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Abstract: The creep of concrete promotes strains over time in structural members kept under sustained load. 
It causes the stress decrease on the concrete and the steel stress increase in reinforced concrete members. The 
moisture content and temperature influence significantly such phenomenon. The creep strains model of the 
NBR 6118/2014 [1] is, applicable, solely, to those cases of constant stress magnitudes. Reinforced concrete 
members exhibit variations on the stress magnitudes and, in this way, requires the use of an alternative model 
for the prediction of the creep strains as the so known the State Model. This report refers itself to temperature 
influence analysis upon creep strains of reinforced concrete structural members. The results have revealed 
that temperature speeds up the creep effects and, in this way, the steel yielding caused by the stress increase 
on the reinforcement bars occurs at earlier ages. 

Keywords: reinforced concrete, thin-walled column, creep, modelling, temperature. 

Resumo: A Fluência do concreto promove deformações com o tempo em membros estruturais mantidos 
carregados permanentemente. Ela causa a redução das tensões no concreto e o aumento das tensões no aço 
em membros de concreto armado. A umidade e a temperatura influenciam significativamente a Fluência. O 
modelo de deformações por Fluência da NBR 6118/2014 [1] é, aplicável, apenas, aos casos de tensões 
constantes. Em membros de concreto armado as tensões variam exigindo o uso de modelo alternativo de 
cálculo de suas deformações a exemplo do modelo de estado. Este relato refere-se à análise da influência da 
temperatura na Fluência de membros estruturais de concreto armado. Os resultados revelaram que a 
temperatura acelera os efeitos de fluência e, assim, o escoamento do aço mediante o aumento de tensões nas 
barras da armadura ocorre precocemente. 

Palavras-chave: concreto armado, pilares parede, fluência, modelagem, temperatura. 
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1 INTRODUCTION 
The progressive strains over time developed on concrete structural members maintained under sustained load 

characterize the phenomenon known as material creep [1]. 
The creep strains are associated, mainly, to the viscous mechanical behavior of certain water coating that remains 

adsorbed at the surfaces of the cement Portland grains, inner to the sound concrete, even at high thermal levels [2]. 
Among the several relevant factors that influence the creep deformation they may be included the moisture content, 

the stresses field, the concrete strength, the reinforcement ratio and temperature [1]. 
The creep strains modify, significantly, the stresses fields in reinforced concrete members since they can promote 

the stresses reduction on the mass of the concrete and its increase in the reinforcement steel bars, which can induce 
those latter to the development of the yielding phenomenon [3]. It is known, including, that temperature speeds up the 
creep effects rates [1]. 

https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0002-2960-5359
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The creep of concrete numerical model recommended by the NBR 6118/2014 standard [4] is based on the traditional 
creep coefficient concept and, in this way, is applicable, directly, overall, to that cases for which the stress magnitudes 
upon the solid mass constituted of the referring material maintain itself unchanged over the phenomenon progress. 
Nevertheless, the calculus framework presented in that way may be modified to an alternative mode becoming it able 
to its application on those cases for which occur stress magnitude variations as, for instance, to creep strains analyses 
involving reinforced concrete structural members. The formulation of such a model depends on the adoption of 
simplified artifices from which result the Memory Models, that are named in this way, because they demand, in their 
application, the history of stresses storage [5]. The referring storage amount promotes a large-scale computational effort 
becoming the modelling unfeasible [6]. In order to overcome the difficulties related to such a computational memory 
storage, some models were developed from the integrating scheme changing, that provide the use, exclusively, of the 
stresses at the discrete instant of time previous to the one that is being considered. For that reason, such advanced 
formulation received the State Models designation [5]. 

The aim of this work is the numerical simulation analysis of the temperature effects on creep of Portland cement 
concrete based on a State Model, highlighting, above all, its consequences on the mechanical performance of reinforced 
concrete structural members. 

The subjects of this paper are accomplished from the numerical analysis of thin walled columns presenting certain 
physical properties and loading condition and a diversity of thermal levels and moisture contents. 

The expected results by this work is the better knowing with respect to the fashion from which the temperature 
effect upon the creep phenomenon influences the overall mechanical performance of reinforced concrete structural 
specimens. 

The main scientific contribution of this product is to provide numerical results involving the repercussion of the 
creep, at a diversity of thermal levels, on the mechanical performance of reinforced concrete structural members, to the 
technical literature, considering that such kind of data are even scarcer. 

2 MODELLING 

The approximation from quadratic isoparametric formulation was adopted in the present analysis work. 

2.1 Concrete Response to Loading 

The plane state of stress orthotropic nonlinear framework proposed by Kwak and Filippou [7], upon an incremental 
iterative procedure and the finite element approach, were adopted in this work. In this way, the constitutive matrix 
elements were defined in a similar way to that one applied to the uniaxial state of stresses, taking as a reference, in its 
turn, the equivalent strains “εei”, that are given for every principal directions by Equation 1. 

    /ei i ij j iiD Dε ε ε= +   (1) 

The “i” and “j” indexes refer to the principal plan directions. The “Dij” coefficients represent the constitutive matrix 
elements. 

The concrete compressive mechanical performance was simulated from the constitutive relationships proposed by 
Hognestad [8], expressed in the form of Equation 2. 

    ,      ip ei
i ei ip ei

ip ip

2
1    for    0

2
σ εσ ε ε ε
ε ε

 
= − < <  

 
  (2) 

The “σip” and “εip” parameters represent the concrete peak stress and its corresponding strain, respectively, beyond 
every principal direction namely “i”. The “εcu” parameter, in turn, is the concrete ultimate strain in uniaxial 
compression. Equation 2 represents the hardening branch OA over the curve of Figure 1. 
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Figure 1. Stress strain curve for the concrete. 

The concrete secant modulus recommended by [4] was adopted, that is expressed from Equation 3. 

.cs ck ckE 0 85 5600 f 4760 f= × =   (3) 

Such that the “fck” parameter represents the concrete uniaxial compressive strength. 
The concrete ultimate stresses were defined from the failure envelope proposed by Kupfer and Gerstle [9], Figure 2, 

whose analytical version in biaxial compression state is in Equation 4. 

( )      .2
1 2 2 13 65 0β β β β+ − − =   (4) 

 
Figure 2. Ultimate Stress Envelop for concrete in biaxial state of stresses. 

For which βi = σip/fck. If α = σ1/σ2, where the σ1 and σ2 are the principal stresses magnitudes such that 0 > σ1 > σ2, 
from Equation 4 results in Equation 5. 

( )
. 
 

2c ck2
1 3 65 f

1
ασ

α
+

=
+

 and  1c 2cσ ασ=   (5) 

The strains related to peak stresses in biaxial compression state, “ε2p” and “ε1p”, according to [7], are obtained from 
Equation 6. 

( )   2 p co 23 2ε ε β= −  and ( )    .   .   .3 2
1p co 1 1 11 6 2 25 0 35ε ε β β β= − + +   (6)  

In which the “εco” parameter is the deformation corresponding to the compressive peak stress referring to uniaxial state 
of stresses. 
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The concrete mechanical behavior referring to biaxial state of stresses was modelled from the incremental 
constitutive relationship proposed by Desai and Siriwardance [1]: 

( )
 

 
 

1 1 21 1

2 1 2 2 22
212 12

E E E 0d d
1d E E E 0 d

1d d0 0 1 G

νσ ε
σ ν ε

ντ γν

=
−

−

  (7) 

The differentiations, “dσ1”, “dσ2” e “dτ12”, on Equation 7, represent the stress increments on the principal directions. 
The “Ei’s” parameters are the concrete deformation modules relating to such directions and “ν” is the concrete Poisson's 
ratio. The “G” parameter, namely, the concrete transverse deformation module, may be expressed by the relationship 
in Equation 8. 

( ) ( )  .    2
1 2 1 21 G 0 25 E E 2 E Eν ν− = + −   (8) 

The eight-nodded plane quadrilateral elements Q8 were performed to represent the mass of concrete region, Figure 3a. 

 
Figure 3. Finite elements: a) Plane Q8; b) bar L3. 

2.2 Steel Response to Loading 
The steel of the reinforcement was considered as an elastic perfectly plastic material. Due to the great reinforcement steel 

bars transverse flexibility, only its axial stiffness is taken in account in its mechanical performance, and then, they are simulated 
as three-nodded bar elements L3, Figure 3b. In this way, the referring stiffness matrix “K” is regarded according Equation 9. 

      
        

   

s s
1 0 1

2E AK 0 1 1
L

1 1 2

− 
 = − 
 − − 

 (9) 

where the “ES” parameter represents the steel Young's modulus, which is considered equal to 210 GPa. “AS” is the 
reinforcement cross sectional area, while “L” represents the bar finite element length. 

2.3 Creep Strains 
The creep strains are simulated from the state model proposed by Kawano and Warner [5], Equation 10. 

( ) ( ) ( )   c cd ct t tνε ε ε= +   (10) 

Where “εcd(t)” and “εcv(t)” are the deformation parcels due to hardening and visco-elastic effects, respectively, such that: 
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( ) ( ) ( ),
 

t
d

cd
o 0

d t1t d
E d

τ
ε σ τ τ

τ
Φ

=− ∫  and ( ) ( ) ( ),
 

t

c
o 0

d t1t d
E d

ν
ν

τ
ε σ τ τ

τ
Φ

=− ∫   (11) 

In Equation 11, the “ϕd(t,τ)” and “ϕv(t,τ)” functions represent their respective creep coefficients. In their incremental 
versions, these parcels are presented from Equation 12 and Equation 13. 

( ) ( ) ( ) ( ),   ,    n 1
cd n d n o d n 1 o

o

t
t t t t t

E
σ

ε −
− ∆ = Φ −Φ    (12) 

and, 

( ) ( ) ( )
*

/       nt Tn 1
c n c n 1

o

t
t t 1 e

E
νν

ν ν
σ

ε ε −∆−
−

 Φ  ∆ = − −     
  (13) 

in which: 

( ) ( )
( )

.
*

.
 

,  
    

0 6
n o

d n o d0 6
n o

t t
t t

10 t t
Φ

+ −
Φ

−
=   (14) 

In Equation 14, “ϕ*d” and “ϕ*v” are the asymptotic creep coefficients referring to those two parcels, and “Tv” is the 
retardation time. The “tn” parameter is the instant of time for which the creep deformations are being calculated, “tn-1” 
is the discrete instant, immediately preceding the instant “tn”, and “to” is the concrete age at the instant of loading. At 
every instant “tn” the creep strains are described according to Equation 15. 

( ) ( ) ( )   c n c n 1 c nt t tε ε ε−= + ∆   (15) 

where “Δεc(tn)” is the incremental creep strain that is obtained from Equation 16. 

( ) ( ) ( )   c n cd n c nt t tνε ε ε∆ =∆ +∆   (16) 

The temperature effect upon the creep strains simulation was based on the NBR 6118/2014 proceedings [4] from which, 
the discrete observation time of the phenomenon must be fitted to fictitious concrete ages expressed by Equation 17. 

,
i

n ef i
i

T 10t t
30

α +
= ∆∑   (17) 

where the “α” parameter is the cement hardening rate dependent coefficient, for which, the ABNT NBR 6118/2014 
proceedings [[4]] recommends suitable typical values that may be applied if experimental results are not available. The 
“Ti” parameter represents the average daily environmental temperature that is expressed in Celsius Degrees (°C), while 
the “Δtef” term is the elapsed time along what the average daily environmental temperature, Ti, may be assumed as a 
constant value. 

It is assumed in this work that, during each time interval, the stresses magnitudes remain constant, although they 
may present variation over all the phenomenon observation period, according a step kind function. 
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3 COMPUTATIONAL SUPPORT 
With a view to the acquisition of the results aimed at the fulfilment of the objectives of this work, the software named “Análise 

Constitutiva Não-Linear” – ACNL [10] was used. Such program was structured according to incremental and iterative procedure 
and the Finite Elements Method (FEM), on a Nonlinear Orthotropic Formulation in plane state of stresses [7]. It even covers, in 
its algorithmic framework, the element formulations described in the Section 2 of this paper. 

The images referring to the displacement fields were generated from the application NLPOS [11] while those 
corresponding to the stress fields were produced from the application PROJECT2, elaborated in DELPH 10.2 [12]. 

4 COMPUTATIONAL CODE VALIDATION 
The adopted Code as the Computational Support for this paper was applied to perform the analysis of a rectangular cross-

sectional concrete thin-walled column 3.00 m height, 0.20 m thick and 1.20 m width, in plane state of stresses, Figure 4, whose 
concrete slump test abatement was fixed from 0 cm up to 4 cm and the moisture content in 40%. It was considered two cases for 
which the reinforcement ratios were fixed as 0.63% and 1.58%. The results of such analysis were compared with their 
corresponding values obtained from a simplified model, based on the Solid Mechanic Postulates, under uniaxial state of stresses, 
as performed by Madureira at al [13]. The obtained results showed a good agreement, Figure 5. 

 
Figure 4. Basic model, Problem domain and finite element mesh. 

 
Figure 5. Creep displacements by time curves. 

5 ANALYSED MODELS 
The studied models are rectangular cross-sectional concrete thin-walled column, 3.00 m height, 0.20 m thick and 

1.20 m width, cast both in C30 or in C40 concrete, reinforced by CA-50 steel bars, Figure 4. 
The structural members are subjected to a uniform load that is distributed on the column top section, whose 

magnitude progresses on a gradual mode from zero up to a final value fixed at 3750 kN and 4980 kN, for C30 and C40 
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concrete cases, respectively, promoting stresses whose magnitude are about 40% of the concrete ultimate compressive 
stress, the concrete fck, Table 1. Such load magnitudes are chosen under that pattern as a purpose to regard the 
NBR 6118/2014 proceedings creep model stresses limitation [4]. 

Table 1. Studied cases characterization. 

Cases fck (MPa) Temperature (°C) Moisture Content (%) *
vΦ  

1 30 20 40 1.63 
2 30 40 40 1.63 
3 30 60 40 1.63 
4 30 80 40 1.63 
5 30 100 40 1.63 
6 30 20 60 0.92 
7 30 40 60 0.92 
8 30 60 60 0.92 
9 30 80 60 0.92 
10 30 100 60 0.92 
11 40 20 40 1.63 
12 40 40 40 1.63 
13 40 60 40 1.63 
14 40 80 40 1.63 
15 40 100 40 1.63 
16 40 20 60 0.92 
17 40 40 60 0.92 
18 40 60 60 0.92 
19 40 80 60 0.92 
20 40 100 60 0.92 

The analysis was performed upon twenty cases, differentiated among themselves by the concrete compressive 
strength, by the temperature and by the moisture content, as shown in columns 2, 3 and 4, respectively, of Table 1. It 
should be emphasized that the temperature levels were chosen in this way to simulate the predominant environmental 
conditions around the column surface during each season of the year. 

Due to the column symmetry in terms of geometry, load, strains and stresses, along the column width the problem 
domain was defined from the rectangular area whose horizontal dimension is equal to the column height, and the vertical 
dimension is equal to its half width, Figure 4. In other words, the column width is represented by its half width. Its 
discretization was based on the plane and bar elements, both 0.10 m lengths, from which resulted the mesh composed 
by 180 plane elements and 90 bar elements, Figure 4. It is observed that in all column figures the structural member is 
being represented with its longitudinal axis coinciding with the “x” direction. 

The age of the concrete at the instant of loading was set as 30 days. It was assumed that the overall column perimeter surface is 
exposed to the environment medium. The retardation time was fixed as TV = 600 days. The asymptotic hardening creep coefficient 
was considered as being ϕd* = 2.0, as recommended by Kawano and Warner [5]. The asymptotic creep coefficient referring to 
viscous elastic effects, ϕν*, exhibit distinct values, case to case, as shown on Table 1, column 5, that is obtained by the difference 
between the total asymptotic creep coefficient of NBR 6118/2014 [4] and the asymptotic hardening creep coefficient. 

The analysis was performed according to the “Plane State of Stresses”. 
For the purposes of covering the creep phenomenon longevity, the maximum age limit of concrete was set as 

2000 days, which corresponds to the age from which the creep displacements, virtually, stabilizes, Figure 5. Such an 
elapsed time was discretized from observation instants at 33, 39, 54, 90, 176, 379, 860 and 2000 days. 

6 RESULTS AND DISCUSSION 
According to the obtained results the fields of displacements and normal stresses took the morphologies shown in 

Figures 6 and 7, respectively, for the equilibrium configuration at the instant of loading. For those cases corresponding 
to C30 concrete the displacement magnitude at the column top and the stress on the mass of concrete, were about 
2.0 mm and 15 MPa, respectively, for those one referring to C40 concrete such parameters have assumed magnitudes 
about 2.4 mm and 20 MPa, respectively, Table 2 and 3. 
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Figure 6. Field of axial displacement at the instant of loading – Case 1. 

Table 2. Column top displacements. 

Cases Displacement (mm) Final age (days) Immediate Creep (90 days) Final creep 
1 2.05 2.26 5.14 860 
2 2.05 2.70 4.69 379 
3 2.05 3.02 5.10 379 
4 2.05 3.29 4.34 176 
5 2.05 3.51 4.60 176 
6 2.05 2.14 4.70 2000 
7 2.05 2.50 4.80 2000 
8 2.05 2.76 4.83 2000 
9 2.05 2.96 4.85 2000 

10 2.05 3.13 4.86 2000 
11 2.37 2.64 4.76 379 
12 2.37 3.16 4.23 176 
13 2.37 3.54 4.72 176 
14 2.37 3.85 3.85 90 
15 2.37 4.11 4.11 90 
16 2.37 2.50 4.10 379 
17 2.37 2.93 4.63 379 
18 2.37 3.23 4.09 176 
19 2.37 3.47 4.35 176 
20 2.37 3.66 4.56 176 

 
Figure 7. Field of normal stresses at the instant of loading – Case 1. 
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Table 3. Stresses on the mass of concrete. 

Cases Concrete Stress (MPa) Final age (days) Immediate Creep (90 days) Final 
1 14.8 14.1 13.0 860 
2 14.8 13.9 13.2 379 
3 14.8 13.8 13.0 379 
4 14.8 13.7 13.3 176 
5 14.8 13.6 13.2 176 
6 14.8 14.1 12.9 2000 
7 14.8 14.0 12.8 2000 
8 14.8 13.9 12.7 2000 
9 14.8 13.8 12.7 2000 

10 14.8 13.7 12.7 2000 
11 19.8 18.9 18.2 379 
12 19.8 18.8 18.4 176 
13 19.8 18.6 18.2 176 
14 19.8 18.5 18.5 90 
15 19.8 18.4 18.4 90 
16 19.8 19.0 18.3 379 
17 19.8 18.8 18.1 379 
18 19.8 18.7 18.3 176 
19 19.8 18.6 18.2 176 
20 19.8 18.5 18.2 176 

At the instant of loading, the fields of stresses, Figure 7, have presented discrete stress changing, however, at the cross sections 
over the vicinity of the column top, namely, the loading introduction region, it may be observed tenuous disturbances. 

The acquired results have revealed that the creep strains by time evolved according the curves showed in Figures 8 
and 9 and the corresponding fields have stabilized themselves according the fashions of the Figures 10 and 11. 

 
Figure 8. C30 concrete creep displacement curves. 

 
Figure 9. C40 concrete creep displacement curves. 
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As a result of the creep effect the stresses on the reinforcement steel bars evolved according the curves of Figures 12 and 13, 
noting up the increase occurrence in their magnitude. For every case associated to C40 concrete the overstress hit a value close 
to 200%, Table 4, inducing, in this way, the material yielding. 

 
Figure 10. Field of creep longitudinal displacements: Day 860 - Case 1. 

 
Figure 11. Field of creep longitudinal displacements: Day 379 - Case 11. 

 
Figure 12. Stresses evolution on the reinforcement bars - C30 Concrete. 
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Figure 13. Stresses evolution on the reinforcement bars - C40 Concrete. 

Table 4. Stresses on the reinforcement. 

Cases Reinforcement stresses (MPa) Final age (days) Immediate Creep (90 days) Final 
1 143 301 499 860 
2 143 331 470 379 
3 143 354 498 379 
4 143 372 446 176 
5 143 388 464 176 
6 143 292 470 2000 
7 143 318 477 2000 
8 143 336 479 2000 
9 143 350 481 2000 
10 143 361 482 2000 
11 166 350 496 379 
12 166 386 461 176 
13 166 413 495 176 
14 166 434 434 90 
15 166 453 453 90 
16 166 340 452 379 
17 166 370 489 379 
18 166 391 451 176 
19 166 408 470 176 
20 166 421 484 176 

Although the observation time of the phenomenon discussed in this paper was fixed, at first, up to 2000 days of 
concrete age, due the precocity of the reinforcement bars steel yielding and the consequent lost of the column stability, 
as was already commented in the upper paragraph, in some studied cases the time-displacement curves and the time-
stresses curves are being broken up. Due to that reason the 90 days of the age of concrete was considered as a reference 
for the relevant parameters’ comparative analysis for all cases. Such age corresponds to the smallest among those one 
at which the steel yielding of all studied cases already has been triggered. 

According to the obtained results the smallest creep displacement at the age of reference was about 2.1 mm, 
registered for case 6, Table 2, which refers itself to the smallest temperature, corresponding to 1.05 times the 
displacement recorded at the instant of loading. The largest one was about 4.1 mm, registered for case 15, which 
concerns itself to the highest temperature and corresponds to 1.7 times the displacement pointed at the instant of loading. 

From more detailed analysis referring to C30 concrete, over the set of curves associated to moisture content by 40%, 
namely cases 1, 2, 3, 4 and 5, presented in Figure 8, it may be noted that as higher the temperature as higher the creep 
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displacements. Nevertheless, for all cases of this group, the creep displacements after the phenomenon stabilization, 
present, in practice, similar magnitudes. In the same way, the set of curves associated to cases 6, 7, 8, 9 and 10, referring 
to the moisture content by 60%, exhibits a similar trend. 

As to be expected from the fact that reinforcement bars stresses and the creep strains developed themselves on a similar 
pattern, the overstress was more significant and, therefore, the steel yielding was hit, as earlier as higher the temperature. 

The gotten results indicate that the creep strains may promote the stress relief on the mass of concrete, Figure 14 
and 15 and in some cases, the stresses fields stabilized themselves at 2000 days of concrete age according the aspect 
illustrated in Figure 16. In other cases, the relieving process was stopped prematurely, due to the yielding of 
reinforcement steel bars. The lowest stress relief at the reference age was about 4,7% and 4%, registered for cases 6 
and 16, that are referred, to the lowest temperature, while, the largest one was about 8% and 7%, verified to the cases 
5 and 15, referring to the highest temperature. However, it is worthwhile of note that was recorded stress relief of about 
14% for cases 8, 9 and 10, when the stationary condition was reached. 

 
Figure 14. C30 Concrete stresses evolution by creep. 

 
Figure 15. C40 Concrete stresses evolution by creep. 

It was noticed, indeed, from the comparison between Figures 7 and 16, that the creep strains have intensified the 
stresses disturbance upon the mass of concrete over the region close to the top of column. 

 
Figure 16. Field of the normal stresses on the mass of concrete: Day 860 – Case 1. 
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7 CONCLUSIONS 
This work refers itself to the analysis of the temperature effects upon creep strains on reinforced concrete structural 

members based on a State Model from a non-linear orthotropic calculus framework and the finite element 
approximation. 

Twenty cases involving thin-walled columns, differentiated among themselves by the temperature, by the concrete 
strength and by the moisture content, were studied. 

The obtained results showed that, already at 2000 days from concrete cast, the creep displacement, virtually, reaches 
the stationary condition. 

The analysis performed from the acquired results pointed out the occurrence of stresses increase on the 
reinforcement steel bars as it was reported in [14], that, especially for those cases referring to the highest temperature, 
it culminated to the material yielding condition, as reported in [13]. 

Because the yielding phenomenon commented in the last paragraph has occurred and, in this way, the column lost 
its structural stability, already, at 90 days from the concrete cast, even before the concrete creep strains had reached the 
stationary stage, such age was considered as the reference instant to the parameters comparative analysis performed in 
this work. 

According to the obtained results, the creep displacement magnitudes at the reference age were as more pronounced 
as higher the temperature although, for those cases for which the deformation process was maintained up to the creep 
phenomenon stability, the final displacement values showed themselves temperature independent. 

As a matter of fact, if the comparative analysis of the parameters corresponds to that age from which the steel 
yielding has triggered and that such an instant is earlier than the creep stabilization, the considered magnitudes of the 
concrete creep displacements in such a analysis are much lower than they would be if the steel yielding phenomenon 
had not occur. 

From the acquired results it was noted the occurrence of stresses relief in the mass of concrete that, at the referring 
age, was as greater as higher the temperature, as it would be to expect. 
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Abstract: The objective of this research is to create a software to optimize choice variables adopted by an 
engineer in a structural system with steel-concrete composite beams and steel decks, such as: beam shape, 
composite slab sheeting, number and spacing of beams, slab thickness and interaction ratio between beam and 
slab. To accomplish this, a program that uses the Genetic Algorithm optimization tool provided by Matlab 
R2015a was developed. To meet safety requirements, restrictions on the Ultimate Limit State were 
implemented in the code, following the normative requirements of ABNT NBR 8800: 2008. Case studies of 
a problem found in the literature and another of a real structure, are presented to serve as references for 
software evaluation. Results indicate that the use of optimization processes is fundamental to design 
increasingly cost-effective structures. 

Keywords: optimization, genetic algorithm, composite beam, composite slab. 

Resumo: O objetivo deste trabalho é apresentar uma formulação computacional que otimize as variáveis de 
escolha a serem adotadas pelo engenheiro em um projeto de viga mista metálica com steel deck. Para esse fim 
foi utilizado o programa Matlab R2015a que possui uma ferramenta de otimização que utiliza o AG. Para 
atender os requisitos de segurança, restrições considerando o ELU são consideradas no código do programa 
elaborado, seguindo as prescrições normativas da ABNT NBR 8800:2008. Estudos de casos de um problema 
encontrado na literatura e de uma estrutura real, uma laje de sala de aula em um edifício de dois pavimentos, 
são apresentados a fim de servirem de referência para aferição e avaliação do programa. Os resultados 
permitem concluir que a utilização de processos de otimização é fundamental para obtenção de projetos cada 
vez mais economicamente vantajosos. 

Palavras-chave: otimização, algoritmo genético, viga mista, laje mista. 
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1 INTRODUCTION 
Structural optimization is a method aimed at reducing the construction cost of a given structural design as much as 

possible, without detriments to structural safety. A good optimization process is one in which the modelled structure 
and considerations regarding chosen design variables closely resemble actual service conditions. Examples of 
appropriate structural optimizations include the works conducted by Lazzari, Alves and Calenzani [1]; Lubke, Alves 
and Azevedo [2] and Breda et al. [3]. 

Among the optimization methods currently available, Genetic Algorithms (GA) stand out due to the possibility of 
working with discrete variables, making GA the recommended approach for optimizing structural systems featuring 

https://creativecommons.org/licenses/by/4.0/
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steel-concrete composite beams and slabs, since these systems can be designed with the aid of tables provided by 
manufacturers. 

In the 1960s, John Holland, regarded as the creator of the GA, relied on the principle of Mendelian inheritance and 
Darwin's natural selection to create the basis of the algorithm within the principles of meta-heuristics. In other words, 
Holland created an iterative process that uses random choices combined with knowledge of previous answers to achieve 
an overall optimal value, avoiding local instances of said value. 

The system of composite beams combined with composite slabs with built-in steel sheeting, also known as steel deck 
(Figure 1), is a structural solution that stands out for reductions in construction time and usages of wooden formwork and 
shoring. The design of the composite slab is relatively complex; however, manufacturers of the steel formwork usually 
provide simplified design tables, making the design process easier and ideal for the implementation of GA. 

 
Figure 1 - Composite beam system with composite slab (Metform [4]). 

Some of the different applications of GA in engineering are presented by Liu and Hammad [5]. In 1997, the authors 
performed an optimization study for bridge recovery using genetic algorithms, forming a model with multiple objective 
functions, and combining the different results with an approach based on the Pareto principle. The optimization study 
aimed to reduce the cost of bridge recovery and the degree of deterioration, concluding that GA presents excellent 
results even in a model with multiple objectives, and without requiring much time to perform calculations. 

Cho, Min and Lee [6] carried out an optimization study in 2001 using GA to evaluate the life cycle cost of bridges 
with orthotropic steel deck systems, which consists of steel slabs with ribbed formwork reinforced longitudinally, 
transversely, or in both directions. In this life cycle analysis, building and maintenance costs were considered, with 
adjustments in structural resistance, deflection, and fatigue. The study concludes that optimization analyses lead to a 
more rational, economical, and safer design when compared to conventional design methods. 

Kuan-Chen Fu, Zhai and Zhou [7] used GA in 2005 to find optimized solutions for bridges with steel beams. The 
main objective was to minimize the weight, and consequently the cost of the structure. Bridges with single span and 
continuous beams of various lengths were analyzed. The GA presented satisfactory results, emphasizing its proximity 
to actual service conditions when discrete variables are used. 

Also, in 2005, Souza Junior [8] carried out a study that implemented GA on the global mechanical behavior of 
spatial steel tubular structures. This research assessed total steel consumption for several geometric configurations, 
focusing on solutions to minimize it. 

In 2008, Câmara Neto, Landesmann and Batista [9] presented an application of GA on the design of steel-concrete 
composite beams in multi-story buildings. The study sought alternatives to lower costs while still abiding by safety 
criteria for room and fire temperatures, the latter prescribed in design standards EuroCode 4 and ABNT NBR 14323: 
1999. Different laminated steel profiles were considered, combining different steel reinforcement rates and thicknesses 
of fire protection materials. 
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Still in 2008, Forti and Requena [10] developed a software to optimize the structural design of large steel roofs 
using GA, seeking to improve the structural design of single and multiplane trusses by varying specific parameters. 
Software tests concluded that GA optimization presents good results for this type of structure. 

Lima [11] developed an optimization software in 2011 using GA applied to reinforced concrete beams, using 
discrete variables to better represent the variables of choice in each structural design. The use of GA provided significant 
improvements, especially in complex scenarios and with constant restrictions. Furthermore, in 85% of the cases, 
optimization procedures led to overall optimal solutions. 

Kripakaran and Gupta [12] developed, also in 2011, a decision support system based on GA applied to steel frames, 
with various connection types. The study highlights the advantages of using discrete variables with GA. This feature is 
explored in the software later presented herein. 

Kociecki and Adeli [13] and Prendes-Gero et al. [14] implemented GA for optimization of different steel structural 
systems in 2015 and 2018, respectively, and observed gains of around 10% when compared to non-optimized designs. 
Both studies also highlighted the ability to work with discrete variables when using GA as an important characteristic 
for obtaining good results. 

Bilbao [15] presented in 2016 a study of optimal design of a tuned mass damper with GA in prefabricated slabs. 
Results proved to be valid when compared to existing design abacuses in the literature. 

