝑐𝑐

𝑓𝑓𝑐𝑐𝑐𝑐𝑐𝑐(𝜀𝜀𝑐𝑐𝑐𝑐𝑐𝑐−𝜀𝜀𝑐𝑐)+𝑓𝑓𝑐𝑐𝑐𝑐𝑐𝑐(𝜀𝜀𝑐𝑐−𝜀𝜀𝑐𝑐𝑐𝑐𝑐𝑐)
(𝜀𝜀𝑐𝑐𝑐𝑐𝑐𝑐−𝜀𝜀𝑐𝑐𝑐𝑐𝑐𝑐)

,  𝜀𝜀𝑐𝑐 > 𝜀𝜀𝑐𝑐𝑐𝑐𝑐𝑐
  (3.1) 

where, μ = (εc - εcuD)/(εcuE - εcuD). 
The stresses at the D and E points are defined as fcuD = fcu1 = σc(εcu1); fcuE = α/fcm. Strains at the D and E points are 

defined as εcuD = εcu1; εcuE = 0.03, respectively. The remaining parameters are defined as: α = 20, αtD = 0.5, αtE = 0.10 e 
β = fcm/ fcu1. 

To reproduce the behavior of concrete under tension, the same curve used in Cardoso numerical study was adopted 
in this work [18] This author used the stress curve (σt) versus crack opening (Wc) proposed by Tahmasebinia et al. [23], 
as in Figure 14. 

The damage variables dc (damage to uniaxial compression) and dt (damage to uniaxial tension), were calculated, 
where 𝑑𝑑𝑐𝑐 = 1 −  𝜎𝜎𝑐𝑐

𝑓𝑓𝑐𝑐𝑐𝑐
 e 𝑑𝑑𝑡𝑡 = 1 −  𝜎𝜎𝑡𝑡

𝑓𝑓𝑐𝑐𝑐𝑐𝑐𝑐
 [23], and inserted in the ABAQUS program according to the plastic deformations 

equivalent to tension and compression, respectively. 

 
Figure 14. Tensile stress-crack openings relationship of concrete [23] 

3.2.4 Tube and Connector Steel Constitutive Model 
To simulate the steel behavior of the connectors and the tubes, an elastoplastic model with hardening was adopted 

based on the multilinear theoretical diagram in Figure 15. This model was used by Cardoso [18] The part of the graph 
that represents the smooth unloading (G-H in Figure 15) was adopted as a numerical solution to complete the analysis 
in a regime of large deformations. 

 
Figure 15. Steel stress-strain relationship for steel elements 
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3.3 Numerical Model Validation and Analysis of the Results 

3.3.1 Generalities 
The same characteristics were adopted as in Item 2.2 with the exception for the fictitious springs that were added to 

the numerical model to represent the locking plate of the test device, as illustrated in Figure 16a. 

 
Figure 16. Change in boundary conditions: (a) Original model (with spring), (b) Modified model (without spring). 

The numerical results were validated by comparing them to the force versus relative displacement curve obtained 
experimentally, evaluating the initial stiffness, the maximum force value obtained in the analyzes and the deformed 
configuration of the models. 

Figure 17 shows the comparison between the numerical and experimental curves of the analyzed models. By 
comparing the curves, it is possible to observe that the numerical results were close to the experimental ones. 

 
Figure 17. Numerical and experimental curves: C Series Model and E Series Model. 

The slope of the two curves of model E practically overlapped, where the numerical model ensured the 
representation of a connection with an initial stiffness close to that obtained experimentally. In addition, it is observed 
that in C Series Model numerical curve practically coincided with the maximum force and E Series Model remained 
below the experimental curve, demonstrating a more conservative numerical model than the experimental one, as in 
Tables 3 and 4. 
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Table 3. Comparison between numerical and experimental results: C Series Model 
 Experimental Numerical 

Maximum force (kN) 535.24 533.12 
Displacement at maximum force (mm) 13.39 21.53 

Maximum displacement (mm) 33.71 32.04 
Difference from the experimental(1) 0.40% 

(1) Defined at numerical model 

Table 4. Comparison between numerical and experimental results: E Series Model 
 Experimental Numerical 

Maximum force (kN) 493.00 452.46 
Displacement at maximum force (mm) 13.16 17.56 

Maximum displacement (mm) 36.32 37.00(1) 
Difference from the experimental (2) 8% 

(1)Defined at numerical model. (2) Difference between the maximum force values obtained in the numerical model and in the test 

For both analyzes, a good correlation was observed between the deformations of the connectors in the numerical 
and experimental models, as shown in Figures 18 and 19. 

 
Figure 18. Deformed shaped for C Series Model: (a) Numerical Model; (b) Model after testing 

 
Figure 19. Deformed shaped for E Series Model (a) Numerical Model; (b) Model after testing 

D
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Figure 20 shows images of the numerical and experimental C series model after testing. The numerical model was 
able to reproduce where the concrete damage was more pronounced like the observed in the experimental analysis. For 
that, the results for the variable DamageT, which represents the degradation of the concrete tensile stiffness, are 
evaluated in the numerical model. The red region indicates a complete no stiffness, which culminated in the separation 
of the concrete core by tensile stresses. 

 
Figure 20. Deformed shaped for C series model: representation of the concrete cracking pattern 

3.4 Model Geometry Transition 
To simplify the numerical model so that the simulation time and the computational cost of the analyzes were lower, 

some sensitivity tests were necessary to validate the transition of the model geometry, including the removal of the 
springs and the evaluation of the model behavior with two symmetries. 

3.4.1 Sensitivity Test of the Locking Plate Stiffness 
To enable the analysis of 1/4 of the numerical model, it was necessary to remove the springs that simulated the 

locking plates in the test. In addition to simplifying the model, considering zero stiffness for springs allows simulating 
situations more similar that occur in reality, in which there is less restriction for the connector. For that, the boundary 
conditions were modified, releasing the horizontal translation of the plate of the connector and restricting the regions 
corresponding to the location of the locking plates, as shown in Figure 16. 

From the results obtained, it was possible to observe that the removal of the spring led to a more conservative model, 
favoring safety, shown in Figure 21 and Tables 5 and 6. 

 
Figure 21. Experimental and numerical curves with and without springs: (a) C Series model and (b) E Series model 
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Table 5. Comparison between experimental and numerical results (with and without springs): C Series Model 

 Experimental 
Numerical 

Springs No springs 
Maximum force (kN) 535.24 533.12 478.8 

Displacement at maximum force (mm) 13.39 21.53 19.23 
Maximum displacement (mm) 33.71 32.07 37.00(1) 

Difference from the experimental (2) 0.40% 10.54% 
(1) Defined at numerical model. (2) Difference between the maximum force values obtained in the numerical model and in the test 

Table 6. Comparison between experimental and numerical results (with and without spring): E Series Model 

 Experimental 
Numerical 

Springs No Springs 
Maximum force (kN) 493.00 452.46 408.06 

Displacement at maximum force (mm) 13.16 17.56 20.86 
Maximum displacement (mm) 36.32 37.00(1) 37.00(1) 

Difference from the experimental (2) 8% 17% 
(1) Defined at numerical model. (2) Difference between the maximum force values obtained in the numerical model and in the test 

3.4.2 Sensitivity Test of Transition to Double Symmetry 
As concluded the evaluations that proved the possibility of removing the springs that simulated the locking plates 

and after observing that the curves remained more conservative (below the experimental curve), a sensitivity test was 
performed for the double symmetry, allowing the modeling only 1/4 of the model, illustrated in Figure 22. The model 
reduction to 1/4 provided more conservative results (Figure 23 and Tables 7 and 8). Furthermore, there was a reduction 
in processing time per model with 1/4 configuration without springs of about 10 hours, in relation to the time required 
for the simulation of 1/2 models with spring. Thus, it was adopted the numerical 1/4 model without springs to be used 
in parametric studies and analytical models of shear load transfer in slender composite sections columns through 
Crestbond connectors. 

 
Figure 22. Geometry transition: (a) Original model (a plane of symmetry), (b) Modified model (double plane of symmetry) 
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Figure 23. Experimental and numeric curves with springs, without springs (1/2) and without springs (1/4): C Series Model and E 

Series Model. 