Bezerra [16] implemented, in 2017, a MATLAB code to optimize the cost of reinforced concrete beams using GA. 
Optimized variables included effective depth, beam width and the areas of longitudinal and transverse reinforcement 
steel. The author observed gains of around 2% when compared to other optimization methods. 

Malveiro et al. [17] implemented GA in a 2018 study of bridges and viaducts using finite element models validated 
with experimental tests. The GA was used to perform a calibration of parameters, calculating the optimal values of the 
most significant physical properties to increase the correlation of numerical results with those obtained experimentally. 

Studies addressing the optimization of composite structures are observed in Lima et al. [18]. As an example, in 2008 
the authors used GA to assess design problems related to vibration in steel-concrete composite walkways, considering 
international criteria for assessing human comfort in structures of this type aimed at pedestrian use. The study sought 
to maximize allowable spans using said criteria along with standardized design recommendations concerning 
serviceability and ultimate limit states. 

Pereira [19] conducted a 2016 study of optimization on composite beams used in bridges to reduce the dimensions 
of bridge decks. The optimization was implemented with Microsoft Excel and focused on resizing the support beams. 
Analyses yielded satisfactory results, indicating a reduction of 7.8% in the final cost of construction. 

Papavasileiou and Charmpis [20] carried out, also in 2016, a study to optimize the costs of composite steel and 
concrete beams and columns in multi-story buildings, considering static and seismic loading. The authors implemented 
optimization via Evolution Strategies, a probabilistic method like the GA. The method proved to be efficient when 
applied to practical scenarios. 

In 2018, Silva and Rodrigues [21] presented an optimization study of composite beams in which the structural 
design was performed using an iterative method of sequential linear programming as an optimization process. This 
approach sought to reduce consumption of materials via variation of parameters such as: cross-section geometry of the 
concrete slab and the beam, as well as the area of steel reinforcement. 

Tormem et al. [22] published, in 2019, a research on the optimization of steel-concrete composite beams with 
welded steel profiles using the harmonic search optimization method. Profile geometries were selected as discrete 
variables and the design procedures followed standards such as ABNT 8800: 2008 and ABNT 5884: 2013. Overall, 
results proved to be quite efficient, minimizing costs. 

The present research seeks to develop a computational tool that optimizes the choice variables adopted by engineers 
when designing structural systems featuring steel-concrete composite beams and slabs, such as: beam profile, slab 
profile sheeting, quantity and spacing of secondary beams, slab thickness and the degree of interaction between beam 
and slab. 

The optimization is carried out in compliance with safety requirements, added to the software as restrictions 
considering Ultimate Limit State (ULS) design, according to design prescriptions from ABNT NBR 8800: 2008 [23]. 

Two problems are presented for validation and evaluation of the developed software. The first is an example of 
simplified optimization presented by Fakury, Silva and Caldas [24]. The second is a comparison with an existing 
structure that uses the steel deck as a floor system. 

Furthermore, it is essential to emphasize the relevance of this work, considering the lack of optimization studies 
using the GA method applied to systems featuring composite slabs with profile sheeting in combination with steel-
concrete composite beams. 
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2 METHODOLOGY 

2.1 Genetic Algorithm 
According to the Matlab R2015a documentation [25], the steps for solving an optimization problem via GA are as 

follows: 
i. The algorithm creates an initial random population; 
ii. A sequence of new populations is created. At each step, individuals of the current generation are used to create the 

next population. New populations, in turn, are obtained from the following steps: 
a. Evaluation of each individual within the population according to the value returned by the algorithm when 

calculating the objective function (fitness value); 
b. Application of a scale factor to the gross values from the previous step to convert them into a range that is easier 

to use; 
c. Selection of individuals, called parents, based on their fitness value; 
d. Some individuals in the current population who have better fitness values are chosen as the elite. These 

individuals are kept in the next population; 
e. Production of offspring from parents by making random changes to a single parent (mutation) or by combining 

vector input information from a pair of parents (crossing); 
f. Replacement of individuals in the current population with offspring, forming the next population. 

iii. The algorithm stops when one of the stop criteria is met. 
Thus, it can be understood that an individual is a possible answer to the problem studied and the population is a set 

of individuals. 
The stopping criteria used by the GA are: 

i. Number of generations (MaxGenerations), with a default value of 100 times the number of variables; 
ii. Time limit (MaxTime), for which the default value is infinite; 
iii. Optimal predetermined value reached (FitnessLimit), with a default value of negative infinity, that is, the lowest 

possible; 
iv. Small or no variation in the best response between a given number of generations (MaxStallGenerations), with a 

default value of 50 generations; 
v. Small or no variation in the best response over a period of time (MaxStallTime), with a default value of infinity; 

The tolerance, or precision of the values, returned by the objective function is 10-6 and for the calculation of the 
restrictions, 10-3. 

2.2 Scope of the software 
The software detailed in this paper was implemented in Matlab R2015a [25], the GA is native to the program, and 

is used here with its default parameters. The software uses the following underlying principles: 
• Considers the slab as composite, supported by composite secondary beams, connected by stud-bolts; 
• Optimizes the profile of the secondary beam using the table of laminated profiles from Gerdau [26]; 
• Optimizes the composite slab (steel deck thickness, maximum span, height of the concrete layer). The steel deck is 

selected from the Metform load-span table [4], which can be MF-50 or MF-75; 
• Considers that the load is uniformly distributed over the slab. 

Optimization of secondary composite beams is performed with the software developed by Breda et al. [3], changing 
only the way the variables to be optimized are treated, taken as discrete in this case. The restrictions regarding the 
beams are discussed in more detail in Breda et al. [3]. 

The initial population contains 120 individuals and the following, 60. The rate of elite individuals and crossing of 
the intermediate type are 0.05 and 0.8, respectively, whereas the mutation rate is random. The GA is performed 
primarily with an entirely random initial population, thereby obtaining an optimal local response. Then the algorithm 
is executed again with the previously obtained answer added to the initial population. More details can be found on the 
Matlab documentation. 

2.3 Choice variables 
The choice variables, or individuals, are represented by a 1x6 vector, where each element represents, respectively: 
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• The line number of Gerdau [26] profile table that represents the profile analyzed. The values are taken from the 
table for: profile height (d), flange width (bf), web thickness (tw) and flange thickness (tf). This value ranges from 1 
to 88 for the laminated profiles table; 

• The line number of the table of values for the interaction ratio of the slab-beam analyzed. This value ranges from 1 
to 100, the values in the table range from 0 to 1, with an accuracy of two decimal places; 

• The line number of the Metform [4] table that represents the incorporated formwork for the composite slab analyzed. 
This value ranges from 1 to 24; 

• The column number of the Metform [4] table, which represents the maximum span of the composite slab analyzed. 
This value ranges from 1 to 16; 

• Value used to alternate the orientation of the secondary beams, between transversal and longitudinal. This value 
alternates between 1 and 2; 

• Value used to switch between Metform sheeting types [4]. This element takes the value of 1 for MF-50 and 2 for 
MF-75. 
By simple combinatorial analysis, the universe of possible responses, including viable and non-viable responses, 

has 13,516,800 possibilities. 

2.4 Fitness function 
The fitness function (f) determines the value to be optimized, which for the present case is the cost of the composite 

beam/slab structural system. The function f is given by Equation 1. 

beam connector formwork concrete meshf C C C C C= + + + +   (1) 

where:   beamC  = total cost of the beams (R$), given by Equation 2; connectorC  = cost of the connectors (R$), given by 
Equation 3; formworkC  = total cost of the steel profile sheeting (R$), given by Equation 4; concreteC  = total cost of concrete 
used in the composite slab (R$), given by Equation 5; and meshC  = total cost of the welded wire reinforcing mesh of the 
composite slab (R$), given by Equation 6. 

( ). . . .beam beam steel beam beam beamC n A L cρ=   (2) 

where: beamn  = number of beams adopted in the solution (un.); steelρ  = specific mass of profile steel, adopted as 0.00785 
kg/cm3; beamA  = cross section area of beam profile (cm2); and beamL  = beam length (cm); and beamc  = unit cost of steel 
profile of the beam (R$/kg). 

.connector connector connectorC n c=   (3) 

where: connectorn  = number of shear connectors adopted in the solution (un.); and connectorc  = unit cost of the shear 
connector (R$/un). 

.formwork slab formworkC A c=   (4) 

where: slabA  = rectangular slab area covered by profiled sheeting (cm2); and formworkc  = unit cost of the profile sheeting 
(R$/cm2). 

. .concrete concrete slab concreteC v A c=   (5) 
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where: concretev  = unitary concrete consumption, obtained from Metform's [4] load-span table (cm3/cm2); and concretec  = unit cost 
of concrete used in the slab (R$/cm3). 

. .mesh mesh slab meshC p A c=   (6) 

where: meshp  unit consumption of slab welded wire reinforcement, obtained from Metform's [4] load-span table 
(kg/cm2); and meshc  = unit cost of welded wire reinforcement (R$/kg). 

2.5 Restrictions 
The constraint function (C), given by a system of equations, gathers the conditions that must be met for a given answer 

to be accepted as a solution to the problem. As such, restrictions are generally based on standardized requirements such as 
those prescribed in ABNT NBR 8800: 2008 [23]. For this case, function C is given by Equation 7. 
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where: 
1C  prevents the use of profiles with slender webs in composite structures; 

where: wh  = profile web height (cm); wt  = profile web thickness (cm); E  = elasticity modulus of steel (kN/cm2); and 
ykf  = characteristic value of yield strength of profile steel (kN/cm2). 

2C  does not allow interaction ratios between beam and slab below the minimum value; 
where: minα  = minimum interaction ratio between beam and slab given by ABNT NBR 8800: 2008 as a function of 
material, shape and length of the beam; and α  = interaction ratio between beam and slab of the structure. 

3C  checks if the design bending moment is less than the resistant bending moment; 
where: sdM  = design bending moment on the structure (kN.cm); and rdM  = resistant design bending moment (kN.cm). 

4C  checks if the design shear force is less than the resistant shear force; 
where: sdV  = design shear force on the structure (kN); and rdV  = resistant design shear force (kN). 

5C  checks if the live load acting on the slab is less than the value allowed by the manufacturer; 
where: sdq  = live load uniformly distributed on the slab (kN/cm2); and rdq  = maximum live load (superimposed load) 
resisted by the composite slab depending on the span, type of formwork and height of the concrete layer, obtained from 
Metform's [4] load-span table (kN/cm2). 

2.6 Loading and resistance 
The calculation of the design load adopted for the slab using the Metform [4] tables, does not consider resistance 

factors, that is, the characteristic values of the loads are adopted, disregarding dead load, in accordance to 
recommendations from the manufacturer. 

Stresses on the beams are obtained considering resistance factors prescribed in ABNT NBR 8800: 2008 [23], with 
a value of 1.4 for gravitational loads (mainly due to concrete) and 1.5 for live loads. The design loads for slab and beam 
are given by equations 8 and 9 below: 
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, , .d slab p surfacing overloadq P Q=   (8) 

( ) ( ), , ,. . .d beam p structure p surfacing liveload influenceq 1 4 P P 1 5 Q A= + +   (9) 

The loading on the slab is not calculated, since design is performed by comparing the load acting on the slab and 
the load resisted by the slab, according to the manufacturer. Alternatively, loads acting on the secondary beams are 
calculated considering these elements as simply supported, subjected to a uniformly distributed linear load. The 
calculation of the internal and resistant stresses of the beams is assessed in more detail by Breda et al. [3]. 

2.7 Input data 
To begin the solution, specific parameters must be inserted into the software. These parameters are shown in Table 1, 

which also details the values adopted for the problems analyzed herein. The unit costs of the materials were taken from 
the sources mentioned in Table 1. The costs chosen are compatible with those usually practiced in the Brazilian market. 

Table 1 - Input data. 

Parameter Unit Value adopted 
Slab - rectangular (axb) 

Slab Type  Floor 
a cm See problem 
b cm See problem 

Uniformly distributed design load - qd kN/cm2 See problem 
Steel beam properties 

Characteristic yield strength of steel - fyk kN/cm2 34.5 
Resistance factor of steel - γa  1.1 

Unit cost of steel – cbeam (SINAPI [27]) R$/kg 7.96 
Concrete properties 

Type of agregate  Granite 
Characteristic compressive strength of concrete - fck kN/cm2 3 

Resistance factor of concrete strength - γc  1.4 
Unit cost of concrete – cconcrete (SINAPI [27]) R$/cm3 0.000346 

Shear connector properties 
Diameter - dcs cm 1.9 

Ultimate tensile strength of the connector - fucs kN/cm2 41.5 
Resistance factor of connector – γcs  1.25 

Coefficient for considering the effect of connector grouping - Rg  1.0 
Coefficient for considering the position of the connector - Rp  1.0 

Connector unit cost – cconnector (Cordeiro [28]) R$/un 11.40 
Welded wire reinforcement 

Unit cost of welded mesh – cmesh (SINAPI [27]) R$/kg 7.01 
Built-in steel sheeting 

Sheeting unit cost – cformwork (MS Estruturas [29])   
MF-50, thickness 0.80 mm R$/cm2 0.007236 
MF-50, thickness 0.95 mm R$/cm2 0.008096 
MF-50, thickness 1.25 mm R$/cm2 0.010454 
MF-75, thickness 0.80 mm R$/cm2 0.008329 
MF-75, thickness 0.95 mm R$/cm2 0.009318 
MF-75, thickness 1.25 mm R$/cm2 0.012031 
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3 RESULTS AND DISCUSSIONS 

3.1 Proposed problem 1: simplified optimized design 
In item 12.7.3, Fakury, Silva and Caldas [24] present a simulation of the most cost-efficient beam distribution for a 

given slab. Input data for the problem is given below and the answer suggested by the authors are shown in Figure 2. 
• Slab dimensions (rectangular): 15 by 6 meters; 
• Loading: 0.95 kN/m2 from floor tiling, 0.65 kN/m2 from underdeck ceiling and 6 kN/m2 live load. 

 
Figure 2 - Proposed problem 1 (Source: Fakury, Silva e Caldas [24], adapted). 

To simplify the design optimization, Fakury, Silva and Caldas [24] adopt the lowest possible thickness of steel 
sheeting, that is, 0.8 mm and subsequently the following criteria: 
1) use the shortest total beam length, regardless of the profiles to be adopted; 
2) seek the lowest weight of the slab, which generally corresponds to the slab with the lowest concrete weight. 

Table 2 shows the for combinations pertinent to ULS design used. 

Table 2 - Loads for the proposed problem 1. 

Load Characteristic value [kN/m2] Resistance factor Design load 
Slab [kN/m2] Beam [kN/m2] 

Surfacing weight 0.95 γg = 1.4 0.95 1.33 
Liner weight 0.65 γg = 1.4 0.65 0.91 

Live load 6.00 γq = 1.5 6.00 9.00 
Total   7.60 11.24 

The answers proposed by Fakury, Silva and Caldas [24] and by the developed software are presented in Table 3, 
while beam disposition and cross section of the optimized answer found by the software are shown in Figure 3. Since 
the former does not present the optimal design of the secondary beams, their geometry was determined with the 
software, using the data of the slab analyzed in this problem. 

Table 3 - Results for the proposed problem 1. 

 Fakury, Silva e Caldas [24] Developed software 
Beam profile W530x72.0* W200x15.0 

Number of secondary beams 2 6 
Interaction Ratio 0.81* 0.84 

Total number of connectors 76* 72 
Length of each beam [cm] 1500 600 
Total length of beams [cm] 3000 3600 

Connector cost [R$] 866.40* 820.8 
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Table 3 – Continued… 
 Fakury, Silva e Caldas [24] Developed software 

Beams cost [R$] 16931.96* 4173.44 
Total cost of beams [R$] 17801.36* 4994.24 

Sheeting type MF-50 (th. 0.8 mm) MF-50 (th. 0.80 mm) 
Maximum slab span [cm] 200 220 

Total slab height [cm] 11.0 13.0 
Concrete slab cover height [cm] 6.0 8.0 

Slab welded wired mesh Q-75 (Φ3.8xΦ3.8 – 150x150) Q-92 (Φ4.2xΦ4.2 – 150x150) 
Sheeting cost [R$] 6512.40* 6512.40 
Concrete cost [R$] 2650.19* 3273.76 

Welded wired mesh cost [R$] 763.39* 933.73 
Total slab cost [R$] 9925.98* 10719.9 

Total cost of slab and beam [R$] 27724.33* 15714.14 
* values obtained by the developed software. 

 
Figure 3 - Solution to the proposed problem 1. 

In Figure 4, all the alternatives considered by the software are presented as a function of the total length of the beams 
and the weight of concrete, to analyze the aforementioned criteria. The pink dots represent the solutions for MF-50, while 
blue dots are associated with MF-75. The optimal solution is represented by the black crosses. 

 
Figure 4 - Influence of beam length and weight of concrete on total cost. 

It is noted that non-optimal answers for total length of the beams and concrete weight present solutions close to the 
optimal design. Figure 5 shows the influence of beam weight and sheeting thickness on total cost. 
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Figure 5 - Influence of the total weight of the beams and the thickness of the formwork on the total cost. 

Analyzing the answers obtained as a function of the total weight of the beams (Figure 5) it is noted that the solutions 
with the lowest beam weight are close to the optimal solution. This would be a good criterion to be adopted in a 
simplified optimization. However, this information is only obtained after the design procedure. 

Figure 4 and Figure 5 also show that, despite the use of MF-50 sheeting resulting in solutions with longer beam 
lengths, they also indicate lower concrete weights. The use of steel sheeting with thicknesses larger than 0.80 mm may 
also lead to answers that are not far from the optimal case. 

The answer presented by the software leads to higher costs with concrete and welded wire reinforcement, but results in a set 
of beams 3.5 times lighter and, consequently, cheaper, making the software a more advantageous option in this case. 

The difference observed is justified by the fact that Fakury, Silva and Caldas [24] place the secondary beams parallel 
to the largest dimension of the slab, thus increasing internal forces, as opposed to the optimal response presented by the 
software. It is worth mentioning that the differences between these two options can affect the design of the main beams, 
either decreasing or increasing their cost. 

3.2 Proposed problem 2: Practical example 
To assess the efficiency of the software, an existing building was chosen that uses the composite slab system 

supported by composite beams. The chosen structure was the headquarters of NEXEM - Nucleus of Excellence in 
Metallic Structures of UFES (Figure 6) - located in Vitória-ES, Brazil, with a constructed area of 264.98 m2 and 
structural design by Engineer Pedro Sá and JP Engenharia Ltda. The construction was executed by Denenge - Dinelli 
Engenharia Ltda and the architectural project by the Architects Augusto Alvarenga, Adriane Alvarenga and Érica 
Márcia Leite Barros, according to Banco de Obras [30]. 

 
Figure 6 – View of NEXEM. 
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Structural parameters used to solve the problem were collected with field measurements. The analyzed slab is shown 
in its current position in Figure 7 and represented by the scheme of Figure 8. The slab is located on the first floor, used 
as a classroom, with plane dimensions of 10.5 m by 4.3 m, 15.0 cm in total height, MF-50 sheeting, 0.80 mm thickness 
and supported by two W200x31.3 secondary beams. The interaction ratio was taken as the minimum allowed value, 
which implies in the use of 24 shear connectors distributed along the two secondary beams and 30-MPa concrete. 

 
Figure 7 - Detail of the slab analyzed in the proposed problem 2. 

 
Figure 8 - Proposed problem 2. 

Loading was adopted according to ABNT NBR 6120: 1980 [31], which prescribes a live load of 3.0 kN/m2 for 
classrooms. A 0.4 kN/m2 load is added to account for structural weight, which corresponds to a concrete slab with a 
thickness of 15 cm. Furthermore, a load of 1.35 kN/m2 is added to account for the weight of surfacing and tiling. 

Table 4 shows the combinations of forces used for ULS design. 

Table 4 - Loads for the proposed problem 2. 

Load Characteristic value [kN/m2] Resistance factor 
Design load 

Slab [kN/m2] Beam [kN/m2] 
Surfacing weight 1.35 γg = 1.4 1.35 1.89 

Liner weight 0.40 γg = 1.4 -- 0.56 
Live load 3.00 γq = 1.5 3.00 4.50 

Total   4.35 6.95 

Results obtained with the software are shown in Table 5 and illustrated in Figure 9, and indicate a cost reduction of 
16% if compared with the actual structure. Once more, the optimal response does not correspond to the alternative with 
the shortest beam lengths. However, the software solution yielded the lowest possible concrete weight. 
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Table 5 - Results for the proposed problem 2. 

 NEXEM Developed software 
Beam profile W200x31.3 W150x13.0 

Number of secondary beams 2 3 
Interaction Ratio 0.40* 0.52 

Total number of connectors 24* 18 
Length of each beam [cm] 430 430 
Total length of beams [cm] 860 1290 

Connector cost [R$] 273.60** 205.20 
Beams cost [R$] 2121.06** 1268.96 

Total cost of beams [R$] 2394.66** 1474.16 
   

Sheeting type MF-50 (th. 0.8 mm) MF-50 (th. 0.95 mm) 
Maximum slab span [cm] 350 270 

Total slab height [cm] 15 11 
Concrete slab cover height [cm] 10 6 

Slab welded wired mesh Q-113 (Φ3.8xΦ3.8 - 100x100)* Q-75 (Φ3.8xΦ3.8 - 150x150) 
Sheeting cost [R$] 3267.05** 3655.34 
Concrete cost [R$] 1955.16** 1329.51 

Welded wired mesh cost [R$] 569.70** 382.97 
Total slab cost [R$] 5791.92** 5367.82 

Total cost of slab and beam [R$] 8168.58** 6841.99 
* values adopted. ** values obtained by the developed software. 

 
Figure 9 - Solution to the proposed problem 2. 

Figure 10 shows a graph comparing the costs of each element of the optimized structural system. 

 
Figure 10 - Comparison of costs per item. 
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The graph shows that, even though the software presents a solution with the highest cost of steel sheeting, which is 
the most expensive item, lower expenses with remaining resources are observed. As such, even with the increased value 
to obtain the most expensive item in the system, overall cost is still reduced. 

Geometric properties of the steel profiles were obtained disregarding the additional cross-sectional area associated 
with the radius of curvature between the web and the laminated profile flanges. This assumption aims to simplify 
calculations and it is a conservative determination. The properties of the steel profiles shown in this research are shown 
in Table 6. 

Table 6 – Geometric properties of the beam profiles used. 

 

Profile d [cm] bf [cm] tw [cm] tf [cm] A* [cm2] Ix* [cm4] Zx* [cm3] Wx* [cm3] 

W530x72.0 52.4 20.7 0.90 1.09 90.32 3.92 104 1725.2 1496.4 

W200x15.0 20.0 10.0 0.46 0.52 19.12 1248.1 142.64 124.81 

W200x31.3 21.0 13.4 0.64 10.2 39.47 3094.0 330.60 294.67 

W150x13.0 14.8 10.0 0.43 0.49 15.74 596.48 90.651 80.605 

* Calculated without considering the forming radius between flanges and web of the laminated profiles. 

3.3 Time analysis 
During the solution of the first problem proposed, the software spent an average of 0.627 seconds to analyze a 

generation with 60 individuals. Considering the universe of 13,516,800 individuals, the program would need 39.2 hours 
to analyze all possible alternatives and return the optimal answer. Using the GA, the developed software analyzed only 
3120 individuals and found the optimal response in 32 seconds. 

4 CONCLUSION 
Results obtained from the application of the developed software to proposed problems indicate that the program is 

an efficient tool for optimization of structural systems composed of steel-concrete composite beams and slabs. 
In Proposed Problem 1, although the criteria suggested by Fakury, Silva and Caldas [24] lead to a low-cost slab, the 

use of GA allowed for a more comprehensive optimization, and consequently, a better result. 
In Proposed Problem 2, part of the difference observed may be a result of design considerations such as: additional 

loads, suitability for SLS, among others. Even so, the use of GA can lead to significant improvements, since the software 
solution indicated the possibility of using a lighter set of beams, in greater number, resulting in a smaller slab span and, 
consequently, reductions in cost and weight of concrete. 

Results also show that the use of discrete variables obtained from commercial tables provided by the manufacturers, 
combined with knowledge of the actual market prices of each structural element and the use of GA as a method of 
optimization, lead to structural systems that are well optimized and close to practical scenarios. 

Finally, the use of GA allows an alternative approach to structural design, perhaps even replacing the pre-design phase, since 
the algorithm itself can simulate an initial solution and, by an iterative process, converge to the optimal design. 
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Abstract: This paper deals with a fundamental issue for tall buildings safety: the structural analysis of 
reinforced concrete shear-walls that resist lateral loads. For two shear walls (simple planar and U-shaped), the 
results determined according to the Brazilian design code approximate procedure (NBR-6118:2014) and the 
grid method (CAD/TQS), presented in the literature, are compared with material and geometrically nonlinear 
finite shell element analysis (NL-FEA), performed by the software VecTor 4, based on the modified 
compression field theory (MCFT). In both cases NL-FEA analyses, besides the large computational cost, it 
was observed the significant influence of stress redistribution, and the Saint-Venant’s principle, on the vertical 
normal stresses, and the consequent smoothing of the second order localized effects on the shear walls. 

Keywords: shear walls, reinforced concrete, finite element, nonlinear analysis. 

Resumo: O presente artigo trata de um tema fundamental para a segurança de edificações de altura elevada: 
a adequada avaliação do comportamento dos pilares-parede de concreto armado, que compõem a estrutura de 
contraventamento da construção. Para dois pilares-parede (simples e seção U), os resultados obtidos segundo 
o método simplificado (NBR-6118:2014) e o método da malha de barras (CAD/TQS), presentes na literatura, 
são comparados com análises não-lineares (física e geométrica) com elementos finitos de casca (MEF-NL), 
realizadas no software VecTor 4, o qual é baseado na teoria do campo de compressão modificada. Com isso, 
nos dois casos, nas análises via MEF-NL, além do considerável custo computacional, foi possível notar a 
significativa influência do efeito da redistribuição dos esforços, e do princípio de Saint-Venant, nas tensões 
normais verticais, o que contribuiu para a atenuação dos efeitos localizados de 2ª ordem nos pilares-parede, 
em relação ao observado na literatura. 

Palavras-chave: pilares-parede, concreto armado, elementos finitos, análise não-linear. 
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1 INTRODUCTION 
In the recent decades, it has become evident the increasing number of reinforced concrete tall-buildings. Although 

it’s associated with an efficient occupation of the urban land, and consequently promotes economic benefits, it results 
in several technical challenges. These issues are been overcome due to scientific advances in several fields, such as 
concrete technology and structural analysis. 

One of the main steps in the reinforced concrete tall-building design that has been influenced by this verticalization process 
is the global structural stability analysis, which is related to the building lateral loads, such as wind seismic loads. 
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According to Wight and MacGregor [1], in buildings up to 8 to 10 stories, the global stability can be guaranteed 
using a rigid frame system. On the other hand, when a building exceeds this limit, and especially when the structure is 
subject to earthquakes, the rigid system may not be enough, and shear walls can be used as lateral load-resisting system. 

According to the Brazilian reinforced concrete design code, NBR-6118:2014 [2], in shear walls structural design, 
it’s not necessary to calculate only global and local second order effects, as occur to conventional columns. It may also 
be necessary to take into account in the analysis the so-called second order localized effects. In the code’s item 15.9.3, 
an approximate procedure for calculating these additional internal forces is presented. Although this model has been 
valid since NBR-6118:2003, it have not received general acceptance by the technical community, among other reasons, 
for not providing an adequate recommendation for shear walls transverse reinforcement. The code model limitations 
have motivated the development of alternative shear walls design procedures [3]. 

This paper presents, for two shear walls (simple planar and U-shaped), a comparative study between the structures 
behavior according to the Brazilian design code approximate procedure [2], the grid method [3], presented in the 
technical literature, and material and geometric nonlinear finite shell element analysis (NL-FEA), performed by VecTor 
4 software, based on the Modified Compression Field Theory (MCFT) [4]. The U-shaped shear wall analysis was 
performed in order to consider the structure main buckling modes. 

2 SHEAR WALLS AND SECORD ORDER LOCALIZED EFFECTS 
NBR-6118:2014 [2] defines a shear wall as a vertical planar element mainly subjected to in-plane compression, 

where the structure cross-section dimensions have a relationship between the largest and the smallest dimensions greater 
than 5. Figure 1 illustrates the geometry and the use of a shear wall in a real reinforced concrete (RC) building [5]. 

 
Figure 1. Simple planar shear wall geometry and its use in a RC building [5] 

 
Figure 2. Assembled shear walls: U-shaped, L-shaped and closed cross-section shear walls 

According to the case, in order to increase the system structural strength, it is usual to combine several planar wall 
segments, resulting in wall assemblies. Figure 2 shows three cases of wall assemblies, two open cross-sections (U-
shaped and L-shaped) and a closed cross-section, usually used in bridge columns. 

Due to the difficulty of allocate the shear walls in the building architectural project, these elements usually can be found 
around the elevator shaft or the stairs [1]. Figure 3 illustrates the arrangement of these elements in a structural project [6]. 
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Figure 3. Shear walls arrangement on a building project [6] 

2.1 Shear walls subjected to seismic loads 
Currently, the structural analysis and design of reinforced concrete shear walls has become a usual object of 

scientific research around the world, especially after recent earthquakes that occurred in Chile (2010) and New Zealand 
(2011), which caused several structural damages in these elements [6]. 

However, according to relevant technical codes [7], the majority of the Brazilian territory, especially the most 
densely populated territories, with a larger number of tall buildings potentially subject to considerable horizontal forces, 
is located in a low seismic hazard region. Thus, unlike other countries, the main horizontal load acting in Brazilian 
buildings are wind loads, not seismic loads [6]. 

Thus, due to low seismic risk, in contrast to other parts of the world, there is a trend for shear walls to have thinner 
thickness than foreign ones, and, consequently, to be more susceptible to instabilities. This situation is aggravated by 
the concrete technology evolution, which allows the use of slender walls. Therefore, it becomes evident the necessity 
of research that reflect the Brazilian engineering situation. 

2.2 Second order localized effects 
As mentioned previously, in shear walls structural design, besides the global and local second order effects, common 

in the analysis of usual columns, it is also necessary evaluate the so-called second order localized effects, Figure 4. This 
phenomenon can be defined as a lateral instability, in certain regions of the shear wall, so that the resulting 
displacements cause additional second order internal forces in the structure. 

 
Figure 4. Shear walls second order localized effects and buckling modes [2] 



J. R. B. Silva and B. Horowitz 

Rev. IBRACON Estrut. Mater., vol. 13, no. 6, e13603, 2020 4/16 

The second order localized effect produces not only an increase in the wall longitudinal bending moment (tension 
in the vertical direction), but also a curvature in the horizontal direction, therefore, it’s necessary to consider provision 
of reinforcement in that direction too (transverse reinforcement). 

In addition, for a properly shear wall structural analysis, evaluating the second order localized effects, it’s necessary 
to appropriately consider the structure buckling modes. This issue is of particular importance in the structural stability 
of thin-walled open sections, like U-shaped shear walls. Figure 4c illustrates two possible buckling modes for this kind 
of problem. 

2.3 Brazilian code criteria for the consideration of second order localized effects 
According to NBR-6118:2014 [2], the shear walls second order localized effects may be neglected if, for each of 

the planar segment that composes the shear wall, the following conditions are satisfied: 
• The superior and inferior edge of each planar wall segments must be restrained by the slabs, which produces a 

horizontal diaphragm effect; 
• The slenderness ratio of each planar segment jλ  must satisfy Equation 1. 

. ej
j

j

l
3 46 35

h
λ = <  (1) 

where, jh  is the thickness of the wall j  and ejl  is the wall equivalent length, which depends on the structure boundary 
conditions. Figure 5 illustrates some possible boundary conditions, where l  and b  are, respectively, the vertical free 
length and the wall largest cross-section dimension. Consulting Figure 5 and Table 1, it is possible to determine the 
equivalent length in each planar segment that composes the shear wall. 

 
Figure 5. Walls boundary conditions cases [2], [3] 

Table 1. Planar wall equivalent length. 
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2.4 Brazilian code approximate procedure to second order localized effects analysis 
According to NBR-6118:2014 [2], shear walls with slenderness ratios jλ  lower than 90, in each of their planar wall 

components, can be analyzed according to an approximate procedure. This model idealizes each wall as a set of i  vertical frames 
and analyze the frames as independent columns subject to equivalent bending ydiM  and compression iN  loads, Figure 6. This 
procedure assumes that the equivalent width of each vertical frame ia  must satisfy the condition of Equation 2. 

ia 3h 100cm= <  (2) 

 
Figure 6. Brazilian code approximate procedure: wall discretization [2], [3] 

The compression load iN  is calculated from the resulting compression stress over the wall largest dimension, 
Figure 6, and the moment ydiM  can be obtained according to the column width ia  and the bending moment ydm  in the 
smallest wall cross-section dimension, Equation 3. 

ydi 1yd iM m a=  (3) 

In addition, it must be ensured that the bending moment applied according to the frame smallest dimension must be 
greater than the first order minimum moment ,ydi 1d minM M≥ , when the latter is adopted in the geometric imperfections 
analysis. On the other hand, when ,ydi 1d minM M< , it is not necessary to adopt local analysis coefficients greater than 0.6, 
in the equivalent columns model [2], [6]. 

Based on this approximate procedure, the shear walls second order localized effects are evaluated using the 
equivalent columns second order local effects. 

This approximate procedure is based on one of the structural analysis main principles: trying to understand the 
behavior of a complex construction based on the association of simpler elements. This principle is well known and used 
in the technical community, and it has resulted in several analysis procedures. Nevertheless, this procedure has been 
heavily criticized in the professional and academic fields [6], for example, according to Araújo [8], this procedure has 
no consistent experimental or theoretical justification, and leads the design to major increases in longitudinal 
reinforcement. 

Other points that received criticism include: 

• The Brazilian code does not specify what to do when the planar wall segments have slenderness ratios jλ  greater than 90; 

• The code’s item 18.5 recommends that if the wall transverse bending moment is not calculated (as the approximate 
procedure does), the wall transverse reinforcement should be greater that 25% of the wall longitudinal 



J. R. B. Silva and B. Horowitz 

Rev. IBRACON Estrut. Mater., vol. 13, no. 6, e13603, 2020 6/16 

reinforcement. According to França and Kimura [3], in some cases, this amount of reinforcement may be excessive, 
while in others it could be insufficient. 

Thus, it is evident that the Brazilian code approximate procedure to shear wall second order localized effects analysis 
demands future contributions, so that it could be sufficiently precise and simple to apply, ideal for day-to-day work in 
project offices. 

2.5 Grid method to second order localized effects analysis 
In order to present an alternative procedure for shear wall second order localized effects analysis, França and 

Kimura [3] proposed a model, in which the shear wall is discretized in a bar mesh, like a grid. In this model, the physical 
nonlinearity is considered using the bars secant stiffnesses, according to axial-bending-curvature (N-M-1/r) diagrams. 
The geometric nonlinearity is evaluated through an iterative procedure, until displacement convergence. 

One great advantage of the grid method in relation to the approximate procedure is that by providing bars in the 
horizontal direction, it can capture bending moments in this direction, which can be used in a more accurate design of 
the transverse reinforcement, instead of the arbitrary 25% of the longitudinal reinforcement, as indicated by the 
Brazilian code. 

3 NONLINEAR FINITE ELEMENT ANALYSIS 

3.1 Shear walls analyzed 
As previously mentioned in this paper, two usual shear walls were selected for a comparative study between the two 

methods mentioned above and a nonlinear finite shell element analysis (NL-FEA). These two structures are a simple planar 
shear-wall (rectangular cross-section) and a U-shaped shear wall, both presented in the literature [3], [9], [10]. Figure 7 shows 
the structures geometry and loads. It was considered concrete C30, reinforcement cover equal to 30 mm and CA-50 steel 
reinforcement. In addition, all the planar wall segments were considered simply supported at the superior and inferior edges. 

 
Figure 7. Shear walls loads and geometry [3], [9], [10] 

3.2 Structural analysis software 
In this paper, it was used the VecTor 4 structural analysis software (version 4.30, Jan. 2019). It is a nonlinear finite 

shell element analysis software of reinforced concrete structures such as shells, slabs, walls, in quasi-static and dynamic 
problems. This tool has been developed at the University of Toronto, Canada, since the 1980s and has received other 
previous names [4]. VecTor 4 can be used jointly with the software FormWorks+ and Janus, respectively, finite element 
analysis pre-processor and post-processor, both also developed at the same university. According to Hrynyk [4], VecTor 
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4 formulation uses a degenerated shell finite element, in other words, a shell element developed directly from three-
dimensional elasticity equations, instead of using shell theories, and, that is one of the most common approaches in 
shell structures modeling. It is a quadrilateral 9-nodes shell, with a total of 42 degrees of freedom (3 translations in each 
direction, and two rotations, in the 8 edge nodes, Figure 8b). The element is also classified as a heterosis element 
because it uses in its formulation a combination of lagrangian and serendipity shape functions. In addition, this element 
is discretized in layers, so it could be possible to consider the variation in the internal stress along the thickness of the 
structure, both in thin and thick shells, Figure 8a. Further details about the 9-node heterosis degenerate shell element, 
implemented in VecTor 4, can be found in the literature [4], [11], [12]. 

 
Figure 8. Shear walls finite element modeling [4] 

One of the main factors that made VecTor 4 be chosen to this study was the constitutive modeling of reinforced 
concrete. As previously mentioned, this program is based on the well-known Modified Compression Field Theory 
(MCFT), one of the most accepted formulations by the technical community for reinforced concrete modeling. 
According to Hrynyk [4], the MCFT can be used to predict the behavior of reinforced concrete structures subjected to 
biaxial loads conditions. This formulation was published by Vecchio and Collins [13] in the 1980s, and has been studied 
since then. The MCFT idealizes cracked reinforced concrete as a new orthotropic material, with built-in reinforcement, 
subject to its own constitutive relationships. It considers the concrete compression softening and concrete tensile 
stiffening effects [4]. In addition, some of the main fundamentals of this model are: 

• Transverse and longitudinal reinforcements are considered uniformly distributed throughout the element; 
• The cracks are smeared across the concrete element and its orientation is free to rotate, according to variations in 

the applied loads and materials response; 
• It is considered the average stresses and strains in regions containing several cracks; 
• Independent constitutive relationships are used for concrete and steel; 
• The principal stresses and strains axes are coincident. 
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In addition, according to Hrynyk [4], VecTor 4 also uses, in its formulation, the Disturbed Stress Field Model 
(DSFM). In general, the DSFM is an extension of the MCFT, which admits disagreements between the principal stresses 
and strains axes [4]. The DSFM was proposed by Vecchio [14] in order to solve some limitations of the MCFT in 
correctly predicting the behavior of high and low reinforcement rates element strength and stiffness. 

Additional information and details about these two models and their implementation in VecTor 4 can be found in 
the technical literature [4], [11]–[14]. 

3.3 Finite element modeling criteria 
This section details the main criteria used in the shear walls finite element modeling, using VecTor 4 and its 

preprocessor FormWorks+. 
The external loads were applied as equivalent nodal forces and moments, concentrated at the nodes, in a similar way to 

what the Brazilian code approximate procedure indicates. The magnitudes of these nodal forces and moments were obtained 
considering the total loads indicated in Figure 7, the stress distribution, Figure 6, and each node influence area. 

In addition to the external loads, in order to induce the behavior of the U-shaped shear wall to a specific buckling 
mode, two more nodal forces (induction loads) were applied in the midpoints of the two lateral planar wall segments 
free edges, perpendicular to the wall plan. When the symmetric buckling mode is analyzed, the two loads have opposite 
orientation (pointing towards the center of the structure). On the other hand, when the asymmetric buckling mode is 
analyzed, the two loads have the same orientation. The magnitude of these additional forces was defined in a way that 
it was sufficient to cause small transverse displacements in the lateral planar walls, equal to 1/20.000 of the wall height. 
In this evaluation, a 60 cm width strip of lateral planar wall was considered (3x wall thickness, as recommended by the 
Brazilian code approximate procedure). Thus, the magnitude of the induction loads was found about 1.5kN, 
approximately 0.3% of the lowest external nodal load. It is important to note that, if this or other similar criteria had 
not been adopted in the analysis, the lateral displacement pattern obtained could be significantly influenced by residual 
errors of the numerical solution procedure. 

In order to avoid artificial stress concentration due to the load application process adopted, it was decided to use 
rigid elements on the loaded and supported edges, as an extension of the shear wall, in order to regularize the structure 
behavior in these regions. Figure 8 illustrates these rigid elements (R1 and R2), on the top and bottom edges of the 
structures. 

As mentioned previously, the finite element meshes adopted heterosis degenerate elements. Figure 8c illustrates the first 
shear wall mesh geometry, which is composed of 5x14 square elements (elements dimensions = 60 x 30 cm). The top and 
the bottom elements consist of auxiliary rigid elements (R1), with thickness equal to 50 cm. According to Figure 8d, it is 
possible to notice that the U-shaped shear wall was discretized in the vertical direction in 6 elements and in two more rows, 
referring to rigid elements (R2), with thickness equal to 30 cm, at the superior and inferior edges. In the horizontal plane, 4 
elements were applied in the central planar wall and 4 in each of the lateral planar walls. All elements on the lateral planar 
wall elements (including rigid ones) were 75 x 75 cm, while those in the central region were 72.5 x 75 cm. 

In addition, due to the fact that the VecTor 4 finite element does not consider the drilling degrees of freedom (DOF), 
unlike other formulations, to ensure compatibility between the elements DOF at the connection between the laterals 
and the central walls, in the U-shaped shear wall, it was necessary to model this connection in a three-dimensional way, 
through a trapezoidal configuration of the elements involved, Figure 8d. This is a peculiarity of the software which 
despite modeling difficulties, reduces the number of degrees of freedom and contributes to computational efficiency. 

It is important to note that, despite the symmetry of the U-shaped shear wall loads and geometry, it is not appropriate 
to consider this fact of the problem in the analysis, by modeling only half of the structure. Even if this meant a 
considerable reduction in the computational cost, the model would neglect the possible asymmetric buckling modes, 
Figure 4c, which can have considerable importance in the structure behavior. 

As presented in section 3.1, the walls were considered simply supported. Thus, first and second shear walls were 
hinged supports at the lower edge (restricting all the translation degrees of freedom), and at the upper edge, the nodes 
translation degrees of freedom in the horizontal plane were restricted, Figure 8c. 

In order to take into account the problem material non-linearity, it was necessary to consider the reinforcement 
presented in each shear wall. It was decided to adopt in this paper the reinforcement obtained in the literature [3], [10], 
using the Brazilian code approximate procedure [2]. According to the longitudinal reinforcement associated with the 
position of each finite element, an equivalent steel rate was defined in each of them, Figure 9. In both shear walls, the 
transverse reinforcement adopted was 25% of the longitudinal steel ratio, as recommended by NBR-6118:2014, 
respectively, 5.80 and 2.78 cm2/m, per face, in the first and second shear wall. It is important to note that, due to the 
discretization of the layered shell element, the reinforcements could be arranged in the model in their appropriate 
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positions, according to the cover and bar thickness. In the two structures, a total of 19 layers were adopted: 15 concrete, 
2 longitudinal steel and 2 for the transverse steel layers. 

 
Figure 9. Shear walls longitudinal reinforcements [3], [10] 

It was decided to adopt the software standard configurations for concrete and steel constitutive models, as 
recommended by Hrynyk [4], for most kind of problems analyzes in VecTor 4. Among these models, we can highlight: 

• The well-known Hognestad parabola and the modified Park-Kent model [15], respectively, for pre-peak and post-
peak concrete in compression; 

• For the compression softening and the concrete tensile stiffening, in that order, the models known as Vecchio 1992-
A and modified Bentz 2003, described in Wong et al. [16], and; 

• Seckin's model [17], for the steel hysteretic behavior. 

The development of appropriate constitutive models for each kind of problem is a current research field, given the 
significant influence they have on the accuracy of the results obtained. Thus, further studies are needed to verify which 
would be the most adequate constitutive relationships in the analysis of shear walls similar to those presented in this 
paper. 

Finally, the iterative-incremental procedure adopted to solve the nonlinear finite element problems used 100 loading 
stages, with a load step increase equivalent to 1% of the total load. In addition, the load stage maximum number of 
iterations and the analysis convergence tolerance were defined, respectively, as 100 and 10-5. 

4 RESULTS AND DISCUSSIONS 
This section is dedicated to presenting the main results obtained in the shear walls NL-FEA, as well as compare the 

internal forces obtained with their respective values according the Brazilian design code approximate procedure [2] and 
the grid method [3], [10]. 

In Figures 10, 11 and 12, it is possible to see the displacements and internal forces diagrams (without the rigid 
elements), respectively, of the simple planar and the U-shaped shear wall two buckling modes. In these illustrations, 
the displacements were obtained based on the VecTor 4 post-processor, Janus, while the diagrams were determined 
according to the internal forces provided by VecTor 4, at the Gauss points of each finite element, and a Python post-
processing routine, written by the authors. In addition, Tables 2 and 3 compare the maximum bending moments 
obtained in the two structures, according to the three analyses procedure presented. 

4.1 Simple planar shear wall analysis results 
In the simple planar shear wall analysis, it was possible to observe that, close to the load application region (upper 

edge), the elements axial stress in the vertical direction YYN , are practically the same values found according to the 
literature results. However, as the study point distances from the loads, the distribution of this stresses tends to become 
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more uniform across the cross section, as described by the Saint-Venant principle, Figure 10d, a fact not observed in 
the grid model or in the Brazilian code approximate procedure. 

The maximum longitudinal bending moment (tension in the vertical direction) YYM  is located in an element in the 
less vertically loaded side of the wall (left side), Figure 10e. This behavior disagrees with the literature models, which 
consider the maximum YYM  located on the right edge, due to the greater compression stress and the appearance of 
second order localized effects associated with it, Table 2. Thus, at first sight, the result obtained is counterintuitive. 
However, after investigations, the following possible justifications can be highlighted: 

 
Figure 10. Simple planar shear wall displacements and internal forces diagrams 

Table 2 Simple planar shear wall maximum bending moments (kN∙m/m). 

 
Longitudinal bending moment 

YYM  (left edge) 
Longitudinal bending moment 

YYM  (right edge) 
Transverse bending 

moment XXM  
Brazilian code 

approximate procedure [3] - 55.2 * - 
Grid method [3], [10] 33.6 * 48.8 * 1.7 

VecTor 4 NL-FEA 35.6 27.9 4.8 
* Approximate value obtained according to a quadratic variation of the second order moments. 

• With the load application, the most requested side (right one) tends to experience a greater loss of stiffness, due to 
material nonlinearities, such as concrete cracking, for example, and with this, a stress redistribution effect to less 
loaded, more integrated and more rigid regions (left edge), occurs; 

• In the shear wall NL-FEA, it can be observed that the maximum displacement, perpendicular to the structure plane, 
Figure 10a, was located in a node close to the center of the most loaded edge (right one). Consequently, after this 
translation, associated with a wall lateral instability, it is expected that there will be an effect of forces redistribution 
to the left edge, relative to geometric non-linearity; 

• In addition, as seen earlier, the Saint-Venant’s principle tends to smooth the compression stress distribution, and 
thereby mitigate the second order localized effects on the structure. 

This behavior is observed comparing the maximum moments at the midpoints of the two lateral edges, in the 100 
load steps. In the initial steps, when nonlinearities are negligible, the two bending moments were practically the same, 
however, with the load increasing, there is a trend for the maximum bending moment in the left edge (less loaded) to 
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be 27.6% higher than the same internal moment in the right edge. In the last load steps, the bending moment YYM  on 
the left edge was equal to 35.6 kN∙m/m, while in the right one was 27.9 kN∙m/m, Table 2. 

In addition, the internal forces redistribution effect is also influenced by the higher reinforcement ratio on the shear 
wall lateral sides, which causes the trend of internal forces migrate from the center to the lateral elements. To verify 
this behavior, the simple planar wall was reanalyzed considering a uniformly distributed longitudinal reinforcement 
ratio (23 cm2/m per face). Thus, it was possible to observe that, even in this new situation, there is still a concentration 
of moments on the left edge, with intensity close to the original problem (+28.0%). However, the magnitude of the 
internal forces is attenuated, being, in the last load step, a maximum equal to 33.8 kN∙m/m on the left edge, and 
26.4 kN∙m/m on the right one. 

A finite shell element linear-elastic analysis of this problem was realized using the SAP 2000 software [18], without 
considering the structure geometric non-linearity, and, assuming mesh and other criteria similar to those previously 
presented. In this study, it is also possible to see that there is a certain trend of bending moments concentrate in the two 
free lateral edges. This can also be verified analyzing uniformly loaded linear-elastic plates, and somehow, it agrees 
with item 20.2 of NBR-6118/2014 [2], which, in its figure 20.1, recommends the positioning of steel bars at the ends 
of free edges, in reinforced concrete slabs. 

On the other hand, it is possible to observe that the transverse bending moment (tension in the horizontal direction) 
XXM  is concentrated in the upper edge central region, Figure 10f, a behaviour that was also observed in the SAP 2000 

linear-elastic analysis. The NL-FEA maximum moment XXM  (4.8 kN∙m/m) is higher than the result provided by the 
grid method (1.7 kN∙m/m) [3], Table 2. However, even so, XXM  was less than 13.5% of YYM  Thus, although the 
transverse and longitudinal reinforcements design are different, respectively, flexural design and combined axial load 
and bending design, and, YYN  has a crucial role in the latter, the difference obtained between XXM  and YYM  strengthens 
the thought that the Brazilian code recommendation that considers the transverse reinforcement as 25% of the 
longitudinal one can be exaggerated in certain situations, as presented by França and Kimura [3]. 

Finally, the computational cost of the simple planar shear wall NL-FEA, according to the criteria adopted for the 
iterative-incremental method, had an average processing time of approximately equal to 40 min, using a computer with 
an Intel Core i7-5500U CPU @ 2.40GHz processor. The computational cost observed can be considered high and 
makes this type of analysis less attractive for day-to-day work in the design office. However, it allows another 
perspective of the behavior of the structure and has fundamental importance for the engineering profession. 

4.2 U-shaped shear wall analysis results 
In the U-shaped shear wall, as well as in the previous problem, the stress redistribution effect, and the Saint-Venant 

principle, proved to be quite relevant, both in the symmetric and asymmetric buckling mode patterns. As can be seen 
in Figures 11d and 12d, although the maximum compression loading is located in the elements of the upper corners of 
the lateral planar wall free edges, the normal stress along the shear wall height tends to be concentrated close to the 
central-lateral walls connections (the greatest stiffness structure region). 

Similarly to what can be found in the literature [3], the transverse bending moment XXM , in the two buckling modes, 
is practically negligible at the lateral planar walls lateral free edge, and gradually increases as the study point approaches 
the central-lateral walls connection, Figures 11f and 12f. However, the bending moments found were less than the 
literature ones [3] (approximately 22.9%), and had the opposite sign, in some regions, Figures 11f and 12f. This 
behavior inversion was also noticed in the structure displacements, Figures 11c and 12c. Based on the bending moments 

XXM  found, in the two buckling modes, neglecting the minimum flexural reinforcement, a very small transverse 
reinforcement ratio, in the order of 0.7 cm2/m, can be obtained, approximately 6.3% of the longitudinal reinforcement. 
Again, the results obtained strengthen the thought that the shear wall minimal transverse reinforcement presented in the 
Brazilian code may be exaggerated in some cases. 

With respect to the longitudinal bending moment YYM , in addition to the fact that no internal forces concentration 
was observed on the lateral planar walls free edge, in the two buckling modes, in disagreement to what is reported in 
the literature [3], the moments found in this region had a negligible magnitude, Figures 11e and 12e, and the maximum 
moment was located close to the central-lateral walls connection, Table 3. A possible justification for the difference 
between this result and the literature comes from the smallest transverse displacement in the lateral walls, obtained in 
the two buckling modes (0.064 mm), Figures 11c and 12c, which results in irrelevant second order localized effects. 
Again, it is presumed that the stress redistribution effect and the Saint-Venant’s principle had a major role in smoothing 
of these nonlinear effects. 
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Figure 11. U-shaped shear wall displacements and internal forces diagrams (symmetric) 

 
Figure 12. U-shaped shear wall displacements and internal forces diagrams (asymmetric) 
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In addition, it was observed irregular internal forces distributions in XXM  and YYM , in the elements that form the 
central-lateral walls connection, Figures 11e and 11f. This atypical behavior can be associated with a way that the 
connection was modeled. Further studies are necessary to verify this structure modeling feature. 

Table 3. U-shaped shear wall maximum bending moments (kN∙m/m). 

 Longitudinal bending moment YYM  Transverse bending moment XXM  
Brazilian code approximate procedure 

[3] 76.7 * - 
Grid method [3], [10] 16.7 * 19 

VecTor 4 NL-FEA (Symmetric 
Buckling Mode) 11.9 ** -4.3 

VecTor 4 NL-FEA (Asymmetric 
Buckling Mode) 12.0 ** -4.4 

* Located on the wall free edge. ** Located on the central-lateral walls connection. 

In order to verify the results accuracy, analogous to the previous problem, a linear-elastic FEA was developed, using 
SAP 2000 software [18], assuming mesh and other modeling criteria similar to that presented previously. Thus, despite 
the simplicity of the model, it was possible to observe a qualitative behavior close to the NL-FEA, not only with respect 
to the displacements Z, Figures 11c and 12c, but also to the other degrees of freedom. This corroborates to the 
reasonableness of the results obtained in the NL-FEA. 

In addition, the SAP 2000 model was subjected to a buckling modes analysis, where it was possible to verify that 
the two modes studied in this paper are actually the structure most likely behaviors. The buckling factors (buckling 
load/real load ratio), for the symmetric and asymmetric modes were, respectively, 24.87 and 25.37. The other buckling 
modes proved to be of little practical interest, for example, the third mode (symmetrical buckling with double curvature) 
had a much higher buckling factor than the first two, about 46.6. The relatively high buckling factors obtained in SAP 
2000 help to justify the absence of major structural instabilities in the VecTor 4 results. 

Somehow, the response observed in the shear wall NL-FEA is similar to the behaviour of cold-formed steel frames 
subject to local buckling [19], [20]. According to Yu and LaBoube [21], it is possible to observe in this type of problem 
a stress redistribution from free edges to region with relatively greater stiffness (central-lateral connections). This 
apparent similarity between the two problems behaviors is a promising opportunity for scientific investigation. 

As in the previous example, based on the iterative-incremental analysis criteria presented, it was possible to observe 
in this case a high processing time, approximately equal to three hours. Again, a computer with an Intel Core i7-5500U 
CPU @ 2.40GHz processor was used. Nevertheless, this type of analysis remains relevant due to the fact that it allows 
the shear wall behavior evaluation considering complex and important effects. 

4.3 Slender shear walls 
Finally, in order to evaluate the behavior of shear walls composed by slender planar segments, the two structures analyzed 

in this paper had some dimensions modified to obtain planar walls components with a slenderness ratio ( 90λ = ), NBR-6118: 
2014 [2]. The first simple planar shear wall height was changed from 3 to 5.2 meters, while in the U-shaped shear wall, in 
addition to the height having been increased from 4.5 to 6.5 m, it was necessary to expand the wall width from 3 to 4.3 m, 
since, according to Case 2 of Table 1, the wall equivalent, and consequently its slenderness ratio, depends on both dimensions. 
The other structure geometric parameters, reinforcement ratios, external loads, finite element mesh, among other criteria, 
remained unchanged. With respect to the first shear wall, in general, as can be seen comparing Figures 10 and 13, the behavior 
in both situations is very close. However, with the increase of the shear wall length, and, consequently, of the element 
slenderness ratio, a growth can be observed both in the longitudinal and transverse bending moments, as well as in the 
displacements, mainly in the Z axis, as expected. 

Regarding the second shear wall, comparing, respectively, Figures 11 and 14, and, Figures 12 and 15, as well as in 
the first shear wall, one can observe the similarity between the two situations. However, although the height of the 
element has been increased, and this contributes to increasing the wall slenderness, as the width of these elements has 
also been increased (keeping the external loads constant), a considerable decrease in internal forces can be observed in 
the structure, although the wall slenderness in this new situation is greater than in the previous case. 
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Figure 13. Simple planar shear wall displacements and internal forces diagrams, λ = 90 

 
Figure 14. U-shaped shear wall results (symmetric), lateral planar wall segment λ = 90 
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Figure 15. U-shaped shear wall results (asymmetric), lateral planar wall segment λ = 90 

These last results demonstrate the need to development of parametric studies of this problem, varying dimensions, 
reinforcement ratios, among other properties, in order to verify the practical design limits. 

5 CONCLUSIONS 
In this article, for two usual shear walls (simple planar and U-shaped), a comparative study between the structures 

behavior according to the Brazilian code approximate procedure [2], the grid method [3], and a material and geometric 
nonlinear finite shell element analysis (NL-FEA), performed in VecTor 4 software, based on the Modified Compression 
Field Theory (MCFT) [4]. In addition, the U-shaped shear wall NL-FEA was made considering the structure main 
buckling modes displacement patterns. The following can be highlighted: 

• The stress redistribution effect and the Saint-Venant’s principle proved to be an analysis main issue, being 
responsible for smoothing the shear walls second order localized effects, a fact that was not observed in the grid 
method or in the Brazilian code approximate procedure; 

• In these analyses, the bending moments obtained led to relationships between the transverse and longitudinal 
reinforcements below 25%, which suggests that the Brazilian code recommendation may be excessively 
conservative in some cases, as reported in the literature [3]; 

• With respect to the NL-FEA computational cost, according to the iterative-incremental method presented criteria, 
it was possible to observe an average processing time approximately equal to 40 min, for the simple planar shear 
wall, and, three hours, for the U-shaped shear wall. However, despite the high cost make this methodology less 
attractive for day-to-day work in design offices, this type of approach allows another perspective with regard to 
structure behavior and has fundamental importance for the engineering profession. 

• Finally, the apparent similarity between the behavior of U-shaped shear wall and cold-formed steel frames subjected 
to local buckling may represent an opportunity for scientific investigation. 
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Abstract: The present research aims at evaluating the physical, chemical and synergistic effects of 
substitution 25% cement in mass by limestone filler (LF), fly ash (FA) and rice husk ash (RHA), in similarity 
of physical condition (near grain size curves), and to compare the different binary and ternary mixtures of 
concrete after 28 days of wet curing, keeping the ratio water/cement (w/c) constant. The concrete samples 
were characterized in relation to the axial compressive strength and their microstructure using TG/DTA and 
MEV/EDS techniques. The CCA in the binary mixture was the one that obtained bigger compressive strength 
among the investigated mixtures, but when combined with a less reactive mineral addition in ternary mixtures, 
an overlap of chemical and physical effects occurred which resulted in better resistance and higher C-S-H 
formation in the hardened cement paste. 

Keywords: synergistic effect, limestone filler, fly ash, rice husk ash, concrete. 

Resumo: A presente investigação tem o propósito de avaliar os efeitos físicos, químicos e sinérgicos da 
substituição de 25% de cimento em massa por fíler calcário (FC), cinza volante (CV) e cinza de casca de arroz 
(CCA), em similaridade de condição física (curvas granulométricas próximas), e comparar as diferentes 
misturas binárias e ternárias de concreto após 28 e 91 dias de cura úmida, mantendo-se constante a relação 
água/aglomerante (ag/agl.). As amostras de concreto foram caracterizadas em relação à resistência à 
compressão axial e quanto à sua microestrutura com uso de técnicas de TG/DTA e MEV/EDS. Os resultados 
indicam que uma adição mineral mais reativa como a CCA quando aliada à uma adição mineral menos reativa 
em uma mistura ternária, proporciona uma sobreposição de efeitos químicos e físicos que se traduz em 
melhores resistências e maior formação de C-S-H na pasta de cimento endurecido. 

Palavras-chave: efeito sinérgico, fíler calcário, cinza volante, cinza de casca de arroz, concreto. 
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1 INTRODUCTION 
In recent years, climate change has concerned society and has been the subject of negotiations among world leaders 

to restrict greenhouse gas emissions. According to the The Intergovernmental Panel on Climate Change (IPCC) 
Synthesis Report [1], it is likely that the Earth's surface temperature will increase by more than 1.5 °C throughout the 
21st century if pollution levels do not stop growing. 

In the construction industry, the replacement of cement by mineral admixtures remains a solution with great 
potential for reducing the environmental impacts from the production of Portland cement. The consequence of this 
substitution is not negative in the sense that these additions generally improve technical properties, such as mechanical 
strength and durability of concrete, especially at more advanced ages. Scrivener and Nonat [2] point to the future 
importance of seeking an understanding of the factors that control the reaction rate of Supplementary Cementitious 
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Materials (SCM), as well as the changes that occur in the calcium silicate hydrates (C-S-H), aiming at a higher use of 
these materials when replacing the use of Portland cement in ternary mixtures. 

SCM are generally silica rich materials, largely present in the amorphous state, which influences the kinetics of 
cement hydration, the amount and type of hydrates formed, and consequently the volume, porosity and durability of 
cementitious systems [3]. 

These materials result in concrete physical, chemical and synergistic effects when used in ternary mixtures. The 
physical effect is characterized by the provision of additional nucleation points for the products of cement hydration 
and a change in particle packing [4]. The chemical effect is dependent on the type of mineral admixture used in the 
cementitious mixture and the mineralogical composition (crystalline and amorphous phases) [5]. 