Table 7. Comparison between experimental and numerical results (without spring (1/2) and without spring (1/4)): C Series Model 

 Experimental 
Numerical 

No springs (1/2) No springs (1/4) 
Maximum force (kN) 535.24 478.80 410.15 

Displacement at maximum force (mm) 13.39 20.86 10.98 
Maximum displacement (mm) 33.71 37.00(1) 37.00(1) 

Difference from the experimental (2) 11% 23% 
(1) Defined at numerical model. (2) Difference between the maximum force values obtained in the numerical model and in the test 

Table 8. Comparison between experimental and numerical results (without spring (1/2) and without spring (1/4)): E Series Model 

 Experimental 
Numerical 

No springs (1/2) No springs (1/4) 
Maximum force (kN) 493.00 408.06 377.52 

Displacement at maximum force (mm) 13.16 20.86 10.98 
Maximum displacement (mm) 36.32 37.00(1) 30.08 

Difference from the experimental (2) 17% 23% 
(1) Defined at numerical model. (2) Difference between the maximum force values obtained in the numerical model and in the test 

4 CONCLUSIONS 
This work presents the development of a numerical model to simulate the behavior of a Crestbond shear connector 

applied in CFST columns with slender composite section. Although analytical models for determining the axial strength 
of CFST already exist, studies on the load transfer from the beams connected to these columns are scarce. Two 
experiments were carried out, expanding the datasets used for the development of the presented numerical model and 
demonstrating the applicability of this new solution. 

From the calibrated numerical model, sensitivity tests were performed to reduce the processing time, which resulted 
in a representative and conservative numerical model. The numerical results were validated from the comparison with 
the relative force/displacement curves obtained experimentally, evaluating the initial stiffness, the maximum force 
value obtained in the analyzes and the deformed configuration of the models. The final model uses only 1/4 of the real 
models, due to its double symmetry, and can be used for study and design of the shear load transfer in CFST columns 
with slender composite section using shear connectors, which is a fundamental contribution to the development of new 
research and further development of a analytical model. 
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Abstract: Indirect supports consist of beams being supported by others beams, demanding the presence of a 
hanger reinforcement, required by ABNT NBR 6118, that will act as a tie hanging the applied load from the 
supported beam to the upper chord of the supporting beam. Therefore, the present work, through the study of 
experimental results in the literature, aims to present recommendations for the design of indirect supports and 
hanger reinforcements in reinforced concrete beams. Through a parametric analysis, was obtained an equation 
that calculates the load to be suspended as a function of the dimensions of the beams. It was observed that in 
some cases the reinforcement can be dispensed. The hanger reinforcement must be added to the shear 
reinforcement and in the case of regions where there is a torsional moment acting on the support beam, it was 
noticed that only the inner legs of the support beam stirrups collaborate to hang the load. 

Keywords: indirect support; hanger reinforcement; design recommendations. 

Resumo: Os apoios indiretos consistem no apoio de vigas sobre vigas sendo necessária a presença de uma 
armadura de suspensão, exigida pela ABNT NBR 6118, que irá atuar como um tirante suspendendo a carga 
aplicada da viga apoiada até o banzo superior da viga de suporte. Diante disso o presente trabalho, através do 
estudo de resultados experimentais na literatura, tem como objetivo apresentar recomendações para o projeto 
dos apoios indiretos e das armaduras de suspensão em vigas de concreto armado. Obteve-se, através de uma 
análise paramétrica, uma equação que calcula a carga a ser suspensa em função das dimensões das vigas. 
Observou-se que em alguns casos a armadura pode ser dispensada. A armadura de suspensão deve ser 
adicionada à armadura de cisalhamento e no caso de regiões em que existe momento torsor atuando na viga 
de suporte percebeu-se que apenas as pernas internas dos estribos da viga de suporte colaboram para suspensão 
da carga. 

Palavras-chave: apoio indireto; armadura de suspensão; recomendações de projeto. 

How to cite: M. A. S. Celestino, and B. Horowitz, “Considerations on the design of indirect supports in reinforced concrete beams,” Rev. 
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1 INTRODUCTION 
In structural design, beams are usually supported by columns or other beams, with a predominance of columns. The 

case in which the column is the support is called direct support and indirect support is characterized by the support of 
one beam over another. Indirect supports are provided in the structural planning stage of the project and normally occur 
to meet architectural demands, for example in cases where longer spans are desired without the presence of columns. 

In situations of indirect support, a beam ends up transferring its load to another beam, requiring the presence of a 
hanger reinforcement to ensure that this load acts on the upper face of the supporting beam, allowing it to adequately 
resist this force. The presence of this reinforcement allows the balance of internal forces in the structure, thus ensuring 

https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0001-9857-8457
https://orcid.org/0000-0001-7763-7112


M. A. S. Celestino, and B. Horowitz 

Rev. IBRACON Estrut. Mater., vol. 16, no. 1, e16109, 2023 2/19 

its safety, and if not considered, it can cause premature failure due to shear or premature yielding of the longitudinal 
reinforcement of the supporting beam. Yet, its design and specification are often neglected by designers [1]. 

Although hanger reinforcement is necessary and recommended by the standards, sufficient criteria are not presented 
for the design and detailing for this type of reinforcement in most standards. The Brazilian standard ABNT 
NBR 6118 [2], for example, deals very briefly with the subject, recommending only the need for reinforcement without 
further indications. Limitations on requirements are also observed in the American standard ACI 318-19 [3], in the 
European standard EN 1992-1-1:2004 [4] among others. The Canadian standard CSA A23.3-04 [5] among all the 
standards is the most complete and brings a broader approach to the design of hanger reinforcement. 

Therefore, the main references on the subject consist of studies carried out by researchers that have been published 
in articles or academic works. Initially, Leonhardt and Mönnig [6] should be highlighted, being a theoretical basis used 
by other studies as a reference. In this work, considerations about the load to be hung, details of the longitudinal 
reinforcement present in the joint and the region of distribution of the hanger reinforcement are presented. 

The experiments carried out by Mattock and Shen [7] and Mattock and Kumar [8] proved the influence of the hanger 
reinforcement on the behavior of beams in situations of indirect support. In the case of Mattock and Shen [7] it is worth 
highlighting the verification that for cases in which the supported beam has a lower height than the supporting beam, 
the load to be hung by the reinforcement can be reduced. 

In addition, there are situations in which the supported beams transfer moment to the supporting beam that are 
neglected by the standards. In the study carried out by Collins and Lampert [9] it is observed that in the beam failure, 
despite the presence of the hanger reinforcement. The supporting beam presented inadequate behavior with the 
detachment of the lower zone of the connection region. In this context, the study by Mattock and Shen [7] considered 
the action of the torsional moment, and a cracking behavior similar to that seen in the study by Collins and Lampert [9] 
was observed. 

The need for an adequate design of the hanger reinforcement for the proper behavior of the connection between 
beams, especially in situations with torsional moment acting on the supporting beam, still ignored by the standards, 
justify the present work that, through the analysis of experimental results present in the literature aims to provide 
recommendations that help in the design of these elements and serve as a basis for future studies. 

2 BEHAVIOR OF INDIRECT SUPPORT 
Concrete beams transmit their loads to the support preferentially through compression struts so that in the case of 

indirect supports, this load that arrives at the bottom is introduced into the supporting beam [6], as can be seen in Figure 1. 

 
Figure 1. Loads transmission on beams in case of indirect support [6] 

In order to obtain the balance of internal forces (Figure 2), is necessary at the intersection of the two beams, a 
reinforcement that acts as a tie to hang the load applied by the supported beam to the upper flange of the supporting 
beam, and this reinforcement it is called hanger reinforcement ([6], [10]). To calculate this reinforcement, two strut ant 
tie models are connected, one for the supported beam and the other for the supporting beam. 
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Figure 2. Strut and tie model in indirect supports [7] 

Thoma [11] used a nonlinear finite element analysis (NFLE) to model numerically the static behavior of different 
experimentally tested beams, with one being a case of a prestressed beam with an indirect support. The beam studied 
is shown in Figure 3. 

 
Figure 3. PC beam test carried out by Büeler and Thoma apud Thoma [11] 

It was observed that both the crack orientation and the decompressed area in the longitudinal girder are determined 
sufficiently well by the NLFE analysis. The similar behavior can be seen in Figure 4 where the red lines represent the 
NFLE analysis. 
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Figure 4. Crack pattern at failure: (a) view of longitudinal girder; (b) view of transverse girder–longitudinal girder. [11] 

In the test, the flexural compression zone failed locally, as expected, at the intersection of the transverse and 
longitudinal girders. This phenomenon has not been implemented in the NFLE analysis. Despite that, the NFLE analysis 
showed that it could be a good method to model the indirect support with the development of new studies. 

There are several types of indirect supports due to the arrangement between the supported beam and the supporting 
beam. In this case, the distribution of the load applied by the supported beam is different, so three cases of indirect 
supports will be shown in which attention must be paid when determining the load to be hung by the reinforcement. 

It is initially considered the simplest case where both beams have the same height (Figure 5) and thus 100% of the 
load must be hung. 

 
Figure 5. Indirect support where ℎ1 = ℎ2 

The second case corresponds to the case of the supported beam (h1) having a lower height than the supporting beam 
(h2). Within this case, there are two situations in which the height of the supported beam is much smaller compared to 
the height of the supporting beam (h1 << h2) in which attention must be paid. 