The synergistic effect occurs when two pozzolans are combined, or when a pozzolan is combined with an inert 
material together with the cement in a ternary mixture, characterized by the overlapping of physical and chemical effects 
of one or another admixture resulting in better mechanical and microstructure properties. Isaia et al. [6] found that 
mixing a less reactive pozzolan with a more reactive pozzolan produces a synergistic effect between these two, which 
translates into a greater compressive strength. Antiohos et al. [7] carried out a study on pastes and mortars and found 
that the effect of ternary mixtures of different fly ash improved the mechanical properties of the mixtures compared to 
binary mixtures (with only one type of fly ash) due to the synergistic effect between them. Ha et al. [8] studied the 
synergic effect between FA and RHA in self-compacting and high performance concretes (with water/cement ratio 
0,26), and observed that those pozzolans combination in ternary mixtures increased the compressive strength at the 
most advanced ages (56 days) in relation to the reference mixture (only Portland cement) and to the binary mixture 
with FA. 

Limestone filler (LF) is a material considered practically inert, with little chemical activity; its preponderant effect on the 
concrete is the physical nucleation of new sites of hydration and closure of the pores. The presence of LF in the hydrated cement 
paste leads to the presence of monocarbonates in the system, which promotes the transformation of monosulfoaluminates into 
monocarboaluminates, inducing the conversion of monosulfoaluminate into ettringite due to the release of the sulfate during the 
carbonate replacement in the reaction [9]. The stabilization of ettringite in the presence of calcite leads to an increase in the total 
volume of hydrated phases, reducing the porosity of the system [10]. This active presence of the LF in the hydration process 
leads to an increase in initial compressive strength in concretes [10], [11]. 

Fly ash (FA) is SiO2 rich material in its chemical composition but may also contain significant amounts of Al2O3. According 
to Lothenbach et al. [3], the mixture of Portland cement with FA results in a reduction in the amount of Portlandite (CH) and, if 
Class F ash (containing between 15 and 35% alumina [12]) is used, the greater are the amounts of hydrated phases rich in alumina. 
Under normal conditions of cure, these ashes are known to have little influence on the initial strength (up to 28 days), but they 
provoke a development of strength at more advanced ages, above 28 days [13]. 

In relation to the rice husk ash (RHA), both the low silica content (content less than 20%) and the high silica content 
(content higher than 80%) have a strong consumption of Ca(OH)2 due to the pozzolanic reactions leading to the 
reduction of the C/S ratio in the C-S-H of the cementitious compound [14]. In terms of mechanical strength, RHA is 
known to have similar performance to silica fume, increasing mechanical strength at early ages [15]. The higher 
reactivity of RHA is due to the high content of amorphous silica and high specific surface of its grains [16]. 

A synergistic effect occurs between LF and FA that leads to better mechanical properties in the ternary concretes, 
attributed to the interaction of the limestone with the aluminates of the cement hydration, leading to the formation of 
carboaluminates. These additional aluminates brought to the system by fly ash during their pozzolanic reaction amplify 
the aforementioned effect of the limestone filler [17]. The bonding of LF with the RHA in the ternary mixture improves 
chemical and morphological properties that lead to greater compression strength and reduction of permeability in the 
cementitious system [18]. Vance et al. [19] studied hydration and strength increase in cement binary and ternary 
mixtures with LF, FA and metakaolin and verified that, for a certain substitution rate (20%), ternary mixtures 
(containing fly ash or metakaolin with limestone filler) had greater strengths than their correspondent binary mixtures. 

The aim of this study was to analyze the behavior of ternary concrete mixtures containing LF, FA and RHA up to 
28 days of wet curing, and to compare them with the respective binary mixtures at levels up to 25% cement mass 
replacement. The concrete samples were analyzed by means of axial compressive strength, scanning electron 
microscopy (SEM/EDS) and thermogravimetry (TGA/DTA). 
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2. MATERIALS AND EXPERIMENTAL PROGRAM 

2.1 Binder materials 
The type of cement used in the preparation of the mixtures was the CPV-ARI 32 [20] manufactured by a Brazilian 

industry. In order to replace the cement, a limestone filler (LF) from the region of Santa Maria (RS, Brazil), a fly ash 
(FA) from the Candiota thermoelectric plant, RS, Brazil, class C [21], and a rice husk ash (RHA) from rice industries 
also in the region of Santa Maria, burned without temperature control, class E [21]. 

The grain size distributions were approximated in order to allow admixtures to be compared to each other in the 
binary and ternary mixtures, without the physical effect influencing the synergic effect, that is, in similarity of physical 
condition. Thus, the three admixtures were milled in a ball mill at different milling times, being the LF milled for three 
hours, the FA for two hours and the RHA for one hour. The grain size distribution curves of the mineral admixtures 
obtained in the laser granulometer, using the PO-GT-1043 method, with dispersed using anhydrous alcohol and 
ultrasound for 60 seconds are presented in Figure 1. In Table 1 are shown the average diameters of the mineral 
admixtures. 
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Figure 1. Particle size distribution of cement and mineral admixtures. 

The mineral admixtures were statistically compared to the particle sizes (Table 1), with a 22.5% dispersion for 
larger grains (diameter < 90%) and a trend towards lower values for the finer grains, respectively, of 17.8% for 
diameters less than 50% and 10.7% for diameters smaller than 10%, which are the ones that most influence the physical 
effect of the reactions, the synergy and the packaging of the particles. Thus, it can be considered that, in relation to 
grain size, the mineral admixtures are fairly close, with a dispersion classified as medium to low, according to the 
granulometry range considered. 

Table 1. Average Diameters of Mineral Admixtures. 

Material 10% Diameter (µm) 50% Diameter (µm) 90% Diameter (µm) Average Diameter 
(µm) 

CPV-ARI 32 Cement 1.07 8.9 26.01 11.54 
RHA (1h milled) 1.26 6.35 19.98 8.73 
FA (2h milled) 1.25 8.74 26.93 11.75 
LF (3h milled) 1.02 9.89 34.72 7.28 

Average 1.15 8.5 26.91 9.83 
Standard Deviation 0.123 1.512 6.051 2.185 
Variation Coef. (%) 10.7 17.8 22.5 22.2 

In Table 2 it is shown the results of the tests of the physical and chemical characteristics of the binder materials. 
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Table 2. Physical, mechanical and chemical characteristics of binders. 

Physical properties CP-V LF FA RHA 
Specific mass (g/cm3) 3.09 2.92 2.36 2.18 

Specific area BET (m2/g) 1.14 2.64 1.04 19.67 
Residual #0.075 mm (%) 0.82    
Initial setting time (min) 234    
End setting time (min) 270    

Normal consistency (%) 29.0    
Performance index with cement Portland - 85 92 107 

Compressive strength     
3 days (MPa) 27.6 

   7 days (MPa) 36.2 
28 days (MPa) 42.8 
Chemical (%)     

Loss on the ignition 3.16 34.44 0.10 0.25 
SiO2 20.40 14.18 68.81 94.84 

Al2O3 4.37 1.54 23.51 0.39 
Fe2O3 2.64 0.87 4.70 2.58 
CaO 62.90 28.89 1.00 1.32 
MgO 2.70 18.28 2.16 0.40 
SO3 2.20 - - 0.01 

Na2O 0.13 0.34 - 0.11 
K2O 0.95 0.39 0.39 1.45 
MnO 0.05 - 0.68 - 
TiO2 0.29 - 0.16 - 
P2O5 2.05 - - - 

In the case of pozzolans tested, FA and RHA reached the chemical requirements given by the Brazilian standard 
NBR 12653 [21]. In relation to the performance index with Portland cement (evaluation of pozzolanic activity) at 28 
days (Table 2), executed with mortars according to Brazilian standard NBR 5752 [22], it can be observed that the RHA 
obtained an index greater than 100%, that is, the compressive strength of the mortars with RHA were greater than the 
strength of the control mortar at 28 days of age, indicating good chemical activity through the pozzolanic reactions in 
the early ages. In spite of reaching the chemical parameters, FA did not achieve a performance of more than 90% in the 
performance index, as recommended by NBR 12653 [21]. It is observed that the LF with 3 hours of milling had a 
performance index of 85%, an index considered satisfactory since the material is an inert fine. 

In relation to the specific BET surface of the cement, it is verified that the value of 1140 m2/kg is in the expected 
range, considering that the cement used is a thin and low porous material. RHA presented a high BET specific surface 
area of 19670 m2/kg, reflecting its highly porous internal structure with a large specific surface area, with the presence 
of voids, resulting in a higher demand for water (or chemical admixtures) when partial replacement of cement by this 
mineral admixture in the concrete. FA and LF presented values close to that of cement in the BET specific surface 
analysis, 1040 and 2640 m2/kg, respectively, indicating a more spherical structure and smaller specific surface area of 
this admixture. 

In Figure 2 it is shown the pozzolans, FA and RHA, and limestone filler (LF) diffractograms. The X-ray 
diffractogram of the LF shows calcite peaks (CaCO3), and large peaks of dolomite carbonate (CaMg(CO2)2). The RHA 
X-ray diffractogram exhibits few crystalline peaks of cristobalite revealing predominantly amorphous silicon oxides in 
the composition. The behavior with some crystalline peaks of cristobalite and quartz indicates that the RHA was burned 
without temperature control. In the FA diffractogram it is observed the presence of quartz (Q), mullite (M) and hematite 
(H). In the comparison between the pozzolans, it is verified that the amorphization halo (between 15 and 30º 2Θ) of the 
RHA is broader than that of the FA, configuring greater pozzolanic activity. 

2.2 Aggregates 
Aiming at better packaging, the composite particles, four natural river sands with different granulometries were 

used, named: sand 1, sand 2, sand 3 and sand 4. The selected sands were strained in a 6,30 mm mesh strainer for the 
removal of stone grains, washed, taking the necessary measures in order to avoid wasting the fine grains, leaving it to 
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decant before draining the water, and dried in an oven at 110 °C and then stored in an appropriate place (in closed 
boxes). Two types of diabase stones were used as coarse aggregates: gravel 0, with maximum characteristic size 
(MCS, [23]) of 12.5 mm, and gravel 1 with MCS of 19.0 mm. The coarse aggregate was washed, air dried and finally 
stored in closed boxes. The granulometric size distribution of the aggregates is shown in Figure 3. In Table 3 it is 
presented a summary of the characterization results of the aggregates. 

 
Figure 2. FA, RHA and LF diffractograms. (1) – Kaolinite; (2) – Mullite; (3) - Quartz; (4) – Cristobalite; (5) – Dolomite; (6) – Calcite. 
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Figure 3. Particle size distribution of aggregates. 

Table 3. Physical properties of aggregates. 

Properties Sand 1 Sand 2 Sand 3 Sand 4 Gravel 0 Gravel 1 
Modulus of fineness 1.14 1.49 2.04 3.02 5.75 6.96 

Characteristic maximum diameter (mm) 0.60 1.20 2.40 4.75 12.50 19.00 
Specific mass (g/cm3) 2.65 2.65 2.66 2.66 2.44 2.50 

Unit mass (g/cm3) 1.53 1.63 1.65 1.69 1.36 1.46 
Loss of mass in Los Angeles abrasion (%) - - - - 11.04 15.20 

Form index - - - - - 2.80 
Water absorption (%) 0.33 0.35 0.38 0.40 3.16 2.36 
Powdery material (%) 5.50 3.00 2.80 - - - 
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2.3 Mixtures tested 
The ideal mortar content was determined according to the method proposed by Helene and Terzian [23], the content 

of 51% was found for the chosen materials and kept constant in all mixtures. In the mixtures with mineral admixtures, 
the increase in paste volume was counterbalanced by reducing the volume of sand. The correction of sand amount for 
maintaining the paste volume in binary and ternary mixtures ensured a constant binder volume between the mixtures. 

After the materials were prepared and the mortar content established, the water/binder ratio (w/b) was defined as 
0.50 and cement substitution content as 25%, the best composition among the smaller amount of voids, through the 
analysis of the packing of particles of the constituent materials of the concrete. Thus, the binary and ternary mixtures 
had the aggregates varied so as to result in maximum packing. Figure 4 exemplifies the packing curve of the materials 
constituting Mixture 3 (binary) with 25% RHA. The attempt was to approximate the curve of the mixtures with the 
modified Andreasen Curve [24] by means of the variation in sand and coarse aggregate proportions. The coefficient of 
distribution used was 0.25, as it favors the densification of composite ceramic materials [25]. 

 
Figure 4. Example of packing curve, RHA25 mixture. 

In Table 4 it is shown the unitary proportions for mixtures tested, and in Table 5 it is presented the material 
consumption per cubic meter of concrete. The correction in the amount of sand to maintain the paste volume in the 
binary and ternary mixtures ensured a constant volume of cement for all the mixtures. 

For the axial compressive strength test on concrete, four cylindrical specimens were molded for each age, with a 
diameter of 10 cm and a height of 20 cm, according to Brazilian standard NBR 5738 [26]. The mixtures were performed 
in conventional inclined-axis concrete mixer, and the consistency of the concrete was kept constant for all mixtures, 
adopting a slump between 100 ± 20 mm. The chemical admixture used was a hyperplasticizer based on ether 
polycarboxylate, compatible with Portland cement. In general, the chemical admixture content remained between 0.1 
and 0.2% of the mass of the binder. The specimens were densified on a vibrating table and held in the molds in a humid 
chamber (relative humidity of 100% and temperature of 23 ± 1 °C) for 24 hours, after which they were demolded and 
cured in a tank filled with lime-saturated water at a temperature of 23 ± 2 °C to date of the tests. 

For the axial compressive strength data, an Analysis of Variance (ANOVA) was conducted in order to verify the 
statistical significance in the axial compressive strength results obtained for 7, 28 and 91 days. As a complementation 
of the analysis, a post hoc Tukey’s Test was conducted, for comparing, two to two, the normal distribution data 
averages. The significance level adopted was 95% (α = 5%). 

The samples for SEM were obtained after the removal of slices from the cylindrical test specimen after 28 days of 
curing. The slices were reduced to a maximum size of 5 mm in thickness and 20 mm in diameter. The concrete 
fragments were immersed in isopropanol for 7 days to stop the hydration reactions, and dried in an oven at 45 °C for a 
period of 48 hours. After drying, the samples were separated in closed containers and identified until they were taken 
to the laboratory, where they were analyzed by SEM with backscattered electrons (BSE) to shot images with the 
approximation of 3000x of the transition zone (ITZ) also, in the energy dispersive X-ray detector (EDS). 

For each zone delimited in the BSE image, three EDS determinations were made, and with these three determinations 
average it was possible determine the amounts of Si, Ca e Al. It was settled that the sum of the Si, Ca and Al amounts of each 
of the samples correspond to the C-S-H amount, for that it was possible to accomplish a more effective comparison between 
the samples, basing such analysis in the studies of Durdzinski et al. [27] and Jung et al. [18]. 
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Table 4. Unitary proportion of the studied mixtures. 

Mixtures w/b Cement LP FA RHA Sand Gravel Chemical admixture 
REF 0.50 1.00 - - - 2.06 2.94 0.0005 
LF25 0.50 0.75 0.25 - - 2.05 2.94 0.0010 

RHA25 0.50 0.75 - - 0.25 1.98 2.94 0.0030 
FA25 0.50 0.75 - 0.25 - 2.00 2.94 0.0006 

LF10FA15 0.50 0.75 0.10 0.15 - 2.02 2.94 0.0010 
LF10RHA15 0.50 0.75 0.10 - 0.15 2.00 2.94 0.0020 

FA12.5RHA12.5 0.50 0.75 - 0.125 0.125 1.98 2.94 0.0025 

Table 5. Consumption of materials per m3 of concrete (kg/m3). 
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1 358 - - - - - 737 - - 1053 179 0.2 120 
2 358 90 - - 183 183 183 183 526 526 179 0.4 105 
3 358 - 90 - 177 177 177 177 526 526 179 1.1 110 
4 358 - - 90 179 179 179 179 526 526 179 0.2 120 
5 358 36 - 54 181 181 181 181 526 526 179 0.4 100 
6 358 36 54 - 179 179 179 179 526 526 179 0.4 110 
7 358 - 45 45 177 177 177 177 526 526 179 0.7 120 

For the TG tests, the paste samples were prepared separately in a mechanical mixer and, after 28 days of wet curing, were 
ground and strained in the strainer #100 (0.15 mm mesh). For the stoppage of the hydration reactions, the paste powder was 
immersed in isopropanol for 15 minutes, and then filtered and washed with diethyl ether. Soon after, the samples were dried 
in an oven at 40 ºC for 10 minutes and stored in closed containers. During the test, portions of 15 ± 1 mg were placed in 
alumina melting pot and heated under inert nitrogen atmosphere, at a flow rate of 50 mL/min. Heating started from natural 
temperature and increased until reaching the temperature of 1000 °C, at a heating rate of 20 °C/min. 

The curves resulting from the TG/DTA test on hydrated cement paste samples can be separated into bands or zones. 
Up to 105 ºC, evaporable water is lost, and between 105 ºC and 300 ºC, chemically combined water (BW) is lost from 
the decomposition of C-S-H and hydrated carboaluminates [28]. The amount of portlandite (Ca(OH)2) can be calculated 
based on the loss of mass between the temperatures of 400 ºC and 500 °C and the calcite (CaCO3) through the loss of 
mass above 600 °C [29]. 

3. RESULTS 

3.1 Axial compressive strength 

In Figure 5 it is presented the results of axial compression strength of the different mixtures at the initial ages, at 7, 
28 and 91 days. The standard deviations resulted from each sample were indicated by the columns. The strength 
increased with the curing period, as expected, and at 7 days only the CCA25 mixture had a higher strength than the 
reference concrete, and at 28 days most of the mixtures with cement substitution by mineral additions had strength 
close or higher that of reference concrete. At 91 days, only the strength of the FC25 mixture was not higher than that 
of the reference concrete. 
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Figure 5. Compressive strength results for 7, 28 and 91 days. 

Based on the Analysis of Variance (ANOVA) of the compression strength results at 7, 28 and 91 days (Table 6), it 
was possible to verify that there was a substantial strength difference between the evaluated mixtures. The “p” values 
smaller than 0,05, or Fcalculated values bigger than Fcritical, indicate that the relation between variables is statistically 
significant for 7, 28 and 91 days for a 95% significance level. The higher the F value, the more significant is the 
difference, thus at 91 days the difference was more significant than at 7 and 28 days. 

In Tables 7, 8 and 9 it is presented the “p” values results obtained from the Tukey’s test of comparison of 
compression strengths averages between mixtures at the ages of 7, 28 and 91 days, respectively. “p” values result 
smaller than 0,05 indicates that the strength variation between the two analyzed mixtures was significant. In those tables 
the significant differences were hatched with gray to facilitate identification. 

Table 6. ANOVA analysis for compressive strength results at 7, 28 and 91 days. 

Compressive strength at 7 days 
Variation source SQ* DF** AS*** Fcalculated P-value Fcritical 
Between mixtures 260.33 6 43.39 25.57 0.00000001 2.572712 

Inside mixtures 35.63 21 1.70    
Total 295.96 27     

Compressive strength at 28 days 
Variation source SQ DF AS Fcalculated P-value Fcritical 

Between mixtures 416.83 6 69.47 27.52 0.00000001 2.572712 
Inside mixtures 53.01 21 2.52    

Total 469.84 27     
Compressive strength at 91 days 

Variation source SQ DF AS Fcalculated P-value Fcritical 
Between mixtures 554.40 6 92.40 32.53 0.00000000 2.572712 

Inside mixtures 59.65 21 2.84    
Total 614.05 27     

*SQ = the sum of the squares; **DF = degree of freedom; ***AS = average of the squares. 

Table 7. Tukey’s test results (p-value) for compressive strength at 7 days. 
 REF LF25 RHA25 FA25 LF10FA15 LF10RHA15 FA12.5RHA12.5 

REF  0.0001 0.9454 0.0000 0.0038 0.9955 0.0020 
LF25 8.2610  0.0000 0.0878 0.7842 0.0006 0.9044 

RHA25 1.4320 9.6920  0.0000 0.0004 0.6667 0.0002 
FA25 12.4600 4.2030 13.9000  0.0040 0.0000 0.0074 

LF10FA15 6.2490 2.0110 7.6810 6.2150  0.0153 1.0000 
LF10RHA15 0.8714 7.3890 2.3030 11.5900 5.3780  0.0083 

FA12.5RHA12.5 6.6330 1.6280 8.0650 5.8310 0.3839 5.7620  
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Table 8. Tukey’s test results (p-value) for compressive strength at 28 days. 
 REF LF25 RHA25 FA25 LF10FA15 LF10RHA15 FA12.5RHA12.5 

REF  0.1454 0.0001 0.0126 0.8017 0.0226 0.0896 
LF25 3.8270  0.0000 0.8934 0.8364 0.0001 0.0002 

RHA25 8.9160 12.7400  0.0000 0.0000 0.1521 0.0413 
FA25 5.4980 1.6710 14.4100  0.2094 0.0000 0.0000 

LF10FA15 1.9640 1.8630 10.8800 3.5340  0.0010 0.0044 
LF10RHA15 5.1230 8.9500 3.7920 10.6200 7.0870  0.9935 

FA12.5RHA12.5 4.1890 8.0160 4.7270 9.6870 6.1520 0.9347  

The Tukey’s Test results confirm that cement substitution for mineral admixtures in binary and ternary mixtures 
may result in significant strength variations at the early ages. In the binary mixtures at 7 days (Table 7), only the 25% 
RHA substitution (RHA25) did not result in a significant compression strength decrease, but in an increase, showing 
the excellent performance in the early ages of CCA. In the ternary mixtures, the LF10FA15 and FA12.5RHA12.5 also 
resulted in significantly smaller strengths than the REF mixture at 7 days. 

From the results presented in Table 8 it is noticed that cement substitution for 25% of RHA (RHA25) resulted 
in a significant compression strength increase at 28 days. The mixtures that exceeded 50 MPa at 28 days were 
binary with 25% RHA (RHA25) and the ternaries LF with RHA and FA with RHA, mixtures LF10RHA15 and 
FA12.5RHA12.5, respectively. These were the same mixtures that outperformed the reference concrete (REF), 
yet only in the RHA25 and LF10RHA15 they resulted in a significant compressive strength increase. The 25% 
cement substitution for fly ash (25FA) resulted in a significant compressive strength decrease at 28 days in 
relation to the reference concrete. The other mixtures did not result in significant variations in relation to the 
reference mixture. 

The binary concretes of LF (LF25) and FA (FA25) obtained very close compressive strengths. The mixture with 
25% FA reached 45.2 MPa at 28 days and at 25% LF reached 45.7 MPa, indicating that the FA acts predominantly 
through the physical effect in the early ages, since the mixture with the limestone filler resulted in almost the same 
strength, that is, there was no significant difference between results. 

At 91 days (Table 9), the increase in compressive strength in relation to the reference concrete was significant for 
most mixtures with mineral admixtures: RHA25, LF10FA15, LF10RHA15 and FA12.5RHA12.5, which reached 
strengths of 61.8 MPa, 58.7 MPa, 60.1 MPa and 59.7 MPa, respectively. In the case of the LF25 mixture, there was a 
significant reduction in strength, with an average value of 48.0 MPa, and the reference concrete had an average strength 
of 53.4 MPa. 

Table 9. Tukey’s test results (p-value) for compressive strength at 28 days. 
 REF LF25 RHA25 FA25 LF10FA15 LF10RHA15 FA12.5RHA12.5 

REF  0.0028 0.0000 0.9995 0.0036 0.0003 0.0050 
LF25 6.4320  0.0000 0.0011 0.0000 0.0000 0.0000 

RHA25 9.9650 16.4000  0.0000 0.1736 0.7753 0.1346 
FA25 0.5844 7.0160 9.3810  0.0093 0.0006 0.0127 

LF10FA15 6.2780 12.7100 3.6880 5.6930  0.8982 1.0000 
LF10RHA15 7.9300 14.3600 2.0350 7.3460 1.6520  0.8403 

FA12.5RHA12.5 6.0790 12.5100 3.8860 5.4940 0.1988 1.8510  

Figure 6 shows the average compressive strength indexes at 7, 28 and 91 days for the tested mixtures. The strength 
index is the relationship between the strength of the mixture with SCM and the reference mixture, for equal age and 
ag/agl ratio. From these results, it is possible to note, with greater evidence, the effects of mineral admixtures in the 
increase of the compressive strengths of the investigated mixtures with increasing age, based on the evolution of the 
average strength indexes. 

In the comparison between binary and ternary mixtures it is noticed that the LF10FA15 mixture achieved a slightly higher 
compressive strength than the respective binary mixtures LF25 and FA25, as also verified by De Weerdt et al. [17], significantly 
higher at 91 days. For the LF10RHA15 the strength increase was significant at 91 days in relation to the mixtures REF, 25LF and 
25FA and ternary, LF10FA15, which demonstrated that there is sinergy between those two mineral admixtures, as also observed 
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by Jung et al. [18]. In the case of the FA12.5RHA12.5 mixture, it obtained significantly greater strength than the respective binary 
mixture with FA. 

 
Figure 6. Strength index of the investigated mixtures.  

The mixtures RHA25, LF10RHA15 and FA12.5RHA12.5 were the ones that obtained the best performances in the 
studied conditions in relation to the reference concrete, showing that the use of a more mineral admixture like RHA 
together with a less reactive one like LF or FA is effective for strength gain. 

Assuming that mineral admixtures were analyzed in similarity of physical conditions, that is, with little difference 
between curves in all size ranges (Figure 1), so that it enables a more homogenous analysis between the binary and 
ternary mixtures with regards to their chemical and synergic effects, it is possible to observe a better performance of 
ternary mixtures in relation to the respective binary mixtures with less reactive mineral additions (LF e FA), indicating 
an overlapping of chemical effects (synergic effect) of those less reactive additions when they are used together with a 
more reactive addition (RHA) in ternary cementitious systems. 

3.2 Scanning Electron Microscopy (SEM/EDS) 
The microscopy images collected by BSE and EDS characterize the compounds formed in the hydrated cement 

paste in the concrete samples. These results allowed to make a qualitative analysis of the transition zone (ITZ) based 
on the images collected in the BSE with a 3000x approximation, and a quantitative analysis in terms of percentage of 
the compounds (Si, Ca, Al and C-S-H) present in the fragments of concrete with EDS after 28 days of wet curing. In 
the images presented in Figures 7, 8, 9 and 10, a region corresponding to the square indicated on the image was selected 
for collecting the EDS spectra shown next to each image. 

 
Figure 7. SEM/EDS image for REF mixture. 
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Figure 8. SEM/EDS image for LF10FA15 mixture. 

 
Figure 9. SEM/EDS image for LF10RHA15 mixture. 

 
Figure 10. SEM/EDS image for LF12.5RHA12.5 mixture. 
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It can be seen in Figure 7 that the reference concrete (REF) has a porous transition zone and with fewer C-S-H 
microcrystals. In contrast, in Figures 8 (LF10FA15), 9 (LF10RHA15) and 10 (FA12.5RHA12.5), it is notable the 
increase in the amount of C-S-H agglomerates around the aggregate in the transition zone and a less porous and more 
uniform concrete in ternary mixtures than in the reference one (REF), as pointed by Mohammed et al. [30]. 

In Figure 11, it is possible to observe the mass percentages of Si, Ca, Al and C-S-H, and the value of C-S-H 
corresponds to the sum of the three compounds found in the EDS of the concrete samples. 

 
Figure 11. Percentage of weight of Ca, Si, Al and C-S-H obtained from the EDS spectrum.  

The sample with the lowest amount of Ca and Si was with 25% FA (FA25), and the one with the highest Ca and Si 
amount was the ternary mixture of LF with RHA (LF10RHA15), revealing a synergy between these two additions in 
cementitious mixtures. All the mixtures with mineral admixtures showed higher Si contents than the reference concrete 
(REF). The mixture with higher presence of Al was the binary FA25, due to the chemical composition of the FA class 
F, with high content of alumina. The mixture that presented the highest content of C-S-H was LF10RHA15, evidencing 
a higher formation of hydrated calcium silicates in the ternary mixtures with LF and RHA. 

3.3 Thermogravimetric analysis (TGA/DTA) 
In Figures 12 and 13 it is shown the thermogravimetric curves TGA and DTA of the seven mixtures studied, 

respectively. A summary of the mass losses corresponding to the compounds formed in the cement paste is in Table 10. 

 
Figure 12. TGA curves for concrete mixtures tested. 
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Figure 13. DTA curves for concrete mixtures tested. 

Table 10. TGA/DTA results. 

Mixture BW (%) Ca(OH)2 (%) CaCO3 (%) 
REF 8.91 5.16 0.78 
LF25 7.46 4.23 8.38 

RHA25 7.50 2.67 5.84 
FA25 7.35 3.73 2.85 

LF10FA15 7.34 3.79 5.14 
LF10RHA15 7.16 3.48 6.37 

FA12.5RHA12.5 7.54 3.47 3.47 

The results of the thermogravimetric analysis at 28 days indicate that there was reduction of the remaining calcium 
hydroxide (CH) with the use of mineral admixtures in concrete. The mixture in which there was the highest consumption 
of CH was the binary mixture with 25% of RHA (RHA25), and in the ternary mixtures of LF and RHA (LF10RHA15) 
and FA and RHA (FA12.5RHA12.5), there was a very approximate consumption of CH of 3.48% and 3.47%, 
respectively. The reduction of the percentage of portlandite in the binary and ternary mixtures indicates the consumption 
of CH in the pozzolanic reaction and consequent formation of the secondary C-S-H [3]. 

The water content was lower in the mixtures with mineral admixtures than the reference concrete. In the mixtures with 
admixtures the values were very close, between 7 and 7.5%. In mixtures with 100% cement (REF) and LF25 there is clearly 
a higher peak around 180 ºC relative to the formation of monosulfate e hemicarbonate [31]. On the other hand, there is a 
greater formation of CaCO3 in all mixtures with mineral admixtures in comparison to the pure-cement mixture. 

A better evaluation of the relative performance of the mineral additions is done through a unitary analysis, i.e., relating 
the results with the consumption of cement (per kg of cement) for each mixture. Thus, it was possible to obtain a comparative 
graph (Figure 14) between the unitary compressive strength and the contents of calcium hydroxide (CH), bind water (BW) 
and calcite (CaCO3). The unitary contents are obtained by calculating the result by mass of cement of the mixtures. 
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Figure 14. Correlation among CH, BW, CaCO3 and unitary compressive strength. 
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In relation to the unitary content of CH, the inversely proportional relation between the axial compression strength 
and the CH amount is evident. The consumption of CH and consequent formation of secondary C-S-H in mixtures with 
mineral admixtures resulted in increased strength at 28 days of age. 

There was a higher formation of calcium carbonate (CaCO3) in the binary and ternary mixtures with LF. There is 
also a correlation between carbonate formation in the presence of RHA, in both binary (RHA25) and ternary 
(LF10RHA15) mixtures. There was a higher carbonate formation in the mixtures with the presence of mineral 
admixtures than in the reference mixture (REF), and the presence of the carbonate is directly proportional to the 
compressive strength in the ternary mixtures (Mixtures LF10FA15 and LF10RHA15). The same occurred for unit bind 
water, which was higher in mixtures with mineral admixtures than in the reference mixture. 

4 CONCLUSIONS 
The conclusions based on the results of compressive strength and analysis of the microstructure of concrete samples 

with substitution of cement by LF, FA and RHA in binary and ternary mixtures, are as follows: 

1. The use of RHA in binary and ternary mixtures increases the compressive strength of concrete mixtures in relation 
to the reference concrete, mainly at 91 days. 

2. RHA is the most reactive mineral admixtures in the study, due to the presence of amorphous silica in its composition 
and the high specific surface of its particles. RHA was also the mineral admixture that resulted in the highest CH 
consumption and the highest unitary combined water content (per kg of cement). 

3. The ternary mixture with LF and RHA (FC10CCA15) resulted in bigger compressive strength and formation of C-
S-H compared to the reference mixture and the other mixtures with LF and FA, evidencing a synergic effect between 
these two mineral admixtures. The synergistic effect on ternary mixtures with LF is directly related to the higher 
carbonate formation in these mixtures. 

4. When a less reactive pozzolan, such as FA, or even a non-reactive addition, such as LF, is used together with a more 
reactive one, such as RHA, a synergy occurs between them due to a chemical interaction, resulting in an increase 
in secondary C-S-H content and lower porosity at the paste-aggregate interface zone. 
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Abstract: Concrete with recycled aggregate is a fragile material under tensile stresses. However, like conventional 
concrete, it is possible that its contribution is relevant in the design of reinforced concrete elements under tension or 
bending, even after cracking. The objective of this work is to evaluate the application of the analytical models used 
to predict the effect of tension stiffening on recycled reinforced concrete. Tests of reinforced concrete under tensile 
were performed using conventional concrete and concrete containing 25% and 50% replacement of the natural 
aggregate with recycled aggregate. From the experimental results of reinforced concrete, the contribution of the 
concrete was isolated and a parametric study was carried out to identify which analytical model in the literature may 
be more appropriate. The models proposed by Carreira and Chu (1986), Vecchio and Collins (1986) and Hsu and 
Mo (2010) were evaluated. A numerical analysis, based on the finite element method, was implemented to model 
the mechanical behavior of the reinforced concrete under tensile using the analytical models already adjusted to 
concrete with recycled aggregate. The stress distribution in steel and concrete and the cracking mode were evaluated 
numerically. The results indicate that the parameters used in the analytical models for conventional concrete cannot 
predict the behavior of concrete with recycled aggregate and need to be modified to obtain a more accurate answer. 

Keywords: tension stiffening, damage, plasticity, finite elements. 

Resumo: O concreto com agregado reciclado é um material frágil sob tensões de tração, no entanto, assim como o 
concreto convencional, é possível que, mesmo após sua fissuração, a sua contribuição seja relevante no 
dimensionamento de elementos de concreto armado sob tração ou flexão. O objetivo deste trabalho é avaliar a 
aplicação dos modelos analíticos usados na previsão do efeito do enrijecimento a tração (tension stiffening) ao 
concreto armado reciclado. Ensaios de tirantes de concreto armado foram realizados utilizando concreto 
convencional e concreto contendo 25% e 50% de substituição do agregado natural por agregado reciclado. A partir 
dos resultados experimentais, a contribuição do concreto foi isolada e um estudo paramétrico foi realizado para 
identificar qual modelo analítico existente na literatura pode ser mais apropriado. Foram avaliados os modelos 
propostos por Carreira e Chu (1986), Vecchio e Collins (1986) e Hsu e Mo (2010). Uma análise numérica baseada 
no método dos elementos finitos foi implementada para modelar o comportamento mecânico do tirante de concreto 
armado utilizando os modelos analíticos já ajustados ao concreto com agregado reciclado. A distribuição de tensões 
no aço e no concreto e o modo de fissuração foram avaliados numericamente. Os resultados indicam que os 
parâmetros utilizados nos modelos analíticos para concreto convencional não conseguem prever o comportamento 
do concreto com agregado reciclado e precisam ser modificados para se obter uma resposta mais precisa. 

Palavras-chave: tirante de concreto armado, modelo de dano, plasticidade, método dos elementos finitos. 
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1 INTRODUCTION 
The great success obtained by reinforced concrete as a structural material is due to the excellent bond between the 

reinforcement and the concrete, which allows the redistribution of stresses between the materials after the cracking of 
the concrete. Due to this bond, the concrete, considered as a fragile material under tensile stress, can contribute to the 
increase of the strength and stiffness of the reinforced concrete even after the formation of cracks, in an effect called 
“tension stiffening”. The tension stiffening effect has been defined as the contribution of intact concrete between cracks 
to the stiffness of the structural element or even by the ability of intact concrete between cracks to resist part of the 
resulting tensile forces. This contribution of cracked concrete has been identified as responsible for increasing the 
flexural strength [1], increasing the shear strength of reinforced concrete structures [2], increasing the stiffness of 
reinforced concrete slabs [3] and for the non-linear response of reinforced concrete under stress [4]. 

Due to the importance of this phenomenon, several studies have been carried out to determine theoretical models of 
the tension stiffening effect, as a way of incorporating it into the design standards for reinforced concrete structures. In 
this context, two different approaches have been used to determine the constitutive models: i) change in the constitutive 
equation associated with steel [1], [5], [6]; ii) or modification of the constitutive law of concrete, after the opening of 
the first crack [2], [7], [8]. Despite the good results obtained with the theoretical models for determining the tension 
stiffening effect, the parameters obtained for the design have been validated through experimental results of 
conventional reinforced concrete elements, which may limit its applicability to structures produced with recycled 
concrete aggregate. 

The use of concrete with recycled aggregate in reinforced concrete structures is allowed by several design standards [9] 
and, as a result, some studies [10], [11] and practical applications [12] have reported the inherent gains in economic or 
sustainability terms of this material. However, the cracking mode of recycled concrete is different from conventional 
concrete, either under tensile [13] or compression [14] stresses, due to the lower strength and stiffness of the recycled 
aggregate, which may limit the use of some established and validated standard equations for conventional concrete. 

The structural behavior evaluation of reinforced concrete beams with recycled aggregates, carried out by 
Etxeberria et al. [15], identified that the design standards overestimate the shear strength of reinforced concrete beams 
produced with recycled aggregate. According to Ignjatović et al. [16], the deflection in service of reinforced concrete 
beams containing recycled aggregate may be higher than the deflection of beams with conventional reinforced concrete. 
Xiao et al. [10] evaluated the bond between steel bars and recycled concrete and, after verifying the reduction in bond 
with the increase of the content of recycled aggregate in the concrete, established a new empirical law to determine the 
steel-recycled concrete bond. The drying shrinkage measures of concrete with recycled aggregate also indicate that the 
equations currently used by the structural design standards cannot predict the shrinkage behavior of recycled 
concrete [17]. Considering all these aspects and the important effect that drying shrinkage has on the tension stiffening 
effect of concrete [18], [19], it is believed that the use of normative models of the tension stiffening effect, calibrated 
for conventional concrete [20], are not valid for recycled reinforced concrete. Due to such particularities of recycled 
concrete, Kosior-Kazberuk and Grzywa [21] indicate that the special properties of concrete with recycled aggregate 
need to be considered in the design of reinforced concrete structures. 

The objective of this work is to evaluate the tension stiffening effect of recycled concrete on the mechanical behavior 
of elements of reinforced concrete under tensile stress. For this, changes were made to the theoretical tension stiffening 
models proposed by Carreira and Chu [22], Vecchio and Collins [2] and Hsu and Mo [23] to fit the experimental results 
of concrete containing 0%, 25% and 50% of recycled aggregate. Subsequently, the elements were numerically modeled, 
using the finite element method, to evaluate the most appropriate theoretical model for the design of recycled concrete 
elements. The cracking pattern of the elements and the level of stress in the concrete and in the reinforcement were also 
numerically obtained and discussed. 

2 ANALYTICAL MODELS OF THE TENSION STIFFENING EFFECT 
The tension stiffening effect can be seen in Figure 1a, in which an element is subjected to tensile stress. The typical 

curve of this element subjected to tensile can be subdivided into 3 phases. 
The first phase is represented by the elastic region, where the stresses and strains of the element follow the Hooke’s 

Law, and there are no cracks in the concrete. The second phase is initiated by the primary cracking of the concrete and 
the appearance of new cracks, as the stresses in the concrete (between cracks already formed) reach the tensile strength 
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of the concrete. Thus, phase 2 is marked by instability in the test due to gradual cracking. At the end of phase 2, all the 
cracks have already appeared and a reduction in the stiffness of the element is verified. At the crack opening site, the 
force is resisted almost exclusively by the steel bar, while in the region between cracks some tensile force is transferred 
(by bond) from the bar to the surrounding concrete, which results in a reduction of stresses and deformations in the 
reinforcement. At the beginning of cracking, the tension stiffening effect reaches its maximum value (see Figure 1b) 
and gradually decreases with the evolution of the deformation. In the third phase, there is a stable cracking, with the 
opening of existing cracks and loss of bond between steel and concrete. In this phase, the contribution of concrete 
between cracks is reduced to zero as the reinforcement steel tends to yielding phase. 

 
Figure 1. Stages of typical load-strain behavior of a tension stiffening element (a) and region where new cracks appear (b). 

The prescription of the load-displacement behavior of reinforced concrete elements can be performed by standard 
specifications such as CEB [1]. To determine the tension stiffening effect, several models have been proposed over the 
years, being differentiated by the complexity and number of variables involved in the equations. In this study, the 
constitutive equations proposed by Carreira and Chu [22], Vecchio and Collins [2] and Hsu and Mo [23] were used, 
which were based on experimental studies and used in different applications. 

2.1 Tension stiffening Model by CEB [1] 
A classic model for evaluated the behavior of reinforced concrete elements is presented by CEB [1], as illustrated 

in Figure 2. 

 
Figure 2. Relative strain of the reinforcement in the tension stiffening element. 
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In this model, the objective is to determine the average relative deformation of the reinforcement εsm of an element 
of length L subjected to an axial load N. Until reaching the total elongation ΔL, the element goes through an elastic 
phase (Phase 1 in Figure 1a) until reaching the crack load Nr. For values greater than Nr, the average strain of the 
reinforcement is given by: 

sm s2 s
L

L
ε ε ε∆

= = − ∆  (1) 

Where sε∆  represents the contribution of the concrete between cracks (tension stiffening effect), which was established 
experimentally as: 

( ) ( )( )/ /s smax sr s2 s2r s1r sr s2ε ε σ σ ε ε σ σ∆ = ∆ = −  (2) 

By substituting Equation 2 in Equation 1, it is obtained: 

( ) ( )/ /2 2
sm s2 sr s2 s2 sr s21ε ε σ σ ε σ σ = − +  

 (3) 

That can be written in the form: 

[ ]sm s1 s21ε ζ ε ζε= − +  (4) 

Where ζ is a distribution coefficient given by: 

( )/ ,     
,    

2
sr s2 s2 sr

s2 sr

1 para
0 para

σ σ σ σζ
σ σ

 − ≥= 
<

 (5) 

In the Equation 1 to Equation 5, s2σ  is the stress of the reinforcement in a cracked section; srσ  is stress in the 
reinforcement at the moment of cracking, that is, when the stress in the concrete reaches the tensile strength; s1ε  is the 
deformation in the reinforcement in Phase 1; s2ε  is the deformation in the reinforcement after cracking the concrete, 
not considering the contribution of the concrete between cracks; s1rε  is the strain in the reinforcement corresponding 
to the stress srσ , in Phase 1; s2rε  is the strain in the reinforcement corresponding to the stress srσ , not considering the 
contribution of concrete between cracks. 

To consider the quality of the bond of the reinforcement bars and the influence of the duration and repetition of the 
load application, the CEB Model Code 1990 [24] introduced, respectively, the coefficient β1 and the coefficient β2 in 
Equation 5: 

( )/ ,     
,    

2
1 2 sr s2 s2 sr

s2 sr

1 para
0 para

β β σ σ σ σζ
σ σ

 − ⋅ ⋅ ≥= 
<

 (6) 

Where 
,1
1

2 5 1
β

κ
= , with .1 0 4κ =  for ribbed bars and .1 0 8κ =  for smooth bars, and .2 1 0β =  for load applied for a short 

time and .2 0 5β =  for load applied for a long time or for a large number of load cycles. 
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2.2 Model by Carreira and Chu [22] 
The equation proposed by Carreira and Chu [22] was adapted from a model for the behavior of concrete under 

compression and it is given by: 

t

ct
t ct

cr
t

ct
t

cr

f

1
β

εβ
ε

σ
εβ
ε

 
⋅  

 =
 

− +  
 

 (7) 

where tσ  and ctε  correspond, respectively, to the normal tensile stress and the specific linear strain in the stress-strain diagram; 
crε  is the deformation corresponding to the maximum tensile stress. The parameter tβ  combines the effect of cracking and the 

loss of bond between the reinforcement and the concrete and it must be obtained from experimental tests. 
Equation 7 was used by the authors [22] to determine the tension stiffening effect in concrete elements reinforced 

with different ratios of reinforcement, and values for tβ  ranging between 1.45 and 1.70 were adopted. 

2.3 Model by Hsu and Mo [23] 
The model presented by Hsu and Mo [23] was obtained based on experiments carried out on reinforced concrete 

panels submitted to uniaxial tensile stress. The equation that correlates the tensile stress in the concrete tσ  with the 
axial strain ct  ε  is given by: 

cr
t ct

ct

εσ  f
ε

µ
 

=  
 

 (8) 

Where the exponent μ is an adjustment parameter, initially adopted as equal to 0.4 by the authors [21]; ctf  is the tensile 
strength of concrete and crε  is the deformation corresponding to this stress, being adopted by Hsu and Mo [23] as 

.cr 0 00008ε = , based on the experimental results for conventional concrete. 
Equation 8 was used by Wang and Hsu [25] and by Dede and Ayvaz [26], obtaining good results. 

2.4 Model by Vecchio and Collins [2] 
The model proposed by Vecchio and Collins [2] was based on the experiments carried out on reinforced concrete 

panels subjected to pure shear stress and it is given by: 

ct
t

1

f
1

σ
ηε

=
+

 (9) 

Where η is an experimental parameter, adopted equal to 200 for conventional concrete, and 1ε  is the tensile strain of 
the concrete in direction 1 (axial). 

Equation 9 is present in the Modified Compression-Field Theory (MCFT) [2], in which the authors reported the 
importance of considering the tension stiffening effect in the analysis of structures subjected to shearing force 
predominantly to flexion. 

3 EXPERIMENTAL PROGRAM 

3.1 Materials 
The coarse recycled aggregate used in this study, with a maximum diameter of 9.5 mm, was obtained by demolishing 

concrete beams produced in laboratory for this purpose. The coarse natural aggregate was granite gravel with a 
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maximum diameter of 9.5 mm. The water absorption test indicated that the natural aggregate has a total absorption of 
1.2% while the recycled aggregate has a total absorption of 8.0%. Quartz sand with a maximum diameter of 4.75 mm, 
CPV-ARI cement and polycarboxylate-based superplasticizer with a solids content of 30% were used. 

The concretes were composed according to the Compressible Packing Model (CPM), described in Rangel [27], to 
achieve a compressive strength of 25 MPa and an slump value of 75 mm. Three types of concrete were produced, R0, 
R25 and R50, with the replacement of 0%, 25% and 50% of natural aggregate by recycled aggregate, respectively. 
Table 1 shows the consumption of materials for the production of the concrete mixtures, as well as the results of 
mechanical tests at 28 days after curing in a humid chamber. The superplasticizer content was about 3 kg/m3 for all 
mixtures. The concretes were produced in an air-conditioned room at 21ºC ± 1ºC, using a planetary mixer. 

Table 1. Composition and properties of the concrete mixtures. 

Mixture 
Composition (kg/m3) Mechanical properties 

Cement Coarse 
aggregate 

Fine 
aggregate Water fc (MPa) E (GPa) Ftd (MPa) 

R0 304 922.9 841.1 205.7 27.5(±4.2%) 20.8(±7.4%) 2.98(±7.7%) 
R25 301.4 695.0 844.5 211.0 26.9(±4.0%) 21.9(±3.9%) 2.88(±7.9%) 
R50 293.8 467.6 852.3 213.4 26.5(±4.8%) 21.8(±5.5%) 3.02(±5.6%) 

In the tension stiffening elements, CA 50 steel bars with 20 mm of diameter were used, which were subjected to 
tensile test and the bars presented a yield stress of 540 MPa, a rupture stress of 705 MPa and an elastic modulus of 
232.9 GPa. This diameter bar was adopted so that a larger post-cracking region could be investigated before the bar 
begins the yielding phase. 

3.2 Tension stiffening test 
Metallic molds with dimensions of 15 x 15 x 80 cm were used to produce the tension stiffening elements. The steel 

bar was positioned in the center of the cross section of the mold before casting the concrete, as shown in Figure 3. 
The tests were performed in a servo-controlled press with a capacity of 1000 kN, in three samples for each concrete 

mixture. The loading of the test was applied continuously, with a constant speed of 0.3 mm/min. Two electric 
transducers (LVDT) were used to measure longitudinal displacements in the central region of the specimens (0.7 m). 

 
Figure 3. Production and tension stiffening test: a) casting of concrete; b) end of molding; c) test specimen; d) positioning the 

testing machine. 

4 CALIBRATION OF ANALYTICAL MODELS 
From the experimental result of the tension stiffening test, the contribution of the matrix to the overall load-strain 

behavior of the element was isolated. For this, it was evaluated the difference between the result obtained for the element 
and the individually contribution of the steel bar. 
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The analytical models of tension stiffening represented by Equation 7 to Equation 9 were calibrated in comparison 
with the experimental result, from the variation of the values of the parameters tβ , µ  and η , respectively. To determine 
the parameter that best fits the theoretical model to the experimental curve, the regions under the curves were then 
compared up to a deformation of 3.5/1000 and the errors were calculated. The error rate was established as the relation 
between the area under the obtained curve with the theoretical model, divided by the area under the curve obtained 
from the experimental test. 

The analytical stress-strain ratio that corresponded to the smallest error was then used in the numerical modeling of 
the reinforced concrete element. 

5 NUMERICAL MODELING OF THE TENSION STIFFENING ELEMENT 
The computational numerical modeling of the reinforced concrete element was performed using the finite element 

method with application of the plasticity model to the concrete. The ABAQUS software was used. 

5.1 Discretization of the tension stiffening element 
A three-dimensional mesh was modeled in finite elements using the solid element C3D8R, with eight nodes, with 

three degrees of freedom per node (displacements in the X, Y and Z directions) and reduced integration. The C3D8R 
element has 6 faces and four integration points per face, as shown in Figure 4. In the tension stiffening element mesh, 
44400 thousand elements were used, with 47315 nodes, as shown in Figure 5. 

 
Figure 4. Finite element C3D8R used in the mesh: a) numbering of nodes; b) integration points. 

 
Figure 5. Mesh used for the tension stiffening modeling. 
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The computer simulation was performed by applying axial displacements, according to the experimental test 
performed, shown in Figure 6a. Despite the finite element mesh having 80 cm in length, it were monitored the difference 
between the axial displacements, referring to the 1U  direction, of points A and B spaced 70 cm apart and located 5 cm 
from the upper and lower faces, respectively, as shows Figure 6b. These points correspond to the places where the 
LVDTs were fixed for measuring the axial displacement during the experimental test. 

 
Figure 6. Representation of the reinforced concrete tension stiffening test: a) experimental configuration; b) numerical 

representation. 

The numerical analysis was implemented by gradually applying a displacement at point A of 0.0096 m in the U1 
direction, with 2 3U  U 0= = . In point B, displacement restrictions were applied in the three directions, 1 2 3U  U  U  0= = = . 
Thus, the values referring to axial deformations were obtained through the application of Equation 10: 

     
  1 ponto A

inicial

U
L

ε =  (10) 

where 1 ponto AU  is the displacement in the U1 direction of point A and inicialL   is the initial distance of 0.70 m, between 
point A and point B. 

The modeling was performed considering a static problem. Thus, it was decided to use the Static General tool, 
available at ABAQUS, which uses the direct method for solving systems of equations using the Full Newton solution 
technique or pure Newton. The automatic increment was chosen, in which the user determines the initial, maximum 
and minimum increment size. An initial increment of 1E-007 m was used. Concrete and steel were modeled separately 
and, for concrete-steel interaction, perfect bond was considered, so that the tension stiffening effect on the response 
was isolated. 

5.2 Plasticity Model 
To model the tension of the elements, the Concrete Damaged Plasticity (CDP) model was used, in which the 

nonlinear behavior of the concrete is based on the concept of isotropic elastic damage, which aims to represent the 
stiffness degradation associated with the irreversible damage that it occurs during the fracture process, in combination 



M. P. Martins, C. S. Rangel, M. Amario, J. M. F. Lima, P. R. L. Lima, and R. D. Toledo Filho 

Rev. IBRACON Estrut. Mater., vol. 13, no. 6, e13605, 2020 9/21 

with isotropic plasticity, to describe the damage mechanisms, called “softening” in tensile and “crushing” in 
compression. In this context, local damage models assume that nonlinear behavior is different in relation to tensile and 
compression [28], [29]. 

On the contrary of the concrete models based on smeared crack, the CDP does not present a tool that can capture 
the development of the crack at the point of integration of the material. However, it is possible to introduce the concept 
of an effective crack direction in order to obtain a graphic visualization of crack patterns in the concrete structure. It is 
assumed that the cracking starts at points where the plastic strain, plε , equivalent to tensile is greater than zero and the 
maximum main plastic strain is positive. The direction of the vector normal to the crack plane is assumed to be parallel 
to the direction of the maximum main plastic stress [30]. 

To use the CDP model, it is necessary to define some parameters of plasticity, described in Table 2, which, in this 
study, were chosen based on the values used by several researchers, such as Jankowiak and Lodygowski [33], Birtel 
and Mark [34] and Ors et al. [35]. Regarding the dilatation angle, ψ , it is usually used between 30° and 40° to describe 
the behavior of the concrete [36], [37]. 

Table 2. Plasticity parameters of the CDP model. 

Parameters Values Denotation 
ψ  30° Dilatation angle (Lee and Fenves [31]) 
  0.1 Potential flow function parameter 
b0

c0

f
f

 1.16 Relation between biaxial compressive strength and uniaxial compressive strength 
(Kupfer et al. [32]) 

ck  0.667 Rate of the second stress invariant 
Viscosity 0 Viscosity 

5.2.1 Constitutive laws 
As the CDP model allows to insert a table with the behavior of the concrete related to the tensile, the analytical 

models of tension stiffening were introduced after being calibrated with the experimental results. 
For the behavior under compression, the model proposed by Hognestad [38] and Kent and Park [39], represented 

by Equation 11, was used, applying the peak stress and the peak strain values obtained from experimental tests. 

2
c c

c cu
0 0

2ε εσ σ
ε ε

   = −  
   

 (11) 

where cuσ  is peak stress in compression, adopted as the compressive strength value experimentally obtained, and 0ε  
of the strain related to peak stress. 

For the steel of the reinforcement bar, a perfect elastoplastic model was adopted, considering the experimental results. 

6 RESULTS AND DISCUSSION 

6.1 Experimental results 
The experimental load-strain curves of the tests of reinforced concrete elements for mixtures R0, R25 and R50 are 

shown in Figure 7. The experimental curve of the direct tensile test of the isolated steel bar is also presented. 
It appears that all tension stiffening elements, with conventional concrete or recycled concrete, exhibit a behavior 

similar to that predicted in Figure 1, with a linear phase followed by a baseline of constant force in which multiple 
cracking occurs. After this phase, the elements showed an increase in loading, with a stiffness lower than that initially 
verified, and close to the stiffness presented by the isolated steel bar. It appears that after cracking, the force in the 
element is greater than the force in the isolated bar, demonstrating the contribution of concrete between cracks to the 
mechanical behavior of the reinforced concrete element. 



M. P. Martins, C. S. Rangel, M. Amario, J. M. F. Lima, P. R. L. Lima, and R. D. Toledo Filho 

Rev. IBRACON Estrut. Mater., vol. 13, no. 6, e13605, 2020 10/21 

 
Figure 7. Experimental results for tension stiffening elements without recycled aggregate (R0) and with substitution of 25% (R25) 

and 50% (R50) of natural aggregate for recycled aggregate. 

The average results of the properties of the concrete elements under tensile test, before and after the cracking phase, 
are presented in Table 3. It is verified that the presence of the recycled aggregate affected the behavior of the tension 
stiffening element, with an increase of up to 15% in the cracking stress (F1) and 19.4% increase in deformations (Δε) 
during the multiple cracking process (phase 2, Figure 1). The stiffness of the element, before and after cracking, was 
less influenced by the recycled aggregate since the steel stiffness affects these properties more strongly. 

Table 3. Experimental results of tension stiffening tests. 

Element F1(kN) ε1(µε) ε2(µε) Δε E1(GPa) E2(GPa) 

R0 44.4 (±6.6%) 92.8 (±1.4%) 384.7 (±9.2%) 291.9 23.0 (±6.3%) 3.03 (±2.5%) 

R25 49.3 (±6.8%) 96.0 (±4.6%) 442.4 (±7.5%) 346.4 22.9 (±7.5%) 3.04 (±6.5%) 

R50 51.1 (±3.4%) 103.3 (±6.4%) 451.8 (±8.6%) 348.5 22.0 (±2.9%) 3.13 (±1.6%) 

From the difference between the load value on the element and the load value on the steel bar, the contribution of 
the concrete matrix to the behavior of the element (tension stiffening effect) was obtained, as shown in Figure 8 to 
Figure 10. Assessing the stress-strain behavior of concrete elements, it appears that, after the appearance of the first 
crack, when the stress reaches the tensile strength shown in Table 4, there is a sudden reduction in the resistant strength 
of the material (softening), followed by the maintenance of this strength until deformations of the order of 3.5/1000. 
The substitution of the natural aggregate for recycled aggregate contributed to an increase in the peak stress in tensile, 
in the strain corresponding to the peak stress and in the elastic modulus of about 15%, 33% and 10%, respectively. 

Table 4. Concrete properties obtained in the tension stiffening test. 

Concrete ctf  (MPa) crε  E (MPa) 

R0 1.97 7.5E-05 20700 

R25 2.19 1.0E-04 21900 

R50 2.27 1.0E-04 22700 

6.2 Parametric study of analytical models to determine the tension stiffening effect 
To calibrate the analytical models, a parametric study was carried out in which several values of the parameters tβ , µ  and 

η  were tested in the models proposed by Carreira and Chu [22], Hsu and Mo [23] and Vecchio and Collins [2], respectively, 
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and compared with the experimental results. The results are shown in Figure 8 to Figure 10 for conventional concrete, concrete 
with 25% recycled aggregate and concrete with 50% recycled aggregate, respectively. The values obtained for the parameters 
and the prediction errors of each model, when compared with the experimental results, are shown in Table 5. 

The model by Vecchio and Collins [2] was initially tested with a value of η equal to 200, as proposed by the authors, 
however the theoretical values of stresses, after the peak, were much higher than the values obtained in the experimental 
result. Values varying between 1500 and 3000 were then tested. For conventional concrete, investigated in this study, 
a value of η equal to 1500 was the one that best adjusted the theoretical curve to the experimental result, with an error 
of less than 1%. For concrete with recycled aggregate, values of η equal to 1800 and 2700 were obtained, with errors 
of about 1%. 

 
Figure 8. Parametric study of analytical models for the R0 tension stiffening element. 

Although the model by Vecchio and Collins [2] does not fit well with the modeling of the tension stiffening 
behavior, especially in the second phase of the curve, immediately after the peak, it appears that the parameter used for 



M. P. Martins, C. S. Rangel, M. Amario, J. M. F. Lima, P. R. L. Lima, and R. D. Toledo Filho 

Rev. IBRACON Estrut. Mater., vol. 13, no. 6, e13605, 2020 12/21 

conventional concrete does not fit in the modeling of the concrete with recycled aggregate. This fact was also identified 
in the other models used. 

Compared with the model used previously, it appears that the Carreira and Chu model [22] has greater versatility 
with respect to the ability to model the stress-strain curves, as well as the model presented by Hsu and Mo [23], as can 
be seen in Figures 8, Figure 9 and Figure 10. For small variations in the experimental adjustment parameters βt and μ, 
presented in Equation 7 and Equation 8, respectively, a significant variation in the tension stiffening behavior was 
verified. The parameter βt ranged from 1.45 to 1.70, while the parameter μ ranged from 0.25 to 0.50. 

 
Figure 9. Parametric study of analytical models for the R25 tension stiffening element. 
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Figure 10. Parametric study of analytical models for the R50 tension stiffening element. 

Table 5 indicates the values of adjustment parameters that best suit the experimental results, considering each model 
and each type of concrete. The comparison between these parameters indicates that the analytical models obtained to 
predict the behavior of conventional concrete do not apply to recycled concrete, even when using the 25% substitution 
content, whose effect on mechanical strength is not so relevant. This proves the initial hypothesis established in this 
study that, the mathematical relations already established in the design standards for conventional concrete structures 
can be used to predict the structural behavior of recycled reinforced concrete, there must be an adjustment in the 
parameters used or a modification of the models. 
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Table 5. Parameter values obtained for tension stiffening models. 

Mix Theoretical model 
Parameter Theoretical area 

(MPa.mm/mm) 
Experimental area 

(MPa.mm/mm) 
Relative 

error rate 
(%) Symbol Value 

R0 
Carreira and Chu (1986) βt 1.45 0.00281 0.00283 -0.71 

Hsu and Mo (2010) μ 0.30 0.00294 0.00283 3.89 
Vecchio and Collins (1986) η 1500 0.00286 0.00283 1.06 

R25 
Carreira and Chu (1986) βt 1.60 0.00273 0.00268 1.87 

Hsu and Mo (2010) μ 0.40 0.00277 0.00268 3.36 
Vecchio and Collins (1986) η 2700 0.00265 0.00268 -1.12 

R50 
Carreira and Chu (1986) βt 1.55 0.00307 0.00306 0.26 

Hsu and Mo (2010) μ 0.35 0.00322 0.00306 5.23 
Vecchio and Collins (1986) η 1800 0.00310 0.00306 1.31 

6.3 Modeling of the reinforced concrete elements 
Figure 8, Figure 9 and Figure 10 show the experimental results of the tension stiffening test compared to the numerical 

models. In the numerical models, the stress-strain diagrams used for concrete under tensile were obtained from appropriate 
tension stiffening models, using the parameters presented in Table 5. For the purpose of comparison with design standards, 
the analytical model presented by CEB [1] is also shown in Figure 11, Figure 12 and Figure 13. It appears that the numerical 
model was able to predict the overall behavior of the tension stiffening element with an acceptable approximation. To 
prediction the load and the strain of the first crack of the element, shown in Table 6, the greatest differences between the 
numerical value and the experimental value, of the order of 19% for the force 1F  and 39% for the strain 1ε , were verified 
when the Vecchio and Collins [2] model was used to determine the tension stiffening effect. The Hsu and Mo [23] model was 
the one that best fitted to conventional concrete, with an error of 3.1% in the predicted 1F , and the Carreira and Chu model [22] 
resulted in a maximum error of 6.85% in predicted 1F  for recycled concrete. 

Table 6. Tension stiffening test properties at the cracking start. 