The first situation (called support from the top) is characterized by being a situation of indirect support where the 
upper surface of the supported and supporting beams coincide (Figure 6), in this condition the load to be hung can be 
reduced because in elements of reinforced concrete that are subject to shear forces, in addition to the truss model, there 
are other alternative resistant mechanisms (such as the arch effect and the aggregate interlock) that transfer the internal 
stresses from one cross-section to another [12]. 

 
Figure 6. Indirect support with support from the top (where ℎ1 << ℎ2) 
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The second situation (called support from below) it is characterized by being an indirect support in which the lower 
surface of the supported and supporting beams coincide (Figure 7), in this condition is necessary to hang the entire load. 

 
Figure 7. Indirect support with support from below (where ℎ1 << ℎ2) 

Finally, the third case corresponds to the case where the supported beam is higher than the support beam (Figure 8). 
In this situation, 100% of the load must be hung. 

 
Figure 8. Indirect support where ℎ1 > ℎ2 

With this, it is observed that attention is needed to the load to be hung in the design of indirect supports so that you 
can optimize your project by reducing this load and maintaining structural safety, in situations where it is possible. 

In addition, an important situation that modifies the behavior of this region is the case where there is an action of a 
torsional moment in the supporting beam. The superposition of the forces resulting from the shear force and the torsional 
moment ends up altering the distribution of forces in the support beam and results in a weakening of this beam, where the 
stirrup legs adjacent to the back face of the support beam do not effectively contribute to the hanging of the beam load. 

To understand this alteration, it is initially considered a beam subjected to torsional moment (T), in which shear stresses 
are developed at the top and on the side surfaces, as can be seen in Figure 9a. The principal stresses are shown in Figure 
9b. These principal stresses eventually cause cracking around the body as seen by the line A-B-C-D-E in Figure 9c. 

 
Figure 9. Principal stresses and crack pattern due to pure torsion [13] 
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However, if the beam is subjected to combined torsion and shear, the two shear components are added on one face 
(front face of Figure 10) and act in the opposite direction to each other on the other face. As a result, the inclined crack 
(Figure 10c) starts at the face where the stresses add up (crack AB) and extends along the top face of the beam (crack 
BC). If the bending moment acting on the part is large enough, the (bending) cracks extend almost vertically along the 
back face (crack CD). The compression zone due to bending near the bottom of the beam prevents cracks from 
extending over the entire height of the faces. 

 
Figure 10. Shear stresses and crack pattern due to the combination of torsion and shear[13] 

From the behavior of the structure when subjected to both shearing force and torsional moment, it is observed that 
since the posterior face presents only flexural cracking, the stirrup leg in this region does not act as a hanger 
reinforcement, only the inner leg of the stirrup does. Based on this consideration, in the case of a torsional moment, a 
different analysis is required regarding the hanger reinforcement. 

3 INDIRECT SUPPORT DESIGN 
With this, experimental results and design recommendations will be presented regarding four important topics in 

the design of indirect supports: load to be hung by the reinforcement, addition of the hanger reinforcement to the shear 
reinforcement, limit stress for which the reinforcement is not necessary and cases with rotation restraint. 

3.1 Load to be hung 
To determine the load for the design of hanger reinforcement, it is preferable to opt for the adoption of an analysis 

by a strut and tie model, but to simplify the design, Leonhardt and Mönnig [6] and Wight [13] propose equations that 
allow the calculation of the load to be hung, these expressions being indicated in Equations 1 and 2 respectively. 

Asus = h1
h2
∙ Vu1
fyd

  (1) 

where Asus = cross-sectional area of hanger reinforcement (m2); Vu1 = factored shear at the end of the supported beam 
(kN); fyd = design yield strength of transverse reinforcement (kN/m2); h1= supported beam height (m); h2 = supporting 
beam height (m). 

Asus = �1 − hb
h2
� ∙ Vu1

fyd
  (2) 

where hb = vertical distance between the bottom of the two beams (m). 
Equation 1 suggested by Leonhardt and Mönnig [6] has limitations, underestimating the loads for the case of support 

from below and overestimating for supported beams with a height greater than the supporting beam. The 
underestimation behavior for the case of support from below can be observed in Figure 11, where the green line 
corresponds to the expected behavior and the blue line corresponds to the expression of Equation 1. In this case, the 
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values obtained by the equation are equal to the value expected until the h1/h2 ratio is equal to 1, where after that point 
it starts to present higher values. 

 
Figure 11. Relation between h1/h2 and load to be hung – Support from below 

Regarding the support from the top, it can be noted that the values obtained from Equation 1 are below the expected 
result until the h1/h2 ratio is equal to 1. For a ratio higher than 1, Equation 1 overestimates the load to be hung 
(Figure 12), which despite being a more difficult situation to occur in the practice of projects, causes oversizing of the 
reinforcement. 

 
Figure 12. Relation between h1/h2 and load to be hung – Support from the top 

Equation 2 suggested by Wight [13], which is the same as indicated by the Canadian standard CSA A23.3-04 [5], 
presents a more adequate behavior for situations with support from below, with the values obtained by the equation 
equal to the ones that are expected, despite having the same limitations as Equation 1 for cases with support from the 
top. 

In view of the observed, it is necessary to adopt the following restriction (Equation 4) to use the expression indicated 
by Wight [13], and the load is calculated using the Equations 3 and 4: 

Asus = �1 − hb
h2
� ∙ Vu1

fyd
 to h1 ≤  h2 (3) 

Asus = Vu1
fyd

 to h1 >  h2 (4) 

The study carried out by Baek [1] aimed to study the influence of the depth of lateral load application on the behavior 
of the connection region between the beams. The experiment was carried out on two specimens, where the dimensioning 
and detailing of the reinforcements followed the determinations of the Canadian standard CSA A23.3-04 [5]. 



M. A. S. Celestino, and B. Horowitz 

Rev. IBRACON Estrut. Mater., vol. 16, no. 1, e16109, 2023 8/19 

Two specimens were made where the beams were intentionally designed so that shear failure occurs in the 
supporting beam, with all other failure mechanisms avoided. The first specimen (B1) has two crucifix forms, where the 
supported beams are H4 and H5, and the supporting beam is called B1. Beams H4 and H5 correspond to 4/6 and 5/6 of 
the 600mm height of the supporting beam. The beam layout as well as the dimensions (in mm) of the beams are shown 
in Figure 13. 

 
Figure 13. Description of specimen B1 (dimensions in mm) [1] 

The specimen (B2) has only a crucifix shape, consisting of a supporting beam (B2) with the same height as the 
beam B1 of the first specimen and the beam H6 supported at the same height as the beam B2. In addition, beam B2 is 
loaded by direct loading at the top indicated by H0. The beam layout as well as the dimensions (in mm) of the beams 
are shown in Figure 14. 

 
Figure 14. Description of specimen B2 (dimensions in mm) [1] 

The hanger reinforcements were designed according to the simplified equation of CSA A23.3-04 [5] presented in 
Equation 2. If the load to be carried by the hanger reinforcement is taken by F then the reinforcements need to hang 
0.67∙F, 0.83∙F, 1.0∙F and 0 for the supported beams H4, H5, H6 and H0, respectively. 

The test consisted of two phases for each specimen. Initially, the load was applied to the beams until one of the 
shear spans of the supporting beam failed. In the second phase, the span that failed was stiffened and loading was 
resumed until the failure of the other span (Figure 15). In this way the four spans could be tested. 



M. A. S. Celestino, and B. Horowitz 

Rev. IBRACON Estrut. Mater., vol. 16, no. 1, e16109, 2023 9/19 

 
Figure 15. Test scheme [1] 

With the results for the two specimens, the effect of the beam depth on the forces acting on the hanger reinforcements 
can be evaluated, comparing the design force calculated according to CSA A23.3-04 [5] with the forces corresponding 
to the deformations measured in the hanger reinforcement. Figure 16 shows the comparison between the estimated 
force and the force observed in the tests for beams H6, H5 and H4. 

 
Figure 16. Tensile force on hanger reinforcement [1] 

Thus, it is observed that the load on beam H6 in the test was only 20% of the design value estimated by CSA A23.3-04 [5]. 
For beam H5, the load on the hanger reinforcement was 46% lower than expected in the design and finally, for beam 
H4 the load was only 12% lower than the design force. The reference values are the highest observed in the tests and 
were observed for the maximum loads supported by the beams. 

In order to better visualize this comparison, the author makes the relationship between the ratio hb⁄h2 used in the 
design equation and the values obtained in the tests. This analysis for the maximum load is shown in Figure 17. 
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Figure 17. Development of tensile force as a function of the ratio hb/h2 [1] 

It was expected that the maximum load on the hanger reinforcements would occur for the case of the deepest 
supported beam (H6), but this was not achieved, observing that the maximum load to be hung was obtained in the beam 
H4, which has a height of 4/6 of the height of the supporting beam and compared to beams H5 and H6 should be, by 
the design equation, the smallest load. 