Models 
R0 R25 R50 

( )1F kN  ( )1 µε ε  ( )1F kN  ( )1 µε ε  ( )1F kN  ( )1 µε ε  
Experimental 44.4 92.8 49.3 96.0 51.1 103.3 

Carreira and Chu (1986) 46.1 72.7 47.6 73.2 47.6 74.5 
Hsu and Mo (2010) 45.8 72.1 47.3 71.6 46.8 72.5 

Vecchio and Collins (1986) 35.8 56.6 45.2 67.3 45.8 70.3 

 
Figure 11. Comparison between numerical models, analytical model and experimental result for the tension stiffening element 

with conventional concrete R0. 
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Figure 12. Comparison between numerical models, analytical model and experimental result for the tension stiffening element 

with recycled concrete R25. 

 
Figure 13. Comparison between numerical models, analytical model and experimental result for the tension stiffening element 

with recycled concrete R50. 

To evaluate the numerical modeling in the prediction of the post-cracking behavior of the tension stiffening element, 
the areas under the load-strain curves (numerical, analytical and experimental), up to the 2000 µε deformation, were 
calculated and the error was calculated by the relation between these areas. The results are shown in Table 7. 

The maximum error obtained by the numerical models was about 14% when the Hsu and Mo model [23] was used 
in the analytical modeling of the tension stiffening of conventional concrete. In fact, evaluating Figure 9, it is observed 
that, after the multiple cracking phase, the ascending phase of this numerical curve is more rigid than the other models 
and then the experimental result. For this phase, the numerical model with the Vecchio and Collins [2] curve presents 
the best approximation for conventional concrete, with an error of 0.77%, while the model with the Carreira and 
Chu [22] curves more adequately model the element with recycled concrete, with a maximum error of 0.82%. 

Regarding the analytical model proposed by CEB [1], it appears that the main difference concerns the load-strain 
behavior in Phase 2 (see Figure 1). While the numerical models and the experimental result indicate a baseline on the 
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curve, with constant load during the multiple cracking process, the CEB model shows an increase in load during this 
phase. However, the maximum prediction error using the normative prescription was 5.24%, which shows a potential 
for predicting the behavior of tension stiffening elements with conventional or recycled concrete. 

Table 7. Comparison between numerical, analytical and experimental results of reinforced concrete tension stiffening elements. 

Element Theoretical model Parameter Simulation area 
(kN∙µε) 

Experimental area 
(kN∙µε) Error (%) Symbol Value 

R0 

Carreira and Chu (1986) βt 1.45 190861 

188567 

1.21 
Hsu and Mo (2010) μ 0.30 215484 14.27 

Vecchio and Collins (1986) η 1500 190033 0.77 
CEB - - 186224 -1,24 

R25 

Carreira and Chu (1986) βt 1.60 183680 

183574 

0.05 
Hsu and Mo (2010) μ 0.40 198222 7.92 

Vecchio and Collins (1986) η 2700 188121 2.47 
CEB - - 193206 5,24 

R50 

Carreira and Chu (1986) βt 1.55 189327 

187780 

0.82 
Hsu and Mo (2010) μ 0.35 205180 9.26 

Vecchio and Collins (1986) η 1800 205678 9.53 
CEB - - 195334 4,02 

6.3.1 Monitoring the distribution of stresses and strains in the tension stiffening element 
According to the theory of tension stiffening element cracking [1], after the appearance of the first crack, there is a 

variation on the distribution of stresses inside the element and, at the crack region, there is a reduction in the concrete 
stress (which can go to zero) and an increase in tension in the reinforcement. Using the numerical model, it was possible 
to monitor the development of element cracking and map the level of stresses and strains in concrete and steel. 

The experimental results of the tension stiffening test indicate the appearance of three or four main cracks spaced 
along its length, as shown in Figure 14. The numerical models managed to capture this behavior indicating the 
appearance of three cracks in all analyzed elements, as shows Figure 15. Despite the appearance of the first crack being 
in a random region, changing according to the type of concrete, it appears that the final spacing between cracks remained 
equal to 20 cm. The experimental results indicate an average spacing of 11.3 cm, since in some specimens a greater 
number of cracks appeared. 

 
Figure 14. Evolution of the cracking during the tension stiffening test of R0. 

The variation of stresses in the steel bar and in the concrete were monitored along the length of the element during 
the multiple cracking phase and it is shown in Figure 15. The tension was obtained in a node located inside the concrete, 
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halfway between the face of the element and the reinforcement bar, that is, at a distance of 37.5 mm from the external 
face. 

With the appearance of the first crack (Figure 15a), at the crack region, there is a reduction in the stress in the 
concrete and an increase in the steel stress, since there is a transfer of stresses between the two components. A similar 
fact is observed when there is the appearance of the second (Figure 15b) and third (Figure 15c) cracks. It is possible to 
observe, however, that the stresses in the concrete between cracks remain high, indicating the occurrence of the tension 
stiffening effect, with the contribution of the concrete between cracks to the total strength. 

Throughout the cracking process, it appears that, with the appearance of a new crack, there is a redistribution of 
stresses, and at the point where the crack appears, the steel bar becomes more tensioned and the concrete has a reduction 
in the capacity to transmit efforts. However, different from what is proposed in the classic tension stiffening cracking 
model [1], which proposes that in the crack region the stresses in the concrete go to zero, it is realized in the 
computational model that the concrete, even in the cracked region, can transmit a small portion of efforts. This 
phenomenon, called interlocking, is predicted by Prado and Van Mier [40] for conventional concrete, and corresponds 
to the friction that the crack faces impose on the relative displacement and which is influenced by the type of aggregate. 

 
Figure 15. Stress distribution in concrete and in reinforcement along the elements after: a) first crack; b) second crack and c) third crack. 
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In addition to the variation in stresses along the length of the element, it is expected that the stresses in the concrete 
will vary along the cross section, since the transfer of stresses, after cracking, is made from the steel bar to the concrete. 
Using numerical simulation, it was possible to monitor the development of stresses at two points in the concrete cross 
section, as shown in Figure 16: close to the surface and inside the concrete. Evaluating the non-cracked concrete, it 
appears that the stresses measured inside the concrete (Point P2) are practically constant while the stresses measured 
on the surface (Point P1) have a parabolic shape along the length of the element. 

 

 
Figure 16. Stress and strain distribution in concrete and in reinforcement for R0 element. 
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Assessing the distribution of plastic deformations inside the concrete (Figure 16), it appears that there is a variation 
along the cross section. In the cracked section (S1), it can be seen that the deformation of the concrete is greater on the 
external surface and it decreases as it approaches the steel bar, indicating the maintenance of a certain level of bond 
that allows the development of stresses in the concrete. In the section S2, formed of intact concrete, a difference is also 
verified between the deformation in the surface and the deformation inside the concrete, but with less intensity, which 
is compatible with the level of stresses observed in this section. 

7 CONCLUSIONS 
Reinforced concrete elements produced with normal concrete and recycled concrete, containing 25% and 50% of 

recycled aggregate in substitution to the conventional aggregate, were experimentally evaluated under direct tensile and 
analyzed through numerical and analytical models. 

All tension stiffening elements showed multiple cracking under uniaxial tensile. After the cracking process, the 
observed load values remained higher than the values observed in the steel bar tested separately, confirming the 
contribution of concrete between cracks (tension stiffening effect) for the strength of the reinforced concrete element. 
The recycled concrete element presented higher cracking stress and greater deformations in the multiple cracking phase 
than the conventional concrete element, confirming the influence of the addition of recycled aggregate on the 
mechanical behavior. 

Three analytical models of tension stiffening, with different mathematical equations, were compared with the 
experimental stress-strain diagrams obtained for the isolated matrix. It is verified that the values obtained for modeling 
of conventional concrete cannot adequately predict the tension stiffening behavior of concrete with recycled aggregate. 
For that, new parameters had to be obtained. The mathematical model proposed by Carreira and Chu (1986) obtained 
better approximations with the experimental results for the behavior of conventional concrete and for concrete with 
50% recycled aggregate, but with different adjustment parameters equal to 1.45 and 1.55, respectively. 

The numerical evaluation of reinforced concrete elements indicates that the type of analytical model adopted for 
tension stiffening affects the prediction of structural behavior, both in the approximation of curves and in the 
determination of crack loads. Comparing the models used, it can be seen that, for conventional concrete elements, the 
tension stiffening model proposed by Vecchio and Collins managed to approximate the areas under the curve (0.77% 
of error), but does not present as good approximation in the post-cracking behavior regarding the model proposed by 
Carreira and Chu, who managed to predict the behavior of the elements with conventional and recycled concrete with 
reasonable precision, provided that the appropriate parameters for each type of concrete were used. Despite presenting 
an error of 5.24% in the prediction of the element behavior, the analytical model proposed by CEB showed a good 
approximation, especially when it is considered that it did not change the original parameters proposed by the standard. 

The monitoring of the stress distribution along the element, during the loading and cracking processes, demonstrated 
that there is a stress redistribution as new cracks appear in the concrete, making it possible to identify the tension 
stiffening effect, that is, the contribution of the concrete between cracks. At the crack region, it is possible to identify 
that the concrete stresses reduce, but do not reach zero, also contributing to the strength of the tension stiffening element. 

The numerical results indicate that, in the same section of the element, there is a variation of plastic deformations 
and stresses along the cross section. This variation affects the form of stress distribution in the concrete along the length 
of the element, which is no longer uniform when measured inside the section, and becomes parabolic when measured 
on the concrete surface. 
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Abstract: The study of shallow tunnels introduces different aspects when compared to deep tunnels analysis. 
Among these characteristics can be emphasized the non-uniform shape of the deformed cross-section and the 
impossibility of some simplifications such as the consideration of homogeneous stresses around the 
excavation. Since the tunnel lining is subject to combined bending and compression, shallow tunnels are more 
susceptible to the development of final tensile stresses (not founded in deep tunnels) and the consequent 
concrete cracking. This paper presents a numerical simulation in finite elements with the ANSYS software. 
The purpose of the study is to analyze the cracking influence in the displacements of shallow tunnels, treating 
the concrete behavior by three different models: elastic, viscoelastic and viscoelastic with cracking effects. 

Keywords: shallow tunnels, cracking, finite element method, concrete, viscoelasticity. 

Resumo: O estudo de túneis superficiais apresenta peculiaridades se comparado à análise de túneis profundos. 
Dentre estes aspectos, pode-se enfatizar o formato não uniforme da seção deformada e a impossibilidade de 
adotar algumas simplificações, como a consideração de tensões uniformes ao redor da escavação. Uma vez 
que o revestimento do túnel está sujeito à flexo-compressão, túneis superficiais são mais suscetíveis ao 
desenvolvimento de tensões finais de tração (não encontradas em túneis profundos) e a consequente fissuração 
do concreto. Este artigo apresenta uma simulação numérica pelo método dos elementos finitos, realizada com 
o software ANSYS. O estudo tem o objetivo de analisar a influência da fissuração nos deslocamentos de túneis 
superficiais, ao tratar o comportamento do concreto por meio de três diferentes modelos: elástico, 
viscoelástico e viscoelástico com fissuração. 

Palavras-chave: túneis superficiais, fissuração, método dos elementos finitos, concreto, viscoelasticidade. 

How to cite: B. M. Jensen, D. Bernaud, and A. Campos Filho, “Influence of the cracking consideration in the displacements of a shallow tunnel 
lined in steel-reinforced concrete: numerical model,” Rev. IBRACON Estrut. Mater., vol. 13, no. 6, e13606, 2020, https://doi.org/10.1590/S1983-
41952020000600006 

1 INTRODUCTION 
The strains resulting from an excavation process reduce the existing stresses in the soil mass and induce forces in 

the lining that correspond to a part of this initial geostatic pressures [1], [2]. So, the design of underground facilities 
requires the correct evaluation of both the soil mass deformations and the lining stress levels. The magnitude of these 
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solicitations depends on several factors, such as the excavation method, the lining type, the material characteristics and, 
mainly, the interaction of the lining and the soil mass. 

In tunnel engineering, there is a distinction between treating a tunnel as a shallow or as a deep one, since they present 
different characteristics. Stress and strain fields are the main aspects that distinguish then. Dealing with shallow tunnels, 
located at a small depth compared with their cross-section size, the complexity of the problem increases, since this type 
of tunnel is influenced by the free ground surface above it. Shallow tunnels present, then, an ovalized cross-sectional 
deformed shape, different from the uniform deformed shape usually seen in deep tunnels [3]. 

Since shallow tunnel linings are subjected to lower compression levels than deep tunnels, it is important to consider 
the actual coefficient of earth pressure at rest ( K ), which modifies the value of the horizontal pressures in relation to 
the vertical pressures, considering a relation value different from one. On the other hand, treating the horizontal pressure 
acting on the soil as equal to the vertical pressure (simplification often adopted in deep tunnels analysis) may have a 
significant impact on the results. The actual K  coefficient causes some cross-sectional regions less compressed than 
others. As the lining is subject to bending-compressive stresses, a shallow tunnel becomes more susceptible to the 
development of tensile stresses and consequent concrete cracking, which may reduce its stiffness and induce higher 
strains. 

This paper presents a finite element model elaborated with ANSYS software. The tunnel excavation and lining 
placement processes are simulated with the tool of activation and deactivation of elements, step by step. Soil mass 
behavior is represented by an elastoplastic model with the Mohr-Coulomb plasticity criterion. Three different models 
represent the concrete behavior: linear elastic, viscoelastic and viscoelastic considering the cracking effects. Since these 
two last-mentioned models are not previously available in the software chosen, ANSYS's User Programmable Features 
(UPF) tool is used, based on the studies of Quevedo [4] and Schmitz [5]. Additionally, the steel reinforcement is 
represented by an embedded reinforcement element, with perfect elastoplastic behavior. 

The purpose of the performed analysis is, thereby, to determine the difference between the consideration of concrete behavior 
with the help of the three mentioned models. In these analyses, tunnel depth is also varied to establish its influence. Furthermore, 
the impact of other involved parameters (unlined length ( 0d ), concrete strength ( ckf ) and soil mass Young modulus ( mE )) is 
studied by considering a given depth value and the concrete behavior as viscoelastic with cracking. 

2 MECHANICAL BEHAVIOR OF TUNNELS 
In the study of mechanical and structural behavior of a tunnel, it is particularly important to consider in the analysis 

the constructive phases, related to the soil mass excavation. During the excavation process, the region near the tunnel 
advancing cross-section (called excavation face) is subjected to higher stresses and strains gradients. Hence, this part 
of the tunnel consists of an influence zone that starts from a cross-section located inside the unexcavated soil mass, 
where the radial displacements are small, to another section located in the excavated part, where the displacements 
reach maximum values [6]–[8]. 

The radial displacements ( ru ) define the so-called tunnel convergence ( iU ), shown in Equation 1. This parameter 
is described by the relation between these displacements in each section and the tunnel radius ( eR ). 

( )r e
i

e

u r R
U

R
− =

=  (1) 

Figure 1 shows the convergence curve of a circular tunnel, relative to the excavation sections. From it, we can 
observe that the displacement values are null in a region of the unexcavated soil mass far from the excavation face 
(undisturbed). They present a maximum gradient in the region around the excavation face and show the greatest 
magnitudes in an excavated region far from the front (in which the tunnel reached the equilibrium). 

Numerical methods based on the finite element method (FEM) are an important tool to determine soil mass 
displacements and to design the tunnel lining, since they present several advantages over analytical and empirical 
methods. The numerical methods allow the use of nonlinear and distinct constitutive models for the soil and the lining, 
the modeling of complex geometries and the consideration of boundary and loading conditions like those found in the 
field. Additionally, numerical simulations can reproduce the excavation process and the lining installation by the 
activation and deactivation method, as done in the studies of Bernaud [9], Fiore et al. [10] and Quevedo [4]. 

In this model, the excavation and lining placement sequences are simulated by changing the stiffness value of the 
affected elements (soil or concrete) at each excavation step (face advance). To represent the soil mass removal, the 
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stiffness of the excavated elements is reduced. In order to simulate the lining placement (at a specified distance 0d  from 
the advancing face), the mechanical characteristics of the respective elements, which were previously related to the 
soil, are replaced to those of the concrete lining [11]. The typical mesh employed in the models which are used in the 
construction stages analysis is shown in Figure 2 (illustrative). 

 
Figure 1. Tunnel convergence along the longitudinal section to the excavated and unexcavated parts. 

 
Figure 2. Typical mesh for tunneling simulation (illustrative). 

2.1 Tunnel lining 
The lining is the structural system installed to provide the necessary support to the tunnel. Thus, it confers stiffness and 

assists the soil mass in the stabilization of strains during the construction and the different structural stages. It acts also with 
other functions such as limiting water infiltration and representing the basis for the final inner tunnel surface [12]. In general, 
this is a hyperstatic problem, since the forces acting in the lining, the stresses resulting from these actions, and the resulting 
displacements are interdependent and related to the soil-lining interaction. 
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Several factors are associated with the stresses developed in a tunnel lining as, for example, the lining stiffness. For 
a better understanding of stiffness influence, Peck [13] suggests that two main situations should be assumed, both for a 
circular tunnel with lining. If the tunnel lining is perfectly flexible but able to withstand the radial compressive 
pressures, tangential and shear stresses would not appear, neither bending moments. On the other hand, assuming this 
lining to be perfectly rigid, the pressures would cause bending moments due to the lining resistance to the imposed 
forces. In practice, however, the actual lining stiffness is acting between the two proposed conditions. In this way, the 
tunnel equilibrium cannot be reached only by changing its cross-section size, and this distortion may induce the 
development of bending moments. 

The different structural behavior of a tunnel lining can be explained as a case of bending-compressive stresses. For 
deep tunnels, the resulting main stresses are purely compressive and more uniform than those found in shallow tunnels. 
As a result, the bending causes essentially areas with a higher concentration of stresses (usually compressive ones). On 
the other hand, in shallow tunnels, due to the smaller magnitude of the compressive forces, this bending can cause final 
tensile stresses. 

2.2 Shallow tunnel conditions 

The distribution of stresses in the soil mass, the magnitude order of the displacements on the ground surface and the 
degree of displacements symmetry above and below the tunnel cross-section present some aspects that distinguish the 
tunnels between shallow or deep. In practice, it is possible to differentiate these two tunnel types through the relationship 
between their depth ( H ) and their diameter ( D ) and, although there is no accordance about the limit value, the adoption 
of the relation /H D 10<  (as in Benamar [14] and Ferrão [15] studies) seems appropriate to consider the tunnel as a 
shallow one. 

The stresses field developed around a shallow tunnel is not purely radial like in deep tunnels, due to the influence 
of the proximity to the free ground surface. Consequently, the cross-sectional deformation of a shallow tunnel is not 
merely uniform and is not related only to the cavity volume change. Actually, in accordance with Pinto and Whittle [3], 
two other components define the final deformed state: distortion (or ovalization) and vertical translation. The difference 
in the deformed shape from shallow to deep tunnels is shown in Figure 3. 

 
Figure 3. Difference in the shape of deep and shallow tunnels deformed cross-section. 

Moreover, regarding shallow tunnel analysis, it is most adequate to consider as acting in the soil mass the actual 
variable pressures than the geostatic-hydrostatic ones, taking into account the value of the coefficient of earth pressure 
at rest ( K ), which is actually different from the unit. This coefficient modifies the value of the horizontal pressures in 
relation to the vertical ones, causing non-uniform displacements and stresses, which vary along the tunnel cross-section 
(causing zones of stress concentration and relaxation) and bending moments in the tunnel lining [16]. As the soil weight 
is smaller at lower depths, the compression level at the lining is, consequently, lower. Then, the anisotropy induced by 
K  can cause the development of tensile stresses. 
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Jensen [17] carried out analysis concerning circular shallow tunnels lined in concrete (soil mass and lining with 
linear elastic behavior), in which the influence of both depth and earth pressure coefficient in the appearance of tension 
stresses were studied. The obtained results indicated that tunnels with a smaller /H D  relation present more areas of 
tensile stresses compared to deeper tunnels. The same conclusion was obtained on the variation of the K  coefficient: 
the smaller and distant from the unit, more tensile areas tended to form. 

In shallow tunnels, the change in the stress state caused by the excavation also induces another displacement type, 
called surface settlement. Among the methods of analysis and evaluation of surface settlements, is cited the empirical 
method given by Peck [13], which indicates that the shape of these displacements resembles a reversed Gaussian curve. 
Thus, the maximum displacement is precisely on the axis of the tunnel cross-section and the magnitude is greater the 
closer the tunnel is to the surface. 

3 CONSTITUTIVE MODELS OF MATERIALS 
This item aims to describe the constitutive models chosen to represent the materials that compose the tunnels: the 

soil mass and the steel-reinforced concrete lining. 

3.1 Soil mass 
To represent the soil mass behavior, it is employed the constitutive model of Mohr-Coulomb, often adopted as a 

resistance criterion in the geotechnical engineering. A version of this model is provided by ANSYS [18] and can be 
applied by the insertion of the soil parameters as the friction angle (ϕ ), the cohesion ( C ) and the dilatancy angle (ψ ) 
of the material. 

3.1 Lining: steel-reinforced concrete 
This research aimed to contemplate two behaviors presented by the concrete: one model represents the time-

dependent strains and the other one represents the low resistance to tensile stresses. Thus, to implement a viscoelastic 
model with the consideration of cracking effects, it was necessary to use the ANSYS customization tool, the User 
Programmable Features - UPF, through the UserMat subroutine, specific to customize material behavior. For this, the 
procedures presented by Quevedo [4], Schmitz [5], Lazzari [19] and Quevedo et al. [20] were followed. Further details 
on formulations and solution features can be found in the studies cited above. 

The time-dependent behavior of the concrete can be explained in terms of the creep and shrinkage phenomena. The 
first one concerns the continuous and gradual strains increase under constant stresses and can be separated, as in the 
case of the Solidification Theory proposed by Bazant and Prasannan [21], in a portion dependent on the loading age 
and another part dependent on the concrete age, the same distinction made by the formulation given by the Comité 
Euro-International du Béton (CEB-FIP MC90) [22]. The second phenomenon, called shrinkage, refers to the material 
volume reduction given by the gradual water loss remaining in the capillary vessels inside the concrete, which it has 
not been completely used in the cement hydration reactions. 

The Comité Euro-International du Béton [22] evaluates the total strain in the age t  of a concrete element uniaxially 
loaded at age 0t  with uniform stress ( )c 0tσ  by the Equation 2: 

( ) ( ) ( ) ( ) ( ) ( ) ( )c ci 0 cc cs cT c cnt t t t t t tσε ε ε ε ε ε ε= + + + = +  (2) 

in which ( )ci 0tε  = initial elastic and linear strain (immediate); ( )cc tε  = creep strain; ( )cs tε  = the shrinkage strain; and 
( )cT tε  = thermal strain. 
Therefore, the total strain is composed of a dependent on the stress part ( ( )c tσε ), where the elastic and the creep 

strains are included, and an independent on the stress part ( ( )cn tε ), that comprises the shrinkage and the thermal strains. 
The thermal strains are not addressed in this paper. 

The strain depending on the stress can be expressed by Equation 3: 

( ) ( ) ( )
( ) ( ) ( ),

, ,0
c 0 c 0 c 0 0

c 0 ci

t t1t t t t J t t
E t Eσ

φ
ε σ σ

 
= + = 

  
 (3) 
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In Equation 3, ( ), 0J t t  is the creep function and refers to the terms given by the Equation 4: 

( ) ( )
( ),

, 0
0

c 0 ci

t t1J t t
E t E

φ
= +  (4) 

The other terms of Equation 3 are: ( )c 0tσ  = stress applied at the initial time (MPa); ( )c 0E t  = concrete tangent 
elasticity modulus at the initial time (MPa); ( ), 0t tφ  = creep coefficient; ciE  = Young modulus at the age of 28 days 
(MPa). 

To the shrinkage strain, the Comité Euro-International du Béton [22] defines the relation below (Equation 5): 

( ) ( ),cs s cs0 s st t t tε ε β= −  (5) 

where st  = concrete age (in days) when shrinkage starts; cs0ε  = shrinkage factor (dependent on concrete composition); 
and ( )s st tβ −  = factor that depends on the shrinkage age ( )st t− . 

It is worth noting that, in accordance with Quevedo et al. [20], the use of the Comité Euro-International du 
Béton [22] formulation is due to the fact that the creep model fits into the Bazant and Prasannan [21] Solidification 
Theory. This facilitates the numerical solution of the concrete time-dependent behavior considering aging as an isolated 
factor (related only to the solidified concrete volume over time). 

In turn, the concrete characteristic of not resisting tensile stresses well, since its tensile strength is much lower than 
its compressive strength, can result in cracking even at low stress levels (to which shallow tunnels are generally 
subjected, for example). To verify if cracking occurs, the stress level of the integration points is evaluated by two 
procedures. It is verified whether the integration point stresses reached the yield surface, which in this research is 
defined by Ottosen [23]. Then, it is also evaluated if cracking or crushing failure occurs (the cracking failure occurs if 
the first principal stress of the sample point is equal or greater than the half of the concrete average tension strength). 

The cracking consideration (for the points which have reached the mentioned criteria) is evaluated through a model 
of distributed cracks. So, only material properties are modified, without being necessary to change the finite element 
mesh. In this case, as in Schmitz [5] and Lazzari [19] studies, the crack is considered to be formed in a perpendicular 
plane to the main stress direction. Furthermore, the longitudinal and transverse elasticity modulus are reduced, in 
addition to neglecting the Poisson effect. 

Dealing with reinforced concrete, when cracking occurs, the concrete between cracks continues to resist certain 
tensile stresses. The adherence effects between the concrete and the steel bars contribute to the total structure stiffness. 
This phenomenon is known as tension stiffening effect. One of the ways to represent this behavior in the model is to 
modify the stress-strain curve of the concrete, which becomes linear with softening, as shown in Figure 4. A constitutive 
relation, proposed by Martinelli [24], describes this behavior and is given by Equation 6: 

. .
.

c c
c ci t t

cTU
0 6E 1 0 6 1

0 001
ε εσ ε σ
ε

   = − = −   
  

 (6) 

in which cσ  = concrete stress; ciE  = tangent elasticity modulus; tε  = tensile nominal strain in the cracked zone; cε  = 
concrete strain; tσ  = tensile stress in the cracked zone; and cTUε  = tensile strain limit which defines the end of the 
softening portion. 

In addition to the tension stiffening effect consideration, a gradual reduction of shear stresses in the crack plane is 
also evaluated, as suggested by Hinton [25]. To represent this phenomenon in an approximate way, the material 
transverse elasticity modulus is multiplied by a reducing factor. 

The described formulations considering both the viscoelastic behavior and the cracking effects in the concrete are 
then added to the UserMat subroutine, which is called by ANSYS iterative procedure for each integration point. The 
main program computes the total stresses, deformations, and increments of total deformations in the current time 
increment and the subroutine returns the update stresses according to the implemented instructions [20]. Shortly, within 
the subroutine, after stress determination considering the time-dependent effects, the cracking checking is done. If it is 
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reached, the mentioned modifications are considered, and the stresses are updated again. If it is not reached, the 
subroutine saves the results and the program goes on to the next point of the iteration procedure. 

 
Figure 4. Stress-strain curve for the tensile concrete. 

Finally, the behavior of the steel reinforcement bars of the lining, which resist only axial forces, can be described 
by a uniaxial model. Thus, the steel is represented by a bilinear stress-strain diagram and has a perfect elastoplastic 
behavior, although a small hardening factor is applied to avoid numerical errors, as recommended by Schmitz [5]. 

4 NUMERICAL ANALYSIS 

This item presents details about the numerical modeling, describing the finite elements chosen, the mesh adopted 
and other characteristics of the model. Afterward, the results of the performed simulations are shown. 

4.1 ANSYS numerical modeling 

The solid finite element adopted in the model to represent both soil and concrete is the SOLID185, which has eight 
nodes with three degrees of freedom per node (translation in X, Y and Z). To represent the steel bars, the element 
chosen is the REINF264, an embedded reinforcement element which has only axial stiffness and could be placed in 
any orientation within the base element. In the modeling, the rebars (two layers) are positioned in the middle of the 
base element, both on longitudinal and circumferential directions. 

The numerical simulation of the tunnel construction process is done by 37 excavation steps, with the length, each 
one, of one-third of the external tunnel radius, so that the final model has an excavated part (more refined mesh) and 
an unexcavated part. The model has 15678 finite elements. The excavation process, simulated by the element’s 
activation and deactivation tool, is done with the ANSYS Birth and Death commands. First, it is generated a duplicate 
mesh in the lining region; then, the elements that represent the concrete are soon disabled. Finally, step by step, the soil 
mass elements are deactivated, as those of the lining are reactivated. 

It is important to emphasize that, as a simplification, the speed and the length of the excavation are equal in each 
step, disregarding possible time intervals without excavation (that occurs in practice) and other variations. The soil 
mass, in turn, is treated as a single material, homogeneous and isotropic, without the presence of heterogeneous layers. 

Figure 5 shows the (a) 3D mesh and their respective (b) longitudinal and (c) transverse sections. The boundary 
conditions (restriction to the displacement in Y in the lower face and in Z in the front face) and loads ( vP Hγ=  and 

h vP KP= , with γ  the soil specific weight, H  the tunnel height, and K  the earth pressure coefficient) are also indicated. 
Moreover, it is applied a symmetry condition in the ZY plane. Consequently, only half of the model is simulated. 

In addition to the external loads, it is necessary to apply an initial stress condition with the same values of vP  and 

hP , as the soil elements weight. This procedure is done to assign a null initial strain state, with no deformations before 
the excavation. At the same time, the stress state will be the geostatic one. 
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Figure 5. (a) 3D mesh, (b) longitudinal section and (c) transverse section of the model. 

4.2 Results 
Some simulations are carried out to compare the results obtained by altering the behavior models of the lining material. Thus, 

it is expected to analyze the influence of considering or not the cracking of the concrete rather than contemplating only an elastic 
or viscoelastic behavior. The objective is to obtain the displacements in a region far from the excavation face, in three points of 
the tunnel cross-section: at 90º, 180º and 270º, for three distinct lining constitutive models. 

For the soil mass, a plastic behavior is admitted by assuming the Mohr-Coulomb criterion, as already explained in 
item 3.1. For the lining, it is expected to evaluate the evolution of the tunnel convergence as the model changes between 
elastic, viscoelastic, and viscoelastic with cracking (all these with steel reinforcement). The tunnel depth will also be 
varied so that its influence on the results can be analyzed. 

In order to intensify the solicitations undergone by the lining, which can contribute to the cracking occurrence in 
the concrete, the distance of the lining placement to the excavation front (or unlined length) is considered null in the 
examples. This means that the lining is placed immediately after the soil mass excavation. 

The required parameters for the analysis of a circular tunnel are shown in Table 1. It is worth to mention that the 
examples consider a fictitious tunnel, with reduced dimensions. Thus, the results represent only an assessment of the 
procedures adopted and an indication of behavior. 

Table 1. Geometry and material parameters. 

Parameter Nomenclature Unit Value 
Tunnel parameters 

Outer radius Re m 1 
Inner radius Ri m 0.9 

Height H m 20 - 16 - 10 
Soil parameters 

Specific weight γ  N/m3 20000 
Poisson ratio ν  dimensionless 0.3 

Young modulus E MPa 30 
Earth pressure coefficient K dimensionless 0.5 

Cohesion C MPa 0.5 
Friction angle ϕ  ° 30 

Dilatancy angle ψ  ° 10 
Lining parameters: concrete 

Poisson ratio ν  dimensionless 0.2 
Young modulus E MPa 30000 

Compressive strength ckf  MPa 30 
Lining parameters: steel 

Poisson ratio ν  dimensionless 0.3 
Young modulus E MPa 210000 

Yield stress yaf  MPa 500 

Reinforcement ratio (two layers) ρ  % 0.173 
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The analysis results, for three /H D  relations (5, 8 e 10) are exhibit in Tables 2, 3 e 4, where the convergence, in %, is 
given in three points of the tunnel cross-section, for each concrete behavior model. 

Table 2. Results of the convergence (%) in the analysis with H/D = 5 for each concrete behavior model. 

H/D = 5 Model 
Point (º) Elastic Viscoelastic Viscoelastic with cracking 

90 0.2701 0.3069 0.3072 
180 0.0539 0.0744 0.0746 
270 0.2343 0.2662 0.2663 

Table 3. Results of the convergence (%) in the analysis with H/D = 8 for each concrete behavior model. 

H/D = 8 Model 
Point (º) Elastic Viscoelastic Viscoelastic with cracking 

90 0.5048 0.5637 0.5822 
180 0.1314 0.1644 0.1784 
270 0.4840 0.5378 0.5598 

Table 4. Results of the convergence (%) in the analysis with H/D = 10 for each concrete behavior model. 

H/D = 10 Model 
Point (º) Elastic Viscoelastic Viscoelastic with cracking 

90 0.6226 0.6959 0.7377 
180 0.1658 0.2076 0.2414 
270 0.6103 0.6782 0.7165 

By analyzing the results shown in Tables 2, 3 and 4, it can be noted that the found displacements for the tunnels 
with /H D 8=  and /H D 10=  grow from the elastic model to the viscoelastic one, and also increase when considering 
cracking. In the example with / ,H D 5=  however, the difference only occurred from the elastic model to the viscoelastic, 
without considerable changes in the displacements when considering cracking. This occurs due to the lower pressure 
levels at which the tunnel is subjected in this smaller depth ( H 10m= ), not causing sufficient tensile stresses for the 
concrete to crack. In the same way, it can be seen that this difference considering cracking is greater when the tunnel is 
at a higher depth and subjected to higher pressures (tunnel case with H 20m=  compared with )H 16m= . This 
consideration is important, since tunnels with larger diameters than the studied ( D 2m= ) may be located at higher depths 
than those analyzed and still be considered as a shallow tunnel. 

The relative difference, from the elastic model to the viscoelastic model and from the viscoelastic model to the 
viscoelastic model with cracking, for each relation example in the three analyzed positions, is shown in Table 5. 

Table 5. Relative difference in the convergence values for each model of concrete material. 

Point (º) From elastic to viscoelastic model From viscoelastic to viscoelastic with cracking 
model 

H/D = 5 
90 13.64% 0.08% 

180 37.98% 0.37% 
270 13.59% 0.05% 

H/D = 8 
90 11.67% 3.27% 

180 25.11% 8.48% 
270 11.12% 4.09% 

H/D = 10 
90 11.76% 6.01% 

180 25.23% 16.27% 
270 11.13% 5.65% 
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Another example of the influence of the concrete behavior model can be observed in the surface settlement results. 
Figure 6 shows the transverse settlement basin for the tunnel with / .H D 8=  Since this tunnel has not a considerable 
ground cover above it, the magnitude of the settlement is small in the three models of concrete behavior. However, it 
is still possible to visualize the difference in the results according to the model (in terms of maximum settlement: . %27 07  
from the elastic to the viscoelastic model and . %7 07  from the viscoelastic to the viscoelastic with cracking). 
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Figure 6. Variation of the surface settlements according to the concrete behavior model (tunnel with H/D=8). 

The tunnel with /H D 8=  is considered again. By varying the concrete model from elastic to viscoelastic and then 
viscoelastic with cracking, the changes in stress behavior can be also observed. First, when shrinkage and creep effects 
are considered instead of an elastic behavior, the maximum stress values decrease, both in compression and tension. 
The strains are greater from the first model to the other. 

Regarding cracking effects, it is possible to contemplate the concrete behavior in tension, defined previously by 
Equation 6 and Figure 4. Before cracking, stresses increase linearly with strains. Then, once cracked the concrete, these 
stresses decrease for greater strains. Hence, the tendency for the cracked model is lower stresses for the lining points 
with greater strains, which cracks first than others. 

Figures 7, 8 and 9 illustrate the circumferential stresses ( θθσ ) in the tunnel lining, from the elastic, viscoelastic and 
viscoelastic with cracking models, respectively. The stresses in this direction have the highest magnitudes. From the figures, the 
aspects highlighted above can be observed. In elastic and viscoelastic models, the stress distribution is the same, but the 
magnitudes change. Regarding tension, the maximum value decrease from .3 87MPa  to .2 72MPa . On the other hand, from 
viscoelastic to viscoelastic with cracking model, in addition to the maximum value going from .2 72MPa  to .1 54MPa , the location 
of this maximum value also changes. This is because in the previous location of the maximum tensile stress (exactly at 90° ), the 
concrete has already cracked, and its tensile behavior is in the descending part of the curve of Figure 4. 

 
Figure 7. Circumferential stresses ( θθσ ) for the tunnel with /H D 8=  and lining with elastic behavior. 
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Figure 8. Circumferential stresses ( θθσ ) for the tunnel with /H D 8=  and lining with viscoelastic behavior. 

 
Figure 9. Circumferential stresses ( θθσ ) for the tunnel with / 8=H D  and lining with viscoelastic with cracking behavior. 

For better understanding the changes, Figure 10 schematically illustrates the tensile concrete behavior for a general 
section. First, the tensile part behaves linearly, with the maximum tensile stress at the bottom of the section. Upon 
reaching the concrete tensile strength and, therefore, the deformation referring to the beginning of crack formation, this 
stress decreases. The decline remains until it reaches the maximum deformation to consider the collaboration of 
concrete between cracks, equal to .0 001 . 

 
Figure 10. Tensile stress variation in a general concrete section. 
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In order to elucidate the difference of behavior for the tunnel with /H D 5=  in relation to the others, the stresses ( θθσ ) 
according to the model are shown also for this example of tunnel (Figures 11, 12 and 13). From the results, it can be verified the 
change only from the elastic to viscoelastic model, with the stresses decreasing. Considering cracking in concrete behavior does 
not cause variation in stresses (there is only a residual difference). Since in this depth the tunnel is submitted to low levels of 
stresses, the lining does not crack. 

 
Figure 11. Circumferential stresses ( θθσ ) for the tunnel with /H D 5=  and lining with elastic behavior. 

 
Figure 12. Circumferential stresses ( θθσ ) for the tunnel with /H D 5=  and lining with viscoelastic behavior. 

 
Figure 13. Circumferential stresses ( θθσ ) for the tunnel with /H D 5=  and lining with viscoelastic with cracking behavior. 
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A simplified parametric analysis is also performed with the aim to study the influence of some parameters in the 
final convergence magnitude when considering the cracking in the lining model. The properties of the tunnel and the 
materials are the same employed in the previous simulations and shown in Table 1. The height is fixed as 16m  and 
variations are applied in the following properties: the unlined length ( 0d ), the characteristic compressive strength of 
the concrete ( ckf ) and the Young modulus of the soil mass ( mE ). The results are presented in Figures 14, 15 and 16. 

 
Figure 14. Variation of the final convergence according to the unlined length ( 0d ). 

 
Figure 15. Variation of the final convergence according to the compressive strength of the concrete. 

 
Figure 16. Variation of the final convergence according to the Young modulus of the soil mass. 

As exposed by the results shown in the figures above, the convergence is greater for larger unlined lengths. This is 
related to the contribution of the lining to the tunnel support: the longer it takes to place the lining, the more the tunnel 
deforms. On the other hand, this greater strain of the soil mass implies smaller pressures acting on the lining, which 
attenuates the appearance of cracking. 
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Furthermore, the convergence values decrease when both concrete and soil mass stiffness increase. When the 
material is stiffer, it can support more pressure and, as a result, fewer displacements are found in the cross-section. 
Cracking also presents consequences: the smaller the ckf , for example, the concrete tensile strength is also smaller, and, 
accordingly, this concrete is more propitious to crack, causing greater displacements. However, the influence of these 
parameters is correlated, since the relative stiffness between the soil mass and the lining also affects the stress 
distribution, so that the greater the concrete stiffness in comparison to the ground, the higher tensile stresses may form. 

5 CONCLUSIONS 
There are several peculiarities of tunnels closest to the ground surface. Among these characteristics, is the great 

unevenness of the stress field around the excavation and the possibility of the appearance of tensile stresses in the lining, 
that could induce the concrete to crack. So, the present research deals with the structural behavior of the reinforced 
concrete lining of shallow tunnels, with emphasis on the cracking analysis and the impact obtained on the displacement 
results when considering its effects. 

From the results obtained, it was possible to observe that the consideration of cracking affects the behavior of 
reinforced concrete tunnel linings, causing larger displacements in the tunnel cross-section than those calculated 
considering the concrete with elastic or viscoelastic behavior. For the example with greater depth ( /H D 10= ) and, 
therefore, submitted to larger loads, this difference reached . %16 3  in one of the cross-section points, analyzing the final 
convergence at a point distant from the excavation face. The maximum surface settlement value was also modified by 
changing the model: . %7 07  greater when considering cracking. 

Changes in stress behavior were also demonstrated. The tunnel with /H D 8=  shown a decrease in the maximum 
value of stresses by varying the concrete model. In addition, when considering cracking, the maximum stress location 
also changes, indicating lower stresses for the lining points with greater strains, which cracks first than others. For the 
tunnel with /H D 5= , the stresses are the same regarding or not the cracking in the model, since the loads in this depth 
are not enough to the concrete to crack. 

By setting other parameters and changing the unlined length ( 0d ), the characteristic compressive strength of 
concrete ( ckf ) and the Young modulus of the soil mass ( mE ), convergence results were higher for larger unlined lengths 
and smaller values of ckf  and mE . It is worth noting that these influences are interdependent because, while they 
interfere directly in the magnitude of the displacements, they also interfere in the crack formation. Cracking, in turn, 
causes greater strains and, consequently, greater displacements. 
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Abstract: This work deals with parametric analyses of the structural behaviour of steel-fiber-reinforced 
concrete using a Damage Constitutive Model and homogenization technique. This approach is contemporary 
once Brazil has not a standard procedure for the design of this type of material. The present study performs a 
parametric analysis of rectangular beams subjected to flexion at four points, with height variations (h), 
reinforcement area (As) and span (L) are used to verify the influence of each parameter on the numerical study 
of the deformability of beams composed by this material. Fiber volume concentrations of 2.00% and 2.50% 
have been used on the modelling. It is observed that the obtained results were mainly affected by height and 
span. It is noticeable that the inclusion of steel fibers leads to an increase in the maximum load and ductility 
of the analyzed beams in this work. 

Keywords: steel-fiber-reinforced concrete, damage mechanics, non-linear analysis, parametric analysis. 

Resumo: Este trabalho aborda uma análise numérica paramétrica do comportamento estrutural do concreto 
armado reforçado com fibras metálicas utilizando um modelo constitutivo de Mecânica do Dano e técnica de 
homogeneização. Essa abordagem ainda é recente, visto que o Brasil não possui nenhuma normatização em 
relação ao procedimento de cálculo desse tipo de material. O presente estudo realiza uma análise paramétrica 
de vigas de seção retangular submetidas à flexão em quatro pontos com variações de altura (h), área de aço 
(As) e o vão (L) de forma a verificar a influência de cada parâmetro no estudo numérico da deformabilidade 
de vigas compostas por esse material. Foram utilizados percentuais de 2,00% e 2,50% de fibras metálicas na 
modelagem. Observa-se que os resultados obtidos foram afetados principalmente pela altura e pelo vão da 
peça. Também se percebe que a inclusão de fibras proporciona aumento da carga máxima da estrutura além 
de promover uma boa ductilidade. 

Palavras-chave: concreto reforçado com fibras de aço, mecânica do dano, análise não-linear, identificação 
paramétrica. 

How to cite: M. F. Pontes, W. M. Pereira Junior, and J. J. C. Pituba, “Numerical analysis on displacements of steel-fiber-reinforced concrete 
beams,” Rev. IBRACON Estrut. Mater., vol. 13, no. 6, e13607, 2020, https://doi.org/10.1590/S1983-41952020000600007 

1 INTRODUCTION 
Concrete is one of the most used materials as a constituent of structural elements [1], [2] and due to its great 

importance, several numerical models are developed to simulate its mechanical behaviour [3]. 
In several situations there is a need for the concrete to resist tensile and bending loads, making it necessary to use 

longitudinal and transverse reinforcements. However, new ways of using this material have been developed, as 
example, the use of metallic fibers in simple and reinforced concrete. Salvador et al. [4] says that metal fibers have 

https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0001-7319-8693
https://orcid.org/0000-0002-7404-3666
https://orcid.org/0000-0002-1480-6238


M. F. Pontes, W. M. Pereira Junior, and J. J. C. Pituba 

Rev. IBRACON Estrut. Mater., vol. 13, no. 6, e13607, 2020 2/17 

been used for a long time and can be considered a kind of traditional reinforcement for concrete. Despite this, there are 
several technical aspects of this kind of reinforcement that still need a better study. 

In Brazil, fiber reinforced concrete is still a material not so used in civil construction and it deserves more studies for 
understanding its behaviour. Only two Technical Standards address the theme: (a) NBR 15530 “Steel fibers for concrete - 
specification” [5]; and (b) NBR 8890 “Circular section concrete pipe for rainwater and sanitary sewerage systems - 
Requirements and test methods” [6]. Despite this national reality, in other countries this material already has great applicability 
in Structural Engineering, for example, in shotcrete for tunnels, earthquakes regions, slender repairs, pavements subjected to 
dynamic loads, in the area of structural recovery, rigid pavements subjected to cyclic loads [7]–[11] including technical 
standards which guide tests and design steps, such as the following codes: ACI 544.1R-96 [12], ACI 544.2R-89 [13], ACI 
544.3R-93 [14], ACI 544.4R-88 [15], ACI 318 [16], RILEM TC 162-TDF [17], Model Code 2010 [18] and EN 14651 [19]. 
The study of this material is still an open research field, especially concerning the computational modelling line of structural 
parts composed of this material. 

Banthia and Trottier [20] recommend the use of fibers in order to improve the mechanical properties of composite 
materials. Therefore, in this context, the incorporation of fibers of different natures into concrete deserves to be 
highlighted. However, in this work, the goal is to contribute on the understanding of the mechanical behaviour of 
concrete beams reinforced with steel fibers. In this context yet [21], made an analysis of the recent advances in the area 
of Ultra High-Performance Fiber-Reinforced Concrete (UHPFRC) leading to the conclusion that the current regulations 
are not valid to be used in the design of structural elements composed of this kind of material. Also Buttignol et al. [21], 
discusses some normative issues related to its properties, such as bending, compression, stress-strain relations, design 
criteria, etc. In Błaszczyński and Falek [22], the addition of short metal fibers in concrete samples subjected to uniaxial 
compression tests has been investigated. The experimental tests indicated that for additions of 0.50% and 3.00% there 
was an increasing of tension strength on the tested samples. Specifically, the control concrete with 0.00% of fibers 
showed a peak tension of 35.88 MPa while the samples with 3.00% of fiber reached values about 41.99 MPa. In 
Yoo et al. [23], concrete beams with Ultra High-Performance Concrete (UHPC) have been investigated numerically 
and experimentally. Beams with a fiber ratio between 0.00% (beam with control concrete) and 1.71% fibrous 
reinforcement were tested. It has been concluded that for steel fiber reinforced beams, an increasing in the post-peak 
region as well as a toughness gain have been observed. 

In this context, the intention of the present work is to contribute for understanding the mechanical behaviour of 
steel-fiber-reinforced concrete beams the influence of a cementitious matrix and fibers in the load peak of beams. 
Therefore, the present work can be justified due to importance of the theme and the need of more researches about. 

Regarding the investigation of the applicability of constitutive models for cracked concrete, there are several 
numerical tools which stand out, including the following: (a) Continuum Damage Mechanics (CDM) 
Models [3], [24]–[30]; (b) Concentrated Damage Model [31]–[36]; (c) Cracking distributed [37]–[40]; 
(c) Multi-scale models [41]; (d) Models based on failure or rupture criteria [28], [42]; and (e) Fracture models 
[28], [43]. On the other hand, the models can be called phenomenological models, which are intended to model 
the mechanical behaviour of materials based on dissipative processes which occur in the microscale. On the 
other hand, the so-called multiscale models have been gaining attention in recent years. In this case, the 
mechanical behaviour of the macroscale is a consequence of the dissipative processes of the microscale leading 
to a more realistic representation of the nonlinear physical behaviour of materials. This modelling is possible 
due to the use of homogenization techniques. However, the computational cost is still a limiting factor in some 
more complex analyses. Within this context, it can be cited some works that deals with concrete with fibers 
[44]–[46]. 

The constitutive damage model developed by Pituba and Fernandes [26] together with a homogenization process 
proposed by La Borderie [47] are used in the present work to consider the incorporation of steel fibers into the concrete. 
This method has already been applied and discussed initially in Pereira et al. [3]. 

In this paper, the model will be used to investigate the mechanical behaviour of steel-fiber-reinforced concrete 
(SFRC) beams focusing on the deformability aspects in order to contribute to a proposal for estimating displacements 
in SFRC beams in a future expansion of NBR 6118 [48] dealing with SRFC. 

On the other hand, CDM is a constitutive theory that simulates the degradation of the elastic properties of the 
material as a cause of the cracking processes. Therefore, it is a properly theory for materials which present the cracking 
process as an important phenomenon of physical non-linearity, such as concrete. CDM seeks to describe a local 
constitutive relationship that changes the material stiffness from an early stage, considering a situation without defects, 
to the situation of complete damage of the Representative Volume Element (RVE). 
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Therefore, this work aims to contribute for understanding the mechanical behaviour of concrete with fibers and to 
identify parameters which support a discussion on the context of a future proposal for the standardization of this 
material. 

This work is divided into 5 sections. In the first one, a brief introduction to the topic is presented. In section 2, the 
formulation of the damage model employed is briefly addressed, as well as the concepts of the proposed 
homogenization are presented. The presentation of the object of study of the numerical analyses ends section 2. The 
numerical examples are presented in section 3. Finally, sections 4 and 5 present the obtained results as well as the 
conclusions and suggestions for further work. 

2 CONSTITUTIVE MODEL FOR CONCRETE AND CONCRETE WITH FIBERS 

In this section, the necessary tools to perform the numerical analyses are presented, as well as the finite element 
models of the objects of study in this work. Initially, the damage model for concrete and the homogenization model are 
briefly addressed for the consideration of steel fibers incorporated into concrete. Then, the finite element model and the 
numerical analyses performed are presented. 

2.1 Constitutive Damage Model 

Concrete is understood here as a material that belongs to the category of initially isotropic media that starts to present 
transverse isotropy and bimodular response induced by damage. The formulation of the model for concrete is based on 
the energy equivalence principle and the formalism has been presented in Pituba and Fernandes [26]. In what follows, 
the proposed model is briefly described, starting with the presentation of the damage tensor for predominant states of 
traction, whose expression is given in the form: 

( ) ( ), ( ), ,T 1 1 4 5 2 4 5D  f D  D  2A AD   f D  D+⊗= [( ) ( )]A I I A A A⊗ + ⊗ − ⊗  (1) 

where f1(D1, D4, D5) = D1 – 2 f2(D4, D5) and f2(D4, D5) = 1 – (1-D4) (1-D5). 
The damage tensor has two scalar variables in its composition (D1 and D4) and a third damage variable D5, activated 

only if there has been a previous compression with corresponding damage. The variable D1 represents the damage in 
the direction perpendicular to the local plane of transversal isotropy of the material and D4 is the variable representing 
the damage generated by the shear between the edges of the cracks belonging to that plane. 

In Equation 1, tensor I is the second order identity tensor and tensor A is, by definition, formed by the tensor product 
of the versor perpendicular to the transverse isotropy plane itself. The tensor product operations between second order 
I and A tensors that appear in Equation 1 and that will be used throughout the formulation are described in Pituba and 
Fernandes [26]. 

For predominant states of compression, the relation for the damage tensor is proposed: 

( ) ( ), (, )C 1 2 4 5 2 3D f D D DA AD f⊗= + [( ) ( )]I I A A⊗ − ⊗ ( ), [( ) ( )]3 4 5 A I I A A2 Af D D ⊗+ + ⊗ − ⊗  (2) 

where f1(D2, D4, D5) = D2 – 2 f3(D4, D5), f2(D3) = D3 and f3(D4, D5)= 1 – (1-D4) (1-D5). 
There are three scalar variables in its composition: D2, D3, and D5, in addition to D4, related to pre-existing traction 

effects. The variable D2 (damage perpendicular to the local plane of transversal isotropy of the material) penalizes the 
elastic modulus in this direction, and together with D3 (representative of damage in the transversal isotropy plane) 
penalizes the Poisson's ratio in planes perpendicular to the transversal isotropy one. 

Finally, the resulting constitutive tensors are described by: 

TE = [ ]11 1I I 2 I Iλ µ  ⊗ + ⊗   ( , , )22 1 4 5D D Dλ+− [ ]A A⊗ ( )[ ]12 1Dλ+− ⊗ + ⊗A I I A ( , )2 4 5D Dµ− [ ]A I I A⊗ + ⊗  (3) 
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CE = [ ] [ ]11 1I I 2 I Iλ µ⊗ + ⊗ ( , , , )22 2 3 4 5D D D Dλ−− ( , )12 2 3D Dλ−−

( )[ ] ( )[ ] ( )[ ] ( , )[ ]0
11 3 11 3 2 4 5

0

1 2D D D D A I I Aνλ λ µ
ν

− −−
− − ⊗⊗ + ⊗ + ⊗⊗ − ⊗A I I A I I I I  (4) 

where 11 0λ λ=  and 1 0µ µ= . The other parameters exist only for non-zero damage, thus showing the anisotropy and 
bimodularity induced by the damage, and are defined by: 

( ) ( )( ) ( ) ( ), , ,2
22 1 4 5 0 0 1 1 12 1 2 4 5D D D 2 2D D 2 D 2 D Dλ λ µ λ µ+ += + − − −  ( )12 1 0 1D Dλ λ+ = ; 

( ) ( ( ) ( ) ( ), [ ( ) ) ,02 2
2 4 5 0 4 5 11 3 2 4 5

0

1
D D 2 1 1 D 1 D D 2 D D

ν
µ µ λ µ

ν
−−= − − − + −   (5) 

( ) ( )( )(, [ )2
12 2 3 0 3 2 3D D 1 D 1 D 1 Dλ λ− = − − − −  ( ) ( )2

11 3 0 3 3D 2D Dλ λ− = − ; ( ) (, [ ( ) )2 2
2 4 5 0 4 5D D 2 1 1 D 1 Dµ µ = − − −   (6) 

Moreover, Pituba and Fernandes [26] defines a hypersurface in the space of stresses or deformations. This 
hypersurface is used as a criterion for the identification of the constitutive responses of compression or tension. In this 
model, a particular shape is adopted for the hypersurface in the deformation space: a hyperplane g(ε), characterized by 
its unitary normal N (||N|| = 1). For this model, the following relation is valid: 

( ) ( ) ( )), , , .  ( , ,e e
1 1 2 V 2 1 2 11g   g D D g D Dε ε= = +T C T C ee D D N D D e  (7) 

where γ1(D1,D2)={1+H(D2)[H(D1)-1]}η(D1)+{1+H(D1)[H(D2)-1]}η(D2) and γ2(D1,D2) = D1+D2. 
The Heaveside functions employed in the last relation are given by: 

( ) ( ) ( ); ,H Di 1 for Di  0  H Di   0 for Di  0 i  1  2= > = = =  (8) 

The functions η(D1) and η(D2) are defined, respectively, for traction cases, assuming that there is no prior damage 
to compression, and compression, assuming that there was no prior damage to traction. 

( )
2

1 1
1

D 3 2D
D

3
η

− + −
= ; ( )

2
2 2

2
D 3 2D

D
3

η
− + −

=  (9) 

Regarding the damage criterion, it is convenient to separate it into a criterion for the beginning of damage, when 
the material is no longer isotropic; and criteria for loading and unloading, being understood here in the sense of 
evolution or not of the damage variables when the material is already presented as transversely isotropic. 

The criterion for initial damage processes activation in tension or compression is given by: 

*
, ,( )T C e 0T 0Cf s  W  Y  0= − <  (10) 

where *
eW  is the complementary elastic deformation energy considering the initially intact, isotropic and purely elastic 

environment and 
2
0T

0T
0

Y
2E
σ

=  ou 
2
0C

0C
0

Y
2E
σ

=  is a reference value obtained from uniaxial tensile or compression tests, 

respectively, where 0Tσ  and 0Cσ  stresses of the elastic limits. 
Therefore, DT=0 (that is, D1=D4=0) for predominant states of traction or DC=0 (that is, D2=D3=D5=0) for 

compression states, where the material response regime is linear elastic and isotropic. 
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For g(ε,DT,DC) > 0, the complementary elastic energy of the damaged environment is given by the relation: 

( ) ( )
( )

*

( )

2 22 22 33 0 11 22 11 33 0 22 3311
e 2

0 0 1 00 1
W

2E E 1 D E2E 1 D

σ σ ν σ σ σ σ ν σ σσ
+

+ +
= + − −

−−
( ) ( ) ( )

( ) ( )
0 02 2 2

12 13 232 2
00 4 5

1 1
EE 1 D 1 D

ν ν
σ σ σ

+ +
+ + +

− −
 (11) 

On the other hand, for predominant states of compression (g(ε,DT,DC) < 0), the complementary elastic energy is 
expressed by: 

( ) ( )
( )( )( ) ( ) ( )

2 22
22 33 0 11 22 11 33 0 22 3311

e 2 2 2
0 2 30 2 0 3 0 3

W
E 1 D 1 D2E 1 D 2E 1 D E 1 D

σ σ ν σ σ σ σ ν σ σσ∗
−

+ +
= + − −

− −− − −
( ) ( )( )

( ) ( )
2 2 20 0
12 13 232 2

00 4 5

1 1
EE 1 D 1 D

ν νσ σ σ+ +
+ + +

− −
 (12) 

Considering, then, a general situation of a damaged medium in a predominant traction regime, the damage increases 
identification criterion is represented by the following relation: 

( ) * *
T e 0Tf W Y 0σ += − ≤  (13) 

Where the reference value Y0T* is defined by the maximum complementary elastic energy determined during the 
damage process up to the current state. For the damaged medium in a predominant compression regime, analogous 
relationships to the case of traction are valid. 

In cases where loading is configured, that is, where DT ≠ 0 and/or DC ≠ 0, it is necessary to update the values of the 
damage scalar variables that appear in the DT and DC, tensors, considering their evolution laws. 

Limiting the analysis to the case of increasing monotonic loading and uniaxial version of the model, the proposed 
laws of evolution for scalar damage variables are the result of adjustments on experimental results. The general form 
proposed is: 

[ ]e p
,

x ( )
i

i
i i i 0i

1 AD 21              
B

wi      
A

i
Y

th  
Y

 1  +
= − =

+ −
 (14) 

Where Ai, Bi, and Y0i are parameters to be identified. The parameters Y0i are understood as initial limits for the 
activation of the damage, the same used in Equation 10. 

There is still a need to define the location of the material local plane of transversal isotropy, therefore, the following 
statement is accepted as valid: “In the space of the main deformations, if two of the three deformation rates are 
elongation, shortening or null, the plane defined by them will be the material local plane of transversal isotropy.” 

Both in the case of uniaxial traction and uniaxial compression, it turns out that the transverse isotropy plane is 
perpendicular to the direction of the tension or compression stress. 

This one-dimensional version of the model was implemented in a finite element code for the analysis of bar 
structures with layered finite elements. For concrete, the damage model is valid, and for longitudinal reinforcement 
bars, an elastoplastic behaviour is admitted. In the discretized reinforced concrete cross section, a certain layer may 
contain steel and concrete. The related layer contains an equivalent elastic modulus and an equivalent inelastic 
deformation, using the homogenization rule. 

On the other hand, adopting direction 1 as the longitudinal direction of the bar, the model relationships in its one-
dimensional version are summarized below and they are implemented in the computational code described in item 3. 

( , , ) ,
:

( , , ) ,
T CC

T CT

g D D 0E
E         

gE
if
if D D 0

ε
ε

<
=  >

 (15) 

( ) ( )2 2
T 0 1 2E E 1 D 1 D= − −  (16) 
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( )2
C 0 2E E 1 D= −  (17) 

( ) ( )

2
11

e 2 2
0 1 2

W
2E 1 D 1 D

σ∗
+ =

− − ; ( )

2
11

e 2
0 2

W
2E 1 D

σ∗
− =

−
 (18) 

;      T 1 C 2
e e

1 2
Y W W

D D
Y Y Y
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= =
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 (19) 

( ) ( )

2
11

1 3 2
0 1 2
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=
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2
11

2 3
0 2

Y
E 1 D

σ
=

−
 (20) 

2.2 Mechanical behaviour of fibers and the homogenization model for considering steel fibers 
The crack evolution process in concrete or any other brittle material occurs because of changing the tension lines 

and, consequently, the accumulation of stress in the crack tip region. The addition of steel fibers mitigates this effect, 
as they act as a transfer bridge for internal stresses in the solid leading to a reduced stress concentration at the crack tip 
and, consequently, the crack propagation speed. 

Throughout the loading process due to the increasing of the load level, the debonding process between fiber and 
matrix takes place leading to changes of the internal forces transfer mechanics by adhesion to friction. These changes 
occur when the tangential stresses at the interface of the materials exceed its adhesion strength promoting sliding 
between the faces. This debonding process causes relative displacements between fiber and matrix (see Figure 1). 

 
Figure 1. Experimental mechanical behaviour of the fiber/matrix interface behaviour (adapted from Bartos [49]). 

In Figure 1, the OE section characterizes all the stress transfers due to adhesion which occur between fiber and 
concrete, i. e., the displacement of the fiber/matrix interface. At certain loading level, the debonding process represented 
by EM section is initiated. In this last stage, the process incorporates frictional stresses due to the sliding of the fiber 
until to the complete debonding represented by MF section. From the F point, the presence of the friction transfer 
mechanism is remarkable leading to the gradual strength decreasing until the complete pull-out of the steel fiber from 
the matrix. 