According to the author, the presence of diagonal tensile cracks in the concrete was observed, indicating that 
compressive stresses were flowing from the supported beam to the supporting beam throughout the height of the supporting 
beam. This means that there was force transfer over the height of the supported beam and not just at the bottom, as assumed 
by the Canadian code. This flow of compressive stresses was likely present for H6, H5 and H4, as evidenced by diagonal 
cracks formed in the supported beam and flowing into the supporting beam, as shown in the Figure 18. 

 
Figure 18. Cracking at the joint interface between the beams [1] 
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Given the data of the hanging loads, the remainder of the load was transferred directly by diagonal compression 
stresses from the supported beam to the supporting beam. The value of this portion referring to direct transmission was 
determined by subtracting the hanging force from the total load applied to the interface. The comparison between the 
hanging load and direct transmission values is shown in Figure 19. 

 
Figure 19. Comparison between the forces transmitted by the hanger reinforcement and the direct shear flow [1] 

It is observed that the direct transmission by diagonal compression was much higher than that transferred by the 
hanger reinforcement in beam H6 (Figure 19a). For beam H4 the two mechanisms contributed similarly (Figure 19b), 
while the shear transferred by the hanger reinforcement is predominant in beam H4 (Figure 19c). Thus, as the depth of 
the supported beam is greater than 2/3 of the height of the supporting beam, there is a reduction in the demand for 
hanger reinforcement due to direct transfer so for these cases the equation for the design of the CSA A23.3-04 [5] 
proved to be conservative. 

Due to the low sampling in which this behavior was observed, more studies are needed to be focused on this 
consideration for an adequate use of this greater reduction and future application in design standards for concrete 
structures. At the current moment of knowledge on the subject, it is not understood properly which portion is transferred 
directly by compression through the height, so due to the safety of the structure, it is recommended to use Equation 3, 
which is based on the Canadian standard. 

3.2 Addition of the hanger reinforcement to shear reinforcement 
This is one of the main points of attention because, in the case of superposition case of superposition of 

reinforcements, congestion can occur in the intersection region, and if this superposition is necessary and not 
considered, the section weakens. Leonhardt and Monnig [6] defend that the highest of the values between the hanger 
reinforcement and the necessary shear reinforcement should be adopted, but the CSA A23.3-04 [5], ACI 318-19 [3] 
and EN 1992- 1-1:2004 [4] consider that the reinforcement overlap is necessary. 
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Using the strut and tie model formulated by Mattock and Shen [7] it is observed that as the load is applied to the 
lower part, the presence of a tie is necessary to hang the load transferred by the supported beam. In order to observe 
this behavior, a truss can be taken with a load applied to the center of its span in two situations: the first is considered 
the load applied to the upper face and the second to the load applied to the lower face. 

It was observed that for the first situation (direct loading) the vertical tie in the region of application of the load did 
not present axial force and could therefore be disregarded for the balance of the region, having the schematic of its 
structure shown in Figure 20. 

 
Figure 20. Strut and tie model for a bi-supported beam with centered force applied to the upper face 

When taking the second situation (indirect loading) it was noticed that the vertical tie is loaded exactly with the 
value of the applied load, which indicates that it acts by hanging 100% of the applied load and consequently its presence 
is necessary to balance the region, being observed the schematic of the structure in Figure 21. 

 
Figure 21. Strut and tie model for a bi-supported beam with centered force applied to the lower face 

Given this and associated with the current knowledge regarding the behavior of the intersection zones, the 
superposition of hanger and shear reinforcements is recommended, and attention should be doubled on the congestion 
of reinforcements, observing the limitations imposed by the codes for shear reinforcement rate as well as limitations of 
spacing so that an adequate vibration of the concrete of the structure can be ensured. 

3.3 Limit stress for which the hanger reinforcement is not required 
In reinforced concrete elements that are subject to shear forces, in addition to the truss model, there are other 

alternative resistant mechanisms that transfer the internal stresses from one cross section to another [12]. The arc effect 
and the aggregate interlock are two examples of these mechanisms, where they are considered in ABNT NBR 6118 [2] 
by an additional portion defined in the standard as Vc. Thus, the hanger reinforcement in certain circumstances can be 
dispensed because for low stresses other mechanisms may be sufficient to adequately transmit the load. 

Fusco [10] comments that only in cases of very thin web beams (bw/bf = 1/6, represented in Figure 22) the truss 
scheme is mobilized at the beginning of cracking, so that on the other beams, the alternative resistant schemes act 
preliminarily, whose contribution progressively decreases as the part cracks. 
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Figure 22. T-beam cross section [10] 

One of the studies that evaluated the limiting stress was carried out by Mattock and Shen [7]. In this study, the 
authors aimed to evaluate the efficiency of the hanger reinforcement in the case where the supported beam rests on one 
side of the supporting beam of same height. The specimens were E-shaped grids (Figure 23), where the supporting 
beam presents a restriction to rotate in order to create a negative moment in the supported beam in the intersection 
region. 

 
Figure 23. Typical structure of the tested specimens [7] 

The specimens were dimensioned by varying the arrangement of the hanger reinforcement, the shear forces and the 
maximum resistant moment of the section. Specimens 1 and 4 were designed so that the shear force on the supported 
beam was close to 0.21𝑏𝑏𝑤𝑤 ∙ 𝑑𝑑 ∙ �𝑓𝑓𝑐𝑐′ (in MPa). The same flexural strength was designed for specimen 2, but due to a 
lower a/d ratio, the shear for this case was close to the maximum allowed by the American standard in its 1989 version 
0.83 ∙ 𝑏𝑏𝑤𝑤 ∙ 𝑑𝑑 ∙ �𝑓𝑓𝑐𝑐′ (in MPa). To maintain the shear value at the failure of specimen 2, specimen 3 was dimensioned so 
that its flexural strength was twice that of specimen 2. Specimen 5 was designed so that the shear was 0.66 ∙ 𝑏𝑏𝑤𝑤 ∙ 𝑑𝑑 ∙
�𝑓𝑓𝑐𝑐′ (in MPa) and the flexural strength corresponding to this shear value. 

With regard to the hanger reinforcement, in all cases, sufficient reinforcement was provided to satisfy the 
requirements of the American standard, wherein specimens 1 and 4 the minimum reinforcement requirement ruled. In 
specimens 1, 2 and 3, the hanger reinforcement was arranged adjacent to the interface between the two beams, being 
designed with a yield strength equal to the shear at failure by bending of the supported beam. 

In the case of specimens 4 and 5, their design was carried out considering that the stirrups to support all the shear 
transferred from the supported beam to the supporting beam must be positioned in a region of 0.5 times the height of 
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the beam for each side of the beams, which may be waived if the stress is less than 0.25 ∙ �𝑓𝑓𝑐𝑐′ (in MPa), if hb>h1/2, or 
in case the supported beam rests on the supporting beam by its lower face. Therefore, for specimen 4, hanger 
reinforcement was not available since the maximum stress in the supported beam was less than 0.25 ∙ �𝑓𝑓𝑐𝑐′ (in Mpa). In 
specimen 5, all stirrups on the supporting beam within a distance of d/2 from the axis to each side were considered as 
hanger reinforcement. The data from the tests are presented in Table 1. 

Table 1. Test results [7] 

Specimen 1 2 3 4 5 
Pmax (kips) 8.18 35.00 35.00 8.90 25.80 
Vtest (kips) 8.64 35.37 35.41 9.36 26.20 
𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

𝑏𝑏𝑤𝑤 ∙ 𝑑𝑑/�𝑓𝑓𝑐𝑐′
 2.86 12.14 12.93 3.09 8.73 

Mtest (kips∙in) 181.1 180.0 317.8 168.3 84.6 
Mcalc (kips∙in) 165.0 165.7 296.4 166.4 128.4 

M𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

M𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
 1.10 1.09 1.07 1.01 0.66 

After the tests, it was observed that specimens 1 and 4, with the ratio 𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡/ (𝑏𝑏𝑤𝑤 ∙ 𝑑𝑑/�𝑓𝑓𝑐𝑐′), presented in Table 1, close 
to 3) behaved similarly, even though the hanger reinforcement was only arranged in specimen 1. Thus, this similar 
behavior shows that the criterion for waiving the use of hanger reinforcement is suitable for loads less than 0.25𝑏𝑏𝑤𝑤 ∙
𝑑𝑑 ∙ �𝑓𝑓𝑐𝑐′ (in MPa). In the case of specimen 1, the hanger reinforcement did not yield and only carried 35% of the shear 
at failure. Diagonal tensile cracking did not develop in these specimens and, therefore, the truss behavior was not 
significant. 

In specimens 2 and 3, the desired behavior was achieved, being observed the appearance of a pattern of diagonal 
cracks by tension (Figure 24) that define the diagonal compression struts in the truss behavior of the supported beam. 
In addition, the hanger reinforcement yielded before failure and carried a maximum load close to shear in yielding the 
longitudinal flexural reinforcement. In these specimens, the stress was above the limit stress so the presence of hanger 
reinforcement is necessary for the structure to behave properly. 

 
Figure 24. Cracking pattern of specimens 2 and 3 [7] 
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Therefore, the Canadian standard CSA A23.3-04 [5] in Equation 5 as well as Mattock and Shen [7] and Wight [13] 
in Equation 6 indicate the possibility of waiving the hanger reinforcement by assigning a limit stress (τlim) at the 
interface between the beams. 

τlim = 0.23 ∙ λ ∙ ϕc ∙ �fc′ (5) 

τlim = 0.25 ∙ �fc′  (6) 

where ôlim = limit stress for reinforcement waiver (MPa); λ = factor to consider low density concrete; fc′ = specified 
compressive strenght of concrete (MPa); ϕc = resistance factor for concrete [5]. 

Pereira et al. [14] present cases of indirect support to evaluate the limiting stresses indicated by Mattock and 
Shen [7] and the Canadian standard [5]. The case diagrams are presented in Figure 25, where the hatched beam 
corresponds to the supported beam, and the results of the cases are presented in Table 2. 

 
Figure 25. Support situations analyzed by Pereira et al. [14] 

Table 2. Shear stress values at the supported beam interface and limits [14] 

Case b (cm) h (cm) 𝛕𝛕𝐝𝐝 (MPa) CSA A.23.3-04 [5] (MPa) Mattock e Shen [7] (MPa) 
1 15.00 50.00 1.15 0.85 1.43 
2 15.00 50.00 1.15 0.85 1.43 
3 15.00 50.00 1.15 0.85 1.43 
4 15.00 50.00 1.16 0.85 1.43 
5 15.00 40.00 1.38 0.85 1.43 

It is important to highlight that the analysis of this criterion by the Canadian standard is only allowed for situations 
in which the upper surfaces of the beams coincide, so that, by this consideration, only cases 1 and 5 would allow this 
analysis. Even so, it can be observed that the limit of the Canadian standard was exceeded in all cases, but for the limit 
of Mattock and Shen [7] none of the cases would require hanger reinforcement. 

It appears that the expression indicated by Mattock and Shen [7] allows higher stresses at the interface in which it 
is possible to dispense the hanger reinforcement, but it has been observed in only a specimen, so for the structure safety, 
the adoption of a more conservative criterion as presented by the Canadian standard is the most recommended. 

To use Equation 5 according to the Brazilian standard ABNT NBR 6118 [2] it is necessary to convert the resistance 
fc′, present in the Canadian standard, to the resistance fck present in the Brazilian standard. Considering a standard 
deviation of the compressive strength of 3 MPa, Souza and Bittencourt [15] present an expression that relates the two 
factors and is expressed in Equation 7. 

fc′ = fck − 2.04 (7) 

where fck= characteristic compressive resistance of concrete (MPa). 
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Substituting Equation 7 in Equation 5, the limit stress for application of the Brazilian standard is presented in 
Equation 8: 

τlim = 0.23 ∙ λ ∙ ϕc ∙ �fck − 2.04 (8) 

The λ factor considers the possibility of using low-density concrete, having 1 as the value for normal-density concrete 
and the ϕc factor assuming the value indicated by the Canadian standard of 0.65 since it does not have a corresponding 
value in the Brazilian standard. Substituting these two values in Equation 8, Equation 9 is obtained, which represents 
the stress limit for waiver of reinforcement to be applied in projects carried out with concrete of normal density 
according to the Brazilian standard. 

τlim = 0.15 ∙ �fck − 2.04 (9) 

According to the Canadian standard CSA A23.3-04 [5] normal density concretes have a density greater than 
2150kg/m3 and this restriction should be added since for ABNT NBR 8953 [16] normal density structural concretes 
have a density greater than 2000kg/m3. 

3.4 Cases with rotation restraint 
A special situation in the design of indirect supports consists of cases where a torsional moment acts on the 

supporting beam, where a real example is shown in Figure 26. In this example, the balcony beams (VP3 and VP4) are 
displaced from the columns and are supported in beam VP1, which presents an increase in section in the region close 
to the columns and corresponds to a fixed section in which the transfer of torsional moment to the supporting beam 
occurs. 

 
Figure 26. Example of indirect support situation with application of torsion in the supporting beam (dimensions in cm) 

The study of indirect supports in situations with restraint to the rotation of the supporting beam is still very limited, 
and it is worth mentioning initially the test carried out by Collins and Lampert [9]. The main objective of this 
experimental program was to evaluate design methods for parts subjected to compatibility torsion, choosing a two-
beam structure (called floor beam-spandrel beam by the author) shown in Figure 27. Although the focus of this study 
is the analysis of the distribution of moments in the cracking, here will be brought, mainly, the observed results referring 
to the behavior of the structures in the connection joints between the beams. 
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Figure 27. Structural scheme used by Collins and Lampert [9] 

This structure was designed by two methods: method A (conventional design in which the supporting beam was 
subjected to compatibility torsion) and method B (design considering that the supporting beam does not present torsion 
resistance). 

Thus, six specimens were tested, with specimens S1 and S3 dimensioned by method A and specimens S2, S4, S5 
and S6 by method B. For the interests of this article, attention is focused on specimens S3 and S4. Specimen S3 was 
dimensioned by method A while specimen S4 was dimensioned by method B to establish a comparison between them. 

After the tests, specimen S4 failed by crushing of the concrete compression zone. The joint in specimen S3 was the 
cause of the failure despite the care taken in detailing these joints. The design of this region was in accordance with the 
recommendations for indirect support by Leonhardt (1965) apud Collins and Lumpert [9], with the hanger 
reinforcement in the joint being made designed to hang 100% of the load on the supporting beam, in addition, it was 
arranged the longitudinal bars of the supported beam (floor beam) above the longitudinal bars of the supporting beam 
(spandrel beam). Despite these precautions, the failure occurred in this region, as can be seen in the case of specimen 
S3 shown in Figure 28. 

 
Figure 28. Joint failure in specimen S3 [9] 
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For the case of method A (specimen S3), the supporting beam is subjected to torsion and, as previously presented, 
structures in this situation present a weakening because only the inner legs are expected to act as a hanger reinforcement. 
While the specimen S4 does not present a torsional moment acting on the supporting beam behaved as expected. It 
follows that the design provisions that were made did not consider the negative effect of the presence of torsional 
moment in the supporting beam. 

Because of this, the authors suggested that it would be practical to provide a reinforcement capable of hanging 100% 
of the load in the supported beam, in addition to keep the reinforcement on the supporting beam hanging also 100% of 
the load, with that it would be provided the double of hanger reinforcement compared to the suggestion of Leonhardt. 
However, it is observed that the author did not consider that the fact that there is a transmission of bending moment 
between the beams interferes with the behavior of the joint. 

A later study carried out by Mattock and Shen [7] evaluated the behavior of indirect supports in which there is a 
torsional moment acting on the supporting beam. Since the experiment was previously presented from the perspective 
of the evaluation of the limiting stress for waiver of the hanger reinforcement, attention will now be given to specimens 
2 and 5 to evaluate the interference of the torsional moment acting on the supporting beam. 

For specimen 5, an unsatisfactory behavior was observed since the longitudinal reinforcement yielded with only 
55% of the projected dead load and 66% of the calculated flexural strength. In this case, only 57% of the load was 
resisted by the hanger reinforcement. Despite the cracking scheme of the supporting beam of the specimen (Figure 29a) 
being very similar to that presented in specimen 2 (Figure 29b), the hanger reinforcement did not provide sufficient 
support from the lower part of the supporting beam at the intersection of the beams. 

 
Figure 29. Cracking pattern of the supporting beam in specimens 5 and 2 [7] 

As previously described, the combination of shear and torque on the supporting beam on the rear face act in the 
opposite direction to each other. The cracking scheme observed in Figure 29a indicates the presence of flexural cracks, 
so that the stirrup leg was not cut by the crack and thus did not act as a hanger reinforcement. It can be noted that the 
cracking scheme observed in Figure 29a is similar to the one suggested in Figure 10 for the case of the torsional moment 
combined with the shear. 

Thus, only the inner leg is expected to act as a hanger reinforcement, which may explain the failure of this region 
with the detachment of the lower region of the intersection region, because the hanger reinforcement is not sufficient 
to hang the entire applied load. As for specimen 2 in the same study, which considered only the adjacently disposed 
reinforcement as hanger reinforcement, an adequate behavior was observed despite being dimensioned for a higher 
shear when compared to specimen 5. 

Thus, in these cases, only the inner leg (adjacent to the interface between the beams) of the stirrups should be 
considered as hanger reinforcement, highlighting the importance of further experimental studies to better understand 
the behavior of the intersection zone and what is the portion of the contribution of the external legs of the stirrups in 
the hanging of the load. 

4 CONCLUSIONS 
Based on the results presented in the present work, the following conclusions can be drawn: 

• The value of the load to be hang is calculated according to Equations 3 and 4; 
• Hanger reinforcement must be added to the shear reinforcement; 
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• There is a shear stress limit transferred by the supported beam at which, for stress values lower than this limit, 
hanger reinforcement can be dispensed with this stress calculated by Equation 9; 

• In situations where the supported beam transfers torsional moment to the supporting beam, only the stirrup legs 
adjacent to the interface of the connection between the beams must be considered as hanger reinforcement. 
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Abstract: In this paper, an experimental program was developed in order to evaluate the structural behavior 
of RC beams rehabilitated with CFRP sheets and crack injections. The specimens’ stiffness before and after 
structural rehabilitation was assessed through vibration tests. Bending tests were employed to obtain load-
deflection curves and evaluate failure modes. Results indicate that all beams displayed higher stiffness values 
after structural rehabilitation. The CFRP sheet fostered an increase of the specimens’ ultimate load. Crack 
injections influenced stiffness but did not affect the ultimate load. 

Keywords: structural rehabilitation; NDT; RC beam; reinforcements with CFRP; crack injection. 

Resumo: Neste trabalho, foi desenvolvido um programa experimental com o objetivo de avaliar o 
comportamento estrutural de vigas de concreto armado reabilitadas com manta de CFRP e injeções de fissuras. 
A rigidez dos modelos antes e depois da reabilitação estrutural foi avaliada por meio de ensaios de vibração. 
Foram realizados ensaios de flexão para obter curvas de carga-flecha e avaliar modos de falha. Os resultados 
indicam que todas as vigas apresentaram valores de rigidez mais elevados após a reabilitação estrutural. A 
manta de CFRP promoveu um aumento da carga final dos modelos. As injeções de fissura influenciaram a 
rigidez, mas não afetaram a carga final. 

Palavras-chave: reabilitação estrutural; END; viga de concreto armado; reforço com CFRP; injeção de 
fissuras. 

How to cite: L. F. F. Guim, G. E. S. de Lima, G. S. Veríssimo, and J. L. R. Paes, “Assessment of stiffness and structural behavior of reinforced 
concrete beams rehabilitated with CFRP and crack injection,“ Rev. IBRACON Estrut. Mater., vol. 16, no. 1, e16110, 2023, 
https://doi.org/10.1590/S1983-41952023000100010 

1 INTRODUCTION 
According to the fib Model Code for Concrete Structures [1], a structure is considered durable when it meets 

performance requirements throughout the lifespan specified in its project. In cases where these requirements are not 
met, structural rehabilitation procedures must be conducted if the structure is to remain operational. According to Souza 
and Ripper [2], these procedures can be used to meet service and durability conditions (repair) or to increase or 
reestablish the structure’s bearing capacity (reinforcement), which requires additional materials. 

In the case of reinforced concrete members subject to bending, the cracking process, albeit inevitable, may influence 
the structure’s performance. von Fay [3] states that excessive cracking can expose the reinforcement bars to the action 
of external agents and reduce the element’s stiffness. According to this author, cracks with openings between 0.05mm 
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and 6.3mm should be injected with epoxy resins for structural repair purposes. These resins react with the concrete, 
producing very resistant solids with a relatively high modulus of elasticity. Al-Nu’man and Al-Sahlani [4] present 
studies from several authors who affirm that a structure restored with crack injection can show an ultimate resistance 
and stiffness equivalent to that of the earlier undamaged monolithic structure. 

In order to increase or reestablish the ultimate resistance of a structure subject to bending, Beber [5] cites that 
reinforcing with CFRP is a good option, especially due to their mechanical properties. CFRP presents a large 
resistance/self-weight ratio, performing well at high temperatures. Juvandes and Figueiras [6] highlight that the fibers 
possess linear elastic behavior and brittle failure, with ultimate strength at 3500 MPa, modulus of elasticity varying 
between 150 GPa and 600 GPa, and maximum elongation at approximately 1.5%. CFRP reinforcement work like 
tensioned steel for reinforced concrete elements. The analysis and design of elements reinforced with CFRP subject to 
bending can be done using the same regular hypotheses applied to reinforced concrete elements, with an additional 
verification limiting the fiber’s strain to avoid debonding [7], [8]. According to Salgado et al. [9] although CFRP 
reinforcements improve an element’s ultimate resistance, they exert little influence over its stiffness. 

In order to know the residual characteristics of structural elements, which are necessary for decision-making in the 
structural rehabilitation process, non-destructive testing (NDT) is often conducted, as pointed by Helal et al. [10]. 
Salawu [11] presents studies demonstrating that vibration analysis has been widely employed to obtain information 
about the mechanical characteristics of structures. The modal parameters of a given structure (natural frequencies, mode 
shapes, and modal damping) are sensitive to alterations in the structure’s physical parameters (mass and stiffness). Any 
alteration in a structural element’s stiffness is directly related to a change in its natural vibration frequencies, depending 
also on boundary conditions and support stiffness. With the aid of vibration analyses and conventional bending tests, 
the increase in stiffness and ultimate resistance of reinforced concrete beams rehabilitated with CFRP and crack 
injection can be assessed. 

The purpose of this paper is to evaluate the stiffness of beams rehabilitated with CFRP, with and without crack 
injection, in order to provide a more realistic evaluation of their structural behavior. Currently there are no 
recommendations regarding which stiffness percentage is acceptable in the evaluation of the behavior of rehabilitated 
structural elements. Moreover, most of the research on beams reinforced with CFRP employed test specimens that were 
perfectly whole. The rehabilitation of damaged elements adopted in this work resembles real situations of structural 
rehabilitation more closely. This can contribute to a better understanding of the behavior of reinforced structures. 

2 MATERIALS AND EXPERIMENTAL PROGRAM 

2.1 Specimens 
This study employed nine specimens that were initially produced in the context of Lima’s [12] research. The 

dimensions of all beams were 9 x 18 x 180 cm. The beams’ concrete had a water/cement ratio of 0.60 and three different 
steel reinforcement ratios, resulting in three different groups of three specimens with the same reinforcement ratio in 
each group. Figure 1 displays general schematics of the beams. 

 
Figure 1. Schematics of original undamaged specimens. Dimensions in centimeters unless otherwise specified. 
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The original models were subjected to bending tests, with a vertically induced load from top to bottom, causing 
tensile stress on the element’s lower surface. In these tests all models failed due to steel yielding. The tests also 
caused permanent deflection in all models. The models were displayed with the surface that suffered tension 
turned upwards to facilitate the observation of deflections and cracks as shown in Figure 2. The beams’ state of 
degradation after the bending test performed by Lima [12] – before rehabilitation procedures – can also be seen 
in this figure. 

 
Figure 2. Original specimens after mechanical d’+amage (a); detail of cracking and permanent deflection (b). 

A preliminary inspection of the damaged beams was conducted in order to select which materials and procedures 
should be adopted for the rehabilitation. Table 1 contains a summary of the general characteristics of the beams used 
in this work. Codes 50, 63, and 80 represent beams with positive reinforcements of 2ϕ5.0, 2ϕ6.3, and 2ϕ8.0, 
respectively. Codes R1, R2, and R3 represent specimen numbers. 

Table 1. Specimen characteristics.  

Series 50 63 80 
Specimen R1 R2 R3 R1 R2 R3 R1 R2 R3 

Te
ch

ni
ca

l f
ea

tu
re

s 

Es (MPa) 210000 210000 210000 
fc (MPa) 50.2 50.2 50.2 

fct,m (MPa) 3.6 3.6 3.6 
Ec (MPa) 26880 26880 26880 

Ultimate load (kN) 19.61 19.43 19.82 26.64 26.40 25.66 43.96 47.75 48.06 
EI x 105 (Nm2) - Initial 9.71 10.52 10.87 9.84 9.61 9.89 9.80 9.91 10.34 
EI x 105 (Nm2) - Final 4.12 3.80 4.37 5.62 5.43 5.60 5.66 4.95 5.20 
Biggest crack (mm) 0.70 0.83 0.77 0.90 0.60 0.70 0.63 0.70 0.53 
Smallest crack (mm) 0.23 0.20 0.20 0.20 0.40 0.30 0.30 0.40 0.13 

Permanent deflection (mm) 4.81 4.62 4.62 4.35 4.61 4.67 7.11 11.17 8.10 

The three beam specimens of each group, which had the same reinforcement ratio, underwent different structural 
rehabilitation procedures. The first specimen did not undergo crack injection. The cracks on the second specimen were 
injected with resin type 1, recommended for cracks larger than 0.3 mm. The cracks on the third specimen were injected 
with resin type 2, recommended for cracks larger than 0.1 mm. After the injection procedure, all specimens were 
reinforced with a CFRP sheet. Table 2 shows the nomenclature used to identify each specimen in relation to its 
characteristics. The prefix CR represents the reinforcement with the carbon fiber sheet (CFRP sheet). The number next 
to the prefix represents the diameter of the rebars. The suffix indicates which injection process was adopted: NI (no 
injection), I1 (injection with resin type 1), and I2 (injection with resin type 2). 
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Table 2. Specimen IDs according to structural rehabilitation process. 

Reinforcement Rehabilitation Process 
ID Carbon Reinforcement 

Injection 
Ц (mm) Resin type 1 

 (> 0.3 mm) 
Resin type 2 
 (> 0.1 mm) 

5.0 x   CR50-NI 
5.0 x x  CR50-I1 
5.0 x  x CR50-I2 
6.3 x   CR63-NI 
6.3 x x  CR63-I1 
6.3 x  x CR63-I2 
8.0 x   CR80-NI 
8.0 x x  CR80-I1 
8.0 x  x CR80-I2 

CR-## – CR50 - 2ϕ5.0, CR63 - 2ϕ6.3; CR80 - 2ϕ8.0.  
 NI – No injection; I1 – Injection with resin type 1; I2 – Injection with resin type 2. 

2.2 Crack injections 
Table 3 displays the physical and mechanical characteristics of the two different resins used in the crack injections. 

Table 3. Characteristics of resins 

Epoxy resin Penetration с Visc.  уcomp.  уtrac. еmax E 
(g/cm3) (mPa∙s) (MPa) (MPa) (MPa) 

Type 1 ≥ 0.3 mm 1.08 300 70 30 6.0% 2600 
Type 2  ≥ 0.1 mm 1.07 145 75 65 4.5% 3000 

Due to the models’ small size, surface packers were utilized in the injection process (Figure 3), same procedure 
utilized by Ekenel and Myers [13], Nikopour and Nehdi [14] and Griffin et al. [15]. The alternative would be to employ 
borehole packers, which is an invasive procedure that could cause damage to the models and undermine the final 
rehabilitation process. 

 
Figure 3. Surface packers. 

For one single crack, epoxy resin manufacturers usually recommend a distance between surface packers smaller 
than the structural element’s thickness. In the models employed in this study, the cracks spanned the entire width of the 
transversal section, which was small. For this reason, only one surface packer was placed over each crack, contributing 
to the resin’s penetration. The packers were secured with a nail after being glued to the specimen. The placement of the 
surface packers is displayed in Figure 4. 
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Figure 4. Surface packers secured with nails. 

After the beams were cleaned, the cracks were sealed and the surface packers were glued with an epoxy adhesive 
and secured with nails. In Figure 5 one can observe the gluing of the surface packers and the superficial sealing of each 
crack, which extended through the entire lateral section. All cracks visible to the naked eye on the surface of the model 
that underwent tension were injected. 

  
Figure 5. Gluing of surface packers (a); sealing the cracks (b). 

The cracks received epoxy resin injections after the sealing adhesive finished curing. The bicomponent resin was 
mixed and all cracks were injected as shown in Figure 6. 
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Figure 6. General schematics of crack injection in the models (a); crack injection procedure (b) 

The entire injection process was performed with pressures varying between 35 bar and 100 bar, values below the 
200 bar recommended by the manufacturer as the maximum pressure for crack injection. The injection procedure of 
each crack was finished when the injected material overflowed. 

2.3 Reinforcement with CFRP sheet 
The structural reinforcement with the CFRP sheet was done after the beams’ cracks were injected. All surface 

packers were removed before the structural reinforcement with CFRP was carried out. The adhesive employed in the 
sealing of cracks and gluing of surface packers was also removed with a grinding machine. 

The flexural reinforcement was designed according to the ACI 440.2R [8]. The ultimate load reached in each 
specimen of Lima’s [12] work was adopted as design criteria. All elements were reinforced with a single layer of CFRP. 
For specimens CR63 and CR80, where ultimate loads surpassed that of specimen CR50, a transverse anchorage was 
necessary in order to meet criteria established in the ACI 440.2R [8]. Figure 7 displays the schematics of beams 
reinforced with CFRP. Table 4 indicates the physical and mechanical characteristics of materials employed in the 
reinforcement. 

 
Figure 7. Schematics of beams reinforced with CFRP sheet. Dimensions in centimeters. 
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Table 4. Characteristics of materials employed in reinforcements with CFRP 

 с уtrac.  уader.  E еmax t 
(g/m2) (MPa) (MPa) (MPa) (%) (mm) 

CFRP sheet 300 3600 - 230000 2.1 0.166 
Thixotropic adhesive 1.33 - 14 4700 - - 

Laminating resin 1.12 - 14 3000 - - 

The regions where CFRP sheets were attached (lower part and the sides that received anchorage) were sanded with 
a grinder in order to expand the concrete’s pores and contribute to its bonding to the thixotropic adhesive. Subsequently, 
the concrete’s surface was cleaned in order to remove dust particles, grease, or any other contaminant that might hinder 
adherence. 

The lamination resin was applied after the thixotropic adhesive finished curing, with the sheet already attached. A 
foam paint roller was used to drench the CFRP sheet in the lamination resin, ensuring that the carbon fiber sheet was 
completely soaked with resin. Figure 8 shows part of the beam specimens after the rehabilitation process, highlighting 
the lower faces where the CFRP sheet was applied. 

 
Figure 8. Beams reinforced with CFRP without anchorage (a), and with anchorage (b). 

2.4 Bending test 
The bending test followed the same procedure employed in the reference experiments conducted by Lima [12]. The 

Stuttgart Test configuration was adopted, with four load application points. Loads were applied 55 cm away from 
supports and were 60 cm apart, as shown in Figure 9. 

 
Figure 9. Bending test structural model. Dimensions in centimeters 
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The load was applied continuously with displacement control at a rate of 0.01 mm/s. The steel reaction beam was 
strategically placed over the universal testing machine in order to provide a 170 cm span for the specimens. 

Two displacement transducers (DT) were installed in the center of the span in order to measure displacements. 
Additionally, two strain gauges were employed, both placed on the piece’s central axis. One of the strain gauges was 
placed on the top of the element (SG_TOP) and the other at the bottom (SG_BOT) to measure deformations in the 
concrete and in the carbon fiber, respectively. A 200kN load cell was placed between the load transmission device and 
the actuator’s spherical seating in the universal testing machine. Figure 10 displays the bending test’s assembly 
schematics. 

 
Figure 10. Bending test assembly schematics. Dimensions in centimeters. 

The beam specimens were subjected to progressive load stages where displacement and deformations were 
measured. At the end of each stage the load was completely removed, the actuator having been suspended, 
reestablishing the beam’s original simply supported condition. This procedure restores the element’s elastic 
deformation while maintaining the inelastic deformation resulting from each stage. 

2.5 Vibration test 
The beams were instrumented as shown in Figure 11, with an accelerometer in position 1. The beam was struck 

with a rubber hammer in position 2 so that its fundamental frequency could be obtained. 

 
Figure 11. Accelerometer placement and impact application point in the vibration test. 
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The vibration test of specimens was performed before and after rehabilitation procedures. In both cases, the beam 
was simply supported. The fundamental frequency of each specimen was determined through the Fast Fourier 
Transform (FFT) applied to acceleration and time data. 

After the fundamental vibration frequency was obtained, with the simply supported boundary condition maintained, 
the stiffness was calculated according to Equation 1 [16]. 

𝐸𝐸𝐸𝐸 = 𝑓𝑓2�2𝜋𝜋𝐿𝐿2�
2

(𝜌𝜌𝜌𝜌)
(𝛽𝛽2)2

  (1) 

where: f = fundamental vibration frequency (Hz); L = span (m); ρ = beam’s specific mass (kg/m3); A = cross-section 
area (m2); β2 = constant dependent on boundary conditions (9.869). 

3 RESULTS AND DISCUSSION 

3.1 Stiffness after the rehabilitation process 
Based on acceleration and frequency values obtained in the vibration tests, the stiffness before and after structural 

rehabilitation was estimated through Equation 1. Figure 12 displays the stiffness of each beam specimen before and 
after rehabilitation, as well as the stiffness values of the original undamaged beams obtained by Lima [12]. 

 
Figure 12. Estimated stiffness of the beams. 

After structural rehabilitation, elements that went through the injection process and were reinforced with CFRP 
(CR##-I1 and CR##-I2) displayed an average stiffness of 74% of the original beams’ stiffness, as observed in the results 
shown in Figure 12. In contrast, elements that were only reinforced with CFRP and were not injected (CR##-NI) 
displayed an average 55% of the original specimens’ stiffness. Therefore, in both cases (with and without crack 
injection) stiffness was higher than the estimated stiffness of damaged specimens before rehabilitation. It is also evident 
that specimens with crack injection (CR##-I1 and CR##-I2) displayed a stiffness superior to those only reinforced with 
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CFRP (CR##-NI). These results confirm what was observed by Salgado et al. [9] and by Al Nu’man and Al-Sahlani 
[4] regarding the influence of the rehabilitation process in the element’s stiffness. 

Resin type 2 (less viscous) was expected to re-establish a higher degree of the element’s original monolithic 
configuration since, unlike resin type 1, it would also fill cracks with openings between 0.1 mm and 0.3 mm. However, 
stiffness results did not corroborate this expectation as seen in Figure 12. Based on the estimated stiffness after injection, 
beam stiffness results for both resins fell in the same range. 

Figure 13 displays load-deflection curves obtained in the bending tests. In addition to test curves, one extra curve 
has been plotted based on the analytical model proposed by Branson [17], which considers the CFRP sheet in the same 
way as the reinforcement bars for purposes of cross-section homogenization. 

 
Figure 13. Load-deflection curves obtained in the bending test for beams: a) CR50; b) CR63; c) CR80. Load (kN) represents the 

sum of the loads (2P) applied to the beam. 

By observing curve slopes in Figure 13, one can note a difference in element stiffness during initial load stages. 
This difference is related to the adoption of the structural rehabilitation process. Non-injected beams (CR##-NI) had a 
lower initial stiffness than injected beams, except for beam CR63-NI. This lower initial stiffness in non-injected 
specimens is consistent with the results obtained with vibration tests, displayed in Figure 12. Moreover, the difference 
in stiffness becomes less pronounced during load application and the stiffness decay level tends to be the same in all 
beams in stages with more elevated loads. 

When experimental results and analytically estimated results are compared, it is evident that Branson’s analytic 
model [17] predicts a higher initial stiffness. This model considers that the parts are uncracked at the beginning of the 
test. However, according to what has been observed in the vibration tests, in the case of rehabilitated elements, not even 
parts that underwent crack injections with epoxy resins displayed a stiffness level equal to that of uncracked parts. 
Therefore, the difference in stiffness during initial load stages that can be seen in the load-displacement curves is due 
to a degradation already present in all elements. 

3.2 The structural behavior of rehabilitated beams 
Figure 14 displays load-displacement curves obtained through the bending test. The deflection relative to each load 

stage corresponds to the deflection obtained in the test added to the residual deflection measured prior to testing, 
according to figures presented in Table 1. The average curve of the original undamaged specimen tests obtained by 
Lima [12] is also displayed with each group of beams with the same reinforcement ratio. This allows for the comparison 
of the original specimens’ behavior as tested by Lima [12] and after structural rehabilitation. 
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Figure 14. Load-deflection curves comparing rehabilitated beams with the original undamaged beams tested by Lima [12]: a) 

CR50; b) CR63; c) CR80. Load (kN) represents the sum of the loads (2P) applied to the beam. 

Based on Figure 14, one can note that non-injected elements (CR##-NI) presented a stiffness like that of the original 
beam in State II (##_MED). In contrast, the stiffness of beams that underwent the crack injection procedure (CR##-I1 
and CR##-I2) was lower in comparison to the original beam in State I (##_MED), but higher in State II. After the 
injected beams’ (CR##-I1 and CR##-I2) cracking load was reached, which is evident in the inclination change seen in 
the load-displacement curve, their stiffness remained close to that of the original beams in State II (##_MED) and to 
that of the non-injected reinforced beams (CR##-NI). 

Figure 15 displays ultimate load values reached in the testing of the original undamaged beams and of the reinforced beams, 
as well as the ultimate load estimated according to design specifications in the ACI 440.2R [8]. The three specimens in each 
group, which had the same rebars and received reinforcements, displayed similar ultimate loads, indicating that the injection 
procedure did not influence the ultimate load level. CFRP sheet reinforcements significantly increased ultimate load, especially 
in the CR50 beams, which displayed an increase in resistance of 84% in comparison to the original undamaged specimens. 
Moreover, all ultimate loads in the tests surpassed those predicted by design specifications in the ACI 440.2R [8]. 

 
Figure 15. Ultimate loads obtained for the original beams based on design specifications in the ACI 440.2R [8] and through tests. 

Load (kN) represents the sum of the loads (2P) applied to the beam. 
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Beams with the same reinforcement ratio displayed similar failure modes. The maximum values reached for load, 
deflection and deformation can be seen in Figure 16, along with a sketch exemplifying the failure mode of each beam. 
Note that concrete deflection and deformation results include residual values already present before the test. 

 

Figure 16. Failure modes displayed by the specimens. Load (kN) represents the sum of the loads (2P) applied to the beams. 
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All CR50 beams displayed reinforcement bar failure associated to the rupture or debonding of the CFRP 
reinforcement. This indicates that the reinforcement bars ruptured first, causing the entire traction load to fall upon the 
CFRP reinforcement, causing its failure (Figure 17). 

 
Figure 17. Failure of specimen CR50-NI (a); Detail of the specimen’s failure location (b);  

Detail of the rupture of the CFRP sheet and positive reinforcement (c). 

CR63 beams displayed failure due to the rupture of the CFRP sheet combined with its debonding from the concrete 
surface. A horizontal failure surface and a high cracking level were evident, characterizing failure due to the 
reinforcement’s sudden peel off caused by shear cracks. The detachment of concrete parts previously joined to the 
reinforcement was also observed (Figure 18). 

 
Figure 18. Failure of beam CR63-NI (a); Detail of the rupture and debonding of the CFRP sheet (b); Detail of the non-rupture of 

the positive reinforcement (c). 
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All beams in the CR80 series displayed the same failure mode, which was the crushing of the compressed concrete. 
Figure 19 displays the failure mode seen in specimen CR80-I2. In all cases, the concrete’s deformation was greater than 
3.5‰, corroborating its behavior. Moreover, CR80 beams showed a 20% difference in ultimate load in comparison to 
the ultimate load predicted by the ACI 440.2R [8], while for the other beams this difference was approximately 30%. 
This may be related to the failure mode, which occurred in the tensioned region in CR50 and CR63 elements and in the 
compressed region of CR80 elements. 

 
Figure 19. Failure of beam CR80-I2 (a); Detail of the crushed concrete and of the CFRP sheet rupture (b); Magnified detail of the 

crushed concrete (c). 

Non-injected beams suffered an increase in already-present cracks and the emergence of new cracks throughout the 
element. Specimens that received epoxy resin injections reached failure with a cracking pattern similar to that of non-
injected specimens, but only displayed cracks that spawned during testing. Injected cracks did not reopen and new 
cracks appeared in the surroundings of those that had been injected, as shown in Figure 20. In some cases, the new 
cracks crossed previously injected cracks, confirming the efficacy of the injection process and the successful recovery 
of monolithism in the previously cracked region. 

 
Figure 20. Detail of a new crack next to an injected crack (a); Detail of a new crack crossing an injected crack (b). 
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5 CONCLUSIONS 
This work employed vibration tests, a non-destructive test (NDT), in order to evaluate the structural behavior of 

reinforced concrete beams rehabilitated with CFRP and crack injection. The main conclusions reached in this study are 
presented below: 
(1) All specimens displayed an increase in their fundamental vibration frequency and, consequently, in their stiffness 

after the structural rehabilitation process. The crack injections with epoxy resins were responsible for this increase 
in stiffness. Beams that received crack injections (CR##-I1 and CR##-I2) displayed an average stiffness of 74% of 
the original undamaged beams’ (##_MED) stiffness, while non-injected beams (CR##-NI) displayed around 55% 
of the original beams’ stiffness. Additionally, there were no significant changes regarding the stiffness increase in 
beams injected with the resin indicated for cracks larger than 0.3 mm (type I1) and in those injected with the resin 
indicated for cracks larger than 0.1 mm (type I2). 

(2) The curve based on the analytical model proposed by Branson [17] displays an initial segment with more inclination 
than the one obtained experimentally, since this model considers that parts are perfectly monolithic at the beginning 
of the test. It was evident, however, that even parts subjected to crack injections do not display the same stiffness 
of the original parts. 

(3) Rehabilitated beams displayed an increase in their ultimate load when compared to the original specimens. It is 
noted that the crack injection process did not influence the ultimate load reached by beams in the bending test. 
However, non-injected beams (CR##-NI) display a stiffness very similar to the original beams’ State II (##_MED). 
In contrast, the initial stiffness of injected beams (CR##-I1 and CR##-I2), remained between that of the original 
beams’ (##_MED) State I and State II. After reaching cracking load, the injected beams’ (CR##-I1 and CR##-I2) 
stiffness was very close to that of the original beams’ State II (##_MED) and to that of the non-injected beam 
(CR##-NI). 

(4) The failure modes of beams with the same reinforcement ratio were similar. All CR50 beams displayed 
reinforcement bar failure along with the rupture or debonding of the CFRP sheet. CR63 beams displayed failure 
due to the CFRP’s rupture combined with its debonding from the concrete surface. In these cases, a detachment of 
concrete parts that were previously joined to the rebars also occurred. All CR80 beams displayed failure due to the 
compressed concrete’s crushing. It is noted that in all cases the ultimate load value was superior to the value 
predicted by the ACI 440.2R [8]. 
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