A complete analysis of the behaviour should consider the various phenomena related to the mechanical behaviour 
of the fibers, concrete, and interface. According to La Borderie [47], there are no difficulties in modelling the 
mechanical behaviour of fibers or concrete. However, the behaviour of the fiber/concrete interface is different from the 
isolated behaviour of the fiber or concrete. 

[47] focused his study on the behaviour of the interface evidenced in pull-out tests of steel fibers from a cementitious 
matrix. From the observations of the test results, the proposal for uniaxial modelling of the homogenization of the 
fiber/cement matrix interface behaviour is shown in Figure 2. This proposal was implemented in the finite element code 
used in Pereira et al. [3]. 
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Figure 2. Model for the fiber/matrix interface behaviour (La Borderie [47]). 

Figure 2 shows the parameters peak stress (σpic), post-peak residual stress (σs) and limit strain (εrupt) proposed to 
represent the fiber/matrix interface behaviour. 

On the other hand, using Voigt's kinematic homogenization method [47], proposed the following expression to 
obtain the homogenized stress: 

( ). .SFRC m f1 C  Cσ σ σ= − +  (21) 

Where: σSFRC: the homogenized material stress; C: steel fibers concentration; σm: cementitious matrix stress; σf: Stress 
at the fiber/matrix interface. 

In Equation 21, the cementitious matrix stress σm is the result of applying the damage model to the existing concrete 
in the layers of finite elements, whereas the stress σf is obtained by applying the model proposed by [47] considering 
that in the given layer there are fibers immersed in the concrete, this model showed in Figure 2. Finally, applying the 
homogenization model given by Equation 21, the homogenized material (fibers and concrete) stress for the given layer 
is obtained. 

It is observed that a simplifying hypothesis was introduced: the deformation is assumed to be identical for the matrix 
and interface. Besides, the fiber orientation, that is random and not aligned to the load direction, is not considered in 
the proposed modelling. However, for the purposes of this work, it is believed that such limitations have little 
interference in the numerical results of the concrete structures modelling as the analyses performed are in one-
dimensional version. 

3 FINITE ELEMENT MODEL 
This item describes the finite element models of beams used to verify the influence of structural element parameters 

such as height (h), span (L) and the longitudinal reinforcement area (As) on the estimative of displacements. 
The one-dimensional version of the damage model is implemented in a computational code written in FORTRAN 

language based on the Finite Element Method for the analysis of layered bar elements. The hypothesis of non-
consideration of the distortion deformation is assumed [3]. The mechanical behaviour of the concrete layers is governed 
by the damage model [26], while the reinforcement inside any layer is governed by a classic bilinear elastoplastic 
model. If the concrete layer contains fibers (layer characterized as SFRC), the homogenization model proposed by La 
Borderie [47] is used. Perfect bond between the different materials is assumed with an equivalent longitudinal elastic 
module and an equivalent inelastic deformation for each layer. For details, see [3], [24]–[26]. 

The results obtained in this work are based on numerical tests of beams with a rectangular section, where the focus 
is the analysis of the deformability considering the behaviour of the load versus displacement relationships aiming to 
contribute to estimate percentages of reduction and/or expansion of the loads and displacements caused by the variation 
of the geometric parameters of the SFRC beams. The procedure consists in changing parameters of the structural 
element such as: height (h), span (L) and the longitudinal reinforcement area (As). 

The experimental model developed in Lopes [50] has been taken as a reference model for the present work. The 
initial data of the constitutive models are the same obtained in Pereira et al. [3]. It is important to note that the proposed 
modelling was used in Pereira et al. [3] to simulate the experimental behaviour obtained by Lopes [50]. Therefore, the 
modelling of the reference model was validated by Pereira et al. [3] as well as the parametric identifications of the 
damage and homogenization models. In the present work, the proposed modelling is used varying the geometric 
parameters of the analysed beams. 
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First of all, Figure 3 shows the structural model of the reference beam, when L = 200.00 cm, Lc = 70.00 cm, bw = 12.50 cm, 
h = 25.00 cm and As = 4.022 cm2. However, these parameters will be varied during the analyses. On the other hand, Figure 4 
illustrates the adopted finite element model with 50 finite bar elements and the cross section discretized into 25 layers. In the 
work [3], a mesh objectivity study was performed, but the finite model does not need finer meshes. Also, the computational cost 
is considerably low for performing numerical analyses. The reinforcement bars are indicated in Figure 4. 

L 1515

Lc

P P

h

Bw

 
Figure 3. Structural model of the beam proposed for the numerical simulations. 

 
Figure 4. Proposal of finite element mesh for numerical simulations. 

Tables 1 and 2 present the values for parameters of the damage and homogenization models considering metallic 
fibers. The longitudinal reinforcement is CA-50 and its mechanical properties can be seen in Table 3. The results in 
Tables 1 and 2 have been obtained through retro analysis of four points bending tests performed by Lopes [50] in 100 
mm x 100 mm x 400 mm specimens with free span of 300 mm. For details, see Pereira et al. [3]. 

Table 1. Parameters for the damage model proposed in Pituba and Fernandes [26]. 

E (MPa) At Ac Bt (MPa-1) Bc (MPa-1) Y0t (MPa) Y0c (MPa) βt βc 
31900 15 0.70 1290 2.50 0.000086 0.00455 0.00000045 0.000030 

Table 2. Variables of the homogenization model proposed by La Borderie [47] for the consideration of metallic fibers. 

Fiber volume percentage Vf (%) Peak Stress (MPa) Yield stress (MPa) Ultimate strain (m/m) 
2.00 525.00 420.00 0.025 
2.50 550.00 440.00 0.025 

Table 3. Parameters values of the elastoplastic model for CA-50 steel for reinforcement. 

Model properties Value Unit 
Young’s Modulus 210.000,00 MPa 

Yield strength 500,00 MPa 
Peak stress 550,00 MPa 

Specific mass 7850,00 kg/m3 
Ultimate strain 1,00 % 
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Note that the numerical analyses have been performed in [24]–[26], [3] validating the use of the proposed damage 
and homogenization models. On the other hand, the geometric characteristics of the finite element models used in this 
work are shown in Tables 4 to 6. Considering the “zero” situation as the reference model illustrated in Figure 3, the 
sequence used in this work is described as follows: (i) Height variation (h) (Table 4); (ii) Variation of the reinforcement 
area (As) (Table 5); and (iii) Free span variation (L) (Table 6), respectively. 

Table 4. Height variation proposal (h). 

Test h (cm) b (cm) L (cm) As (cm2) h/b 
h0 25.00 12.50 230 4.022 2.00 
h1 26.25 12.50 230 4.022 2.10 
h2 28.13 12.50 230 4.022 2.25 
h3 31.25 12.50 230 4.022 2.50 
h4 34.38 12.50 230 4.022 2.75 
h5 37.50 12.50 230 4.022 3.00 

The reinforcement reductions (As) are between 10.00% and 50.00% of the initial value given in the reference model. 

Table 5. Proposed variation for the reinforcement area (As). 

Test h (cm) b (cm) L (cm) As (cm2) Reinforced area reduction (%) 
as0 25.00 12.50 230.00 4.02 - 
as1 25.00 12.50 230.00 3.62 10% 
as2 25.00 12.50 230.00 3.22 20% 
as3 25.00 12.50 230.00 2.82 30% 
as4 25.00 12.50 230.00 2.41 40% 
as5 25.00 12.50 230.00 2.01 50% 

Test 3 is performed changing the free span (L) of the beam. As mentioned in and Pereira and Pituba [51], it is 
important to note that in this simulation the distance between the bending loads at 4 points was always maintained in a 
range close to L/3 ensuring that the test always has the same pattern as the previous ones. This procedure allows the 
comparison of load versus displacement to be done properly. The reinforcement area is kept constant at As = 4.022 cm2. 

Table 6. Span variation proposal (L). 

Test h (cm) bw (cm) L (cm) As (cm2) Reinforcement area 
reduction (%) 

1st load 
position 

(cm) 

Distance 
between loads 

(cm) 
L0 25.00 12.50 230.00 200.00 4.022 80.00 70.00 
L1 26.25 12.50 280.00 250.00 4.022 97.50 85.00 
L2 25.13 12.50 330.00 300.00 4.022 115.00 100.00 
L3 31.25 12.50 380.00 350.00 4.022 130.00 120.00 
L4 34.38 12.50 430.00 400.00 4.022 147.50 135.00 
L5 37.50 12.50 480.00 450.00 4.022 165.00 150.00 

The analyses are based on the verification of load versus displacement curves of the numerical models generated 
by the finite element code. two volumetric fibers concentrations of 2.00% and 2.50% are used. Note that the numerical 
analyses are performed using displacement control taking the node localized in the middle span as reference. Therefore, 
the load versus displacement graphs presented in this work characterize the loading P + P (represented in Figure 3) and 
the displacement in the middle of the beam span. 

4 RESULTS AND DISCUSSIONS 
In this section, the results of numerical simulations are presented. These results intend to compare the simulations 

for 2.00% and 2.50% of fiber volume. The results will be presented in the following sequence: (i) height variation (h); 
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(ii) reinforcement area variation (As); and (iii) span length variation (L). Note that in Figures 5, 6 and 7, the curves on 
the left axis referring to tests with 2.50% of fiber volume and on the right axis the curves referring to tests with 2.00% 
of fiber volume. 

The first simulation compares the obtained results for the beam with volumes of steel fibers of 2.00% and 2.50% 
considering height variation (h) of the beams. The results are presented in Figure 5. 

 
Figure 5. Load-displacement in the middle of the span for height variation (Table 4). 

Observe that the gains in strength and stiffness have been evidenced for height increases in both situations (for 
2.00% and 2.50% of fiber volume). It is possible to note that the height increasing leads to a gain of mechanical strength 
since from the region of the Serviceability Limit State (SLR) to the collapse regime of the beam. For a concentration 
of 2.00% of fibers, the increase in the ultimate load of the structure for the case h5 is up to 81.56% when compared to 
the h0 case (the reference model). For 2.50% of fiber volume, the increase is up to 93.31%. For details, Table 7 presents 
the total gain in each performed test. Besides, it is possible to note that when h4 and h5 tests are compared, the gains 
are about 7.00% and 12.00% for 2.00% and 2.50% of fiber volume cases, respectively. 

Table 7. Maximum loads and loads in the SLS for tests with height variation (h). 

Test Maximum load (kN) SLS Load (kN) Increasing of SLS load 
(kN) 

Increasing of SLS load 
(%) 

h0-2.0% 186.17 74.46 ---- ---- 
h1-2.0% 200.42 80.16 14.25 7.66% 
h2-2.0% 223.02 89.20 36.85 19.79% 
h3-2.0% 262.35 104.94 76.18 40.92% 
h4-2.0% 294.47 117.79 108.30 58.18% 
h5-2.0% 338.00 135.20 151.83 81.56% 
h0-2.5% 195.38 78.15 ---- ---- 
h1-2.5% 211.38 84.55 15.99 8.19% 
h2-2.5% 236.59 94.63 41.21 21.10% 
h3-2.5% 280.67 112.26 85.29 43.65% 
h4-2.5% 327.76 131.10 132.38 67.76% 
h5-2.5% 377.69 151.07 182.31 93.31% 
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In order to capture the contribution of steel fibers to the ultimate load of the analysed beams, Table 7 compares the 
situations h0-2.0% and h0-2.5%. For these situations it is possible to note that only the change in fiber volume represents 
an increasing of 9.21 kN on the ultimate load. Regarding h5-2.0% and h5-2.5%, there is an increase of 39.69 kN. If the 
two strength gains previously mentioned are compared, there is a total of 30.48 kN for an increasing in section height 
from 25 cm (case h0) to 37.50 cm (case h5). It can be concluded that the increasing in fiber volume leads to a higher 
strength gain for high values for h/b ratio. 

Table 8 presents the comparison of the load according to specific displacement measurement points in order to 
evaluate the load versus displacement behaviour. For theses analyses, it has been investigated the states of the beams 
for 4 mm, 8 mm and 12 mm displacement cases. 

Table 8. Comparative study about load versus displacement for 4, 8 and 12 mm for all simulations with height variation (h). 

Test Load at 4 mm (kN) Load at 8 mm (kN) Load at 12 mm (kN) 
h0-2.0% 99.50 178.42 185.24 
h1-2.0% 112.76 193.42 199.72 
h2-2.0% 134.86 217.36 221.62 
h3-2.0% 177.09 258.02 258.18 
h4-2.0% 214.35 290.77 285.80 
h5-2.0% 269.41 334.93 324.97 
h0-2.5% 97.68 177.79 193.73 
h1-2.5% 111.30 199.52 211.06 
h2-2.5% 133.98 226.77 235.82 
h3-2.5% 177.59 274.22 279.33 
h4-2.5% 228.45 324.22 321.53 
h5-2.5% 288.17 374.58 363.91 

Looking at Table 8, it is possible to state that for the cases of h0-2.0% and h0-2.5%, in a displacement of 12 mm, the higher 
fiber volume implies an increasing in the corresponding load of 8.49 kN (185.24 kN to 193.73 kN) equivalent to an increasing 
of 4.58%. This gain is more evident in the comparison of cases h5-2.0% and h5-2.5% in the displacement of 12 mm, with 38.94 
kN (an increase of 11.98%). Therefore, it can be concluded that in situations with more damaged states, the greater will be the 
contribution of the reinforcement and steel fiber set to the stiffness of the structural element. 

The second simulation compares the obtained results for beams with fiber volumes of 2.00% and 2.50% considering 
a reinforcement variation. As previously mentioned, this simulation shows reductions in the original reinforcement. 
Figure 6 presents the results for such simulation. 

 
Figure 6. Load-displacement in the middle of the span to reinforcement area variation(Table 5). 
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As expected, as the total area of the longitudinal reinforcement is reduced, the peak load of the structural element 
is reduced. However, it is worth mentioning that between the as0 and the as5 tests with 50.00% decreasing in the 
reinforcement, it is observed that in none of the scenarios there was a load reduction more than 28.00% within the 
analyses for the same fiber volume showing the effective role of steel fibers on the structural element. Besides, it is 
observed a reduction in the load of 4.66 kN (load in the SLS) regarding to the test as4-2.50% for the test as4 -2.00%. 
For more details, Table 9 presents each test performed and comparative analyses of the variations of the steel fibers 
concentrations. 

Table 9. Maximum loads and loads in the SLS for the tests with reinforcement area variation (As). 

Test Maximum load (kN) SLS load (kN) Decreased load on SLS (kN) Decreased load on 
SLS (%) 

as0-2.0% 186.17 74.46 ---- ---- 
as1-2.0% 176.34 70.53 3.93 5.28% 
as2-2.0% 165.71 66.28 8.18 10.99% 
as3-2.0% 155.75 62.30 12.16 16.34% 
as4-2.0% 144.96 57.98 16.48 22.14% 
as5-2.0% 134.21 53.68 20.78 27.91% 
as0-2.5% 195.38 78.15 ---- ---- 
as1-2.5% 185.89 74.35 3.79 4.86% 
as2-2.5% 176.47 70.58 7.56 9.68% 
as3-2.5% 167.13 66.85 11.30 14.46% 
as4-2.5% 156.62 62.64 15.50 19.84% 
as5-2.5% 147.19 58.87 19.27 24.66% 

Table 10 presents a comparative study of loads according to points of displacement measurements. For theses 
analyses, it has been investigated the states of the beams for 4 mm, 8 mm and 12 mm displacement cases. 

Table 10. Comparative study about load versus displacement for 4, 8 and 12 mm for all simulations with reinforcement area 
variation (As). 

Test Load at 4 mm (kN) Load at 8 mm (kN) Load at 12 mm (kN) 
as0-2.0% 99.50 178.43 185.24 
as1-2.0% 95.60 168.76 175.06 
as2-2.0% 91.65 158.40 165.16 
as3-2.0% 87.61 148.68 155.35 
as4-2.0% 83.31 139.58 144.67 
as5-2.0% 78.91 129.15 132.97 
as0-2.5% 97.68 177.79 193.73 
as1-2.5% 94.28 170.35 184.85 
as2-2.5% 90.80 163.88 175.36 
as3-2.5% 87.28 156.24 166.13 
as4-2.5% 83.44 146.81 155.95 
as5-2.5% 79.60 137.37 145.77 

As previously mentioned, it is possible to observe that the steel fibers have influenced the nonlinear behaviour of 
the structural element not allowing that a reduction in the reinforcement rate would lead to a massive impact on the 
ultimate load value. It can be seen that in the 8 mm displacement situation, in cases of loading with as5-2.50% to as5-
2.00% there was a total reduction in the maximum load value of 8.22 kN (137.37 kN to 129.15 kN), i. e., just a reduction 
of 5.98%. Obviously, the focus in this work is the use of simplified models to practical applicability [27], but to study 
the non-linear aspect of the performed analyses in more details, two and three-dimensional analyses with more complex 
damage models have to be applied in order to better understand the dissipative phenomena involved. 

The third simulation compares the results obtained for the beam with steel fiber volumes of 2.00% and 2.50% 
considering a span variation. Each simulation has an increasing of 50 cm in the effective span as shown in Table 6. 
Figure 7 presents the results for such simulation. 
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Figure 7. Load-displacement in the middle of the span to span length variation (Table 6). 

For the L5 standard test, there is an increasing of approximately 24.00% in the peak load comparing L5-2.00% to 
L5-2.50%. Table 11 presents all tests. 

Table 11. Maximum loads and loads in the SLS for tests with span length variation (L). 

Test Maximum load (kN) SLS load (kN) Decreased load on SLS (kN) Decreased load on SLS (%) 
L0-2.0% 186.17 74.47 ---- ---- 
L1-2.0% 146.66 58.66 15.81 21.23% 
L2-2.0% 121.03 48.41 26.06 34.99% 
L3-2.0% 105.20 42.08 32.39 43.49% 
L4-2.0% 88.84 35.54 38.93 52.28% 
L5-2.0% 69.01 27.61 46.86 62.93% 
L0-2.5% 195.38 78.15 ---- ---- 
L1-2.5% 160.51 64.20 13.95 17.85% 
L2-2.5% 136.17 54.47 23.68 30.30% 
L3-2.5% 118.27 47.31 30.85 39.47% 
L4-2.5% 102.66 41.06 37.09 47.46% 
L5-2.5% 85.71 34.28 43.87 56.13% 

It is possible to verify that the simulations L1-2.00% and L1-2.50% have a difference of 13.85 kN representing a 
reduction of 8.63% in the load value (160.51 kN to 146.66 kN). For the L5-2.00% and L5-2.50% simulations, this 
difference reached 19.48%. When the results of span reduction (L) are compared with the results of reinforcement 
reduction (As), it is noted that the span reduction (L) is always preponderant concerning to the reinforcement area (As) 
because in the simulations L5 the reductions reach values higher than 56.00% while the reduction of the reinforcement 
provides a decreasing in load in the SLS lower than 28.00%. 

Table 12 shows the comparative study of the load decreasing as a function of displacement measurement points. 
For theses analyses, it has been investigated the states of the beams for 4 mm, 8 mm and 12 mm displacement cases. 

In Table 12, it is possible to notice that the load reductions are approximately 39.44 kN for a displacement of 4 mm 
regarding to reference test 1 (2.0% of fiber volume) when compared to reference test 0 (2.0% of fiber volume). For the 
same tests with 2.5% of fiber volume, the reduction is about 38.33 kN. Table 13 shows the load reductions compared 
to the reference zero model. 
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Table 12. Comparative study about load versus displacement for 4, 8 and 12 mm for all simulations with variation of the effective 
span length (L). 

Test Load at 4 mm (kN) Load at 8 mm (kN) Load at 12 mm (kN) 
L0-2.0% 95.50 178.43 185.24 
L1-2.0% 56.06 97.02 136.98 
L2-2.0% 37.27 59.32 83.2 
L3-2.0% 27.52 40.8 55.36 
L4-2.0% 20.57 30.03 39.18 
L5-2.0% 15.35 23.32 29.5 
L0-2.5% 97.68 177.79 193.73 
L1-2.5% 59.35 103.65 147.09 
L2-2.5% 40.74 66.47 94.02 
L3-2.5% 30.18 46.29 63.98 
L4-2.5% 23.28 34.50 46.16 
L5-2.5% 17.95 27.09 34.99 

Table 13 Comparison study about load reduction with displacements of 4, 8 and 12 mm. 

Test Load at 4 mm 
(kN) 

Load reduction 
(kN) 

Load at 8 mm 
(kN) 

Load reduction 
(kN) 

Load at 12 
mm (kN) 

Load reduction 
(kN) 

L0-2.0% 95.50 --- 178.43 --- 185.24 --- 
L1-2.0% 56.06 39.44 97.02 81.41 136.98 48.26 
L2-2.0% 37.27 58.23 59.32 119.10 83.20 102.00 
L3-2.0% 27.52 67.98 40.80 137.63 55.36 129.88 
L4-2.0% 20.57 74.93 30.03 148.40 39.18 146.06 
L5-2.0% 15.35 80.15 23.32 155.11 29.50 155.74 
L0-2.5% 97.68 -- 177.70 --- 193.70 --- 
L1-2.5% 59.35 38.33 103.65 74.14 147.09 46.64 
L2-2.5% 40.74 56.94 66.47 111.30 94.02 99.71 
L3-2.5% 30.18 67.50 46.29 131.50 63.98 129.70 
L4-2.5% 23.28 74.40 34.50 143.29 46.16 147.57 
L5-2.5% 17.95 79.73 27.09 150.70 34.99 158.74 

It is possible to verify that the loading decreased considerably at 4 mm, 8 mm and 12 mm, showing the loss of the 
strength when the span length is increased. When analysing the displacement points and their respective forces, it is 
noticed that for 4.00 mm of displacement the load reduces from 35 kN to 80 kN approximately in both fiber volumes. 
For displacements of 8 mm and 12 mm, this value ranges from approximately 46 kN to 158 kN. 

Another important issue to be evaluate is the non-linear aspect of the load versus displacement behaviour which, in 
the case of span reduction, implied in a sharp drop in bending stiffness of the structural element when compared with 
the reinforcement area variation showed in Figure 6, for example. 

5 CONCLUSIONS 
In the context of studies performed in this work, it was evidenced that the steel fibers have a great potential to 

improve the mechanical properties of the concrete, which can promote gains in the ductility of the structural elements. 
This information is also found by experimental analyses presented in [21]–[23], [50], [52]–[54]. The regions of beams 
which behave in State II (section with cracks, the contribution of the concrete submitted to tension stress is not 
considered for the equilibrium of the transversal section) evidence the improving of stiffness when the results are 
compared between models with the same characteristics and different concentrations of fiber volume (2.00% and 2.5%) 
in Figures 5, 6 and 7, despite the predominant influence in strength gain when analyzing the increase in the height of 
the cross section (Figure 5). 

The results obtained in this work confirm that height and span length are perhaps the most influential properties on 
the deformability process of damaged structural elements. This influence is evidenced quantitatively in the present work 
by simulations which pointed out that when increasing the height of the cross section increases more than 90.00% in 
the ultimate load are observed. On the other hand, for the span length, the change is sensitive in the sense of reducing 
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the ultimate load. For example, for beams with 2.00% of fiber concentration, the reduction obtained was between 
approximately 21.00% to 63.00%. For simulations involving beams with a concentration of 2.50%, the ultimate load 
reduction also occurred, and it was in the range of 17.00% to 56.00%. 

Regarding the tests dealing with variation of the longitudinal reinforcement, reductions between 10.00% and 
50.00% of the bending reinforcement have been performed (both for 2.00% and 2.50% of fiber concentration). 
However, in none of the cases, a reduction higher than 25.00% of the ultimate load has occurred. This fact is possibly 
attributed, in part, to the strength promoted by the griping effect of steel fibers. It is also observed that the presence of 
fibers in the cementitious matrix reduces the level of displacement on the structural elements, even if there is a 
significant reduction in the reinforcement area. Therefore, it is observed that the present work contributes to visualize 
an estimative of percentages of reduction and/or increasing of the displacements and internal efforts caused by the 
geometric parameter variations of the SFRC beams analyzed so far. 

Another important issue to be observed in this work is that the addition of a volume of steel fibers in the structural 
system have allowed a reduction in the reinforcement without significant loss of flexural stiffness (Figure 6) in the 
service loading situations. In the context of structural design, this situation is interesting since the opening cracks and 
displacements of the structural elements are related to this flexural stiffness. Thus, it is possible to state that the use of 
fibers will allow a reduction in the reinforcement density without detriment to the bending strength properties, mainly 
in parts with high h/bw ratio. Another issue is the improvement in the effectiveness of using fibers in structural elements 
with larger span lengths, where the cracking process is more intense, and the number of cracks is high. 

More experimental and numerical tests must be performed to obtain answers with the possibility of statistical 
treatment and contribute to obtaining a methodology for estimating displacements in SFRC beams. It is also worth 
mentioning the importance of numerical analyses, as experimental analyses have high costs involved, unlike numerical 
analyses that allow different structural elements to be analyzed without higher costs. Therefore, this work contributes 
to the understanding and dissemination of the use of SRFC in Brazil. 
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Abstract: The use of GFRP (Glass Fiber Reinforced Polymers) structural profiles in the construction sector 
is growing due to their attractive properties, such as high mechanical strength and durability in aggressive 
environments. With this, it is necessary to conduct studies that deepen the knowledge about the performance 
of these materials in structural applications. Therefore, this work aims to analyze the mechanical performance 
of reinforced concrete beams coated with GFRP profiles, in comparison to reinforced concrete beams, by 
analyzing groups with different spacing between transversal reinforcement. In all groups there was no change 
in the longitudinal reinforcement, and the D and Q groups were, respectively, made up of transverse 
reinforcement spaced twice and quadruple the one calculated for the reference beams, and presented the GFRP 
profiles in their constitution. All beams were tested at four-point bending, and strain gauges were installed in 
one of the beams of each group studied. The results obtained in the tests showed an increase in strength of 
83.67% in the beams of group D, and 79.91% for group Q, in relation to the references. The analysis of 
longitudinal deformations made it possible to verify increases in stiffness and the moment of cracking in 
composite beams. Thus, based on this study, the composite structures studied may constitute future solutions 
for constructions exposed to aggressive environmental conditions, in order to increase their durability and also 
to contribute to the design of such structural elements with lower reinforcement rates. 

Keywords: GFRP profile, composite beams, transverse reinforcement, pultrusion. 

Resumo: A utilização de perfis estruturais de GFRP (Glass Fiber Reinforced Polymers) no setor da construção 
civil vem crescendo devido as suas propriedades atrativas, como altas resistências mecânicas e a durabilidade 
em ambientes agressivos. Com isso, faz-se necessário a realização de estudos que aprofundem o conhecimento 
sobre o desempenho desses materiais em aplicações estruturais. Sendo assim o presente trabalho tem por 
objetivo analisar o desempenho mecânico de vigas de concreto armado revestidas com perfis de GFRP, em 
comparação a vigas de concreto armado, através da análise de grupos com distintos espaçamentos entre 
armaduras transversais. Em todos os grupos não houve alteração nas armaduras longitudinais, e os grupos D 
e Q eram constituídos, respectivamente, por armaduras transversais espaçadas conforme o dobro e o quadruplo 
do calculado para as vigas referência, e apresentavam os perfis de GFRP em sua constituição. Todas as vigas 
foram ensaiadas a flexão quatro pontos, e strain gauges foram instalados em uma das vigas de cada grupo 
estudado. Os resultados obtidos nos ensaios apresentaram um aumento de resistência de 83.67% nas vigas do 
grupo D, e de 79.91% para o grupo Q, em relação as referências. A análise de deformações longitudinais 
possibilitou verificar aumentos de rigidez e o momento de fissuração nas vigas mistas. Sendo assim, com base 
nesse estudo, as estruturas mistas estudadas podem constituir futuras soluções para construções expostas a 
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condições ambientais agressivas, com o intuito de aumentar a sua durabilidade e, também, contribuir para o 
dimensionamento de tais elementos estruturais com menores taxas de armadura. 

Palavras-chave: Perfil de GFRP, vigas mistas, armaduras transversais, pultrusão. 
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1 INTRODUCTION 
The composite materials are defined as a compound substance of two or more materials, combined on a macroscopic 

scale, insoluble among themselves, to form a useful engineering material with certain properties that are not found in 
its constituents when in isolation [1], [2]. The use of composites, especially materials formed by fiber-reinforced 
polymers (FRP- Fiber Reinforced Polymer), has been wide and competitive in some engineering areas [3]. 

The attractive properties of fiber-reinforced polymers are: durability, corrosion resistance to marine environments; 
mechanical strength, particularly at low temperatures; ability to resist vibrations and absorb energy under seismic loads; 
electromagnetic transparency; low coefficient of thermal expansion; pigmentation and decorative characteristics; in 
addition to an excellent stiffness by weight and strength by weight, therefore, reducing transportation and assembly 
costs [4], [5]. Due to such properties, its use has been widely studied as a viable substitute for steel of the reinforcement 
of concrete structures, especially in structures exposed to aggressive environments, which require constant maintenance 
due to corrosion problems [3], [6], [7]. Although the characteristics and properties of GFRP are also affected in the 
long term, mainly by the diffusion of humidity through the resin layer and between the fiber and matrix interfaces [8], 
GFRP, facing more severe exposure conditions, still exhibits greater durability when compared to steel [9], [10]. The 
GFRP can be commonly seen in civil construction, either in structures made entirely of structural profiles [6] or as a 
substitute for steel bars in reinforced concrete structures [11] or even in hybrid structures formed by reinforced concrete 
and GFRP profiles. Hybrid structures formed by bonding GFRP profiles to reinforced concrete elements have been 
proven to provide a virtually efficient interaction in the short term [12]. 

The association of GFRP profiles by bonding, through adhesives, in reinforced concrete structural elements, brings 
economic and mechanical advantages [12], [13]. The GFRP profiles have a low elasticity module [7], therefore, they 
can demonstrate instability phenomena due to their deformation and, to overcome such limitations, the combined use 
of GFRP profiles with reinforced concrete, originates a structural solution [3], [13], [14]. Applications of reinforced 
polymer profiles with externally connected fiberglass play a fundamental role in guaranteeing the strength and stiffness 
of buildings, mainly due to the bold designs of modern buildings [13]. 

In addition to the strength requirements, GFRP also serves as a protective shield for structural elements against 
adverse environmental and meteorological conditions, such as, for example, the penetration of carbon chloride 
ions [15]. In view of these notes, the present work aims to analyze the mechanical performance of composite reinforced 
concrete beams with GFRP profiles, in comparison to reinforced concrete beams commonly used in civil construction, 
through the analysis of groups with different spacing between transverse reinforcement. Therefore, the samples of each 
group are submitted to bending moment and shear forces, to study the behavior of the composite structure, and to 
analyze the performance of the profiles used as partial substitutes for the transverse reinforcement. 

2 MATERIALS AND METHODS 

2.1 Methodology 
In order to fulfill the objectives of this study, three different groups of beams were performed, group REF, D and 

Q, consisting of three samples each. For all groups, the structural elements had a total length of 160 cm, and an effective 
span of 150 cm, as can be seen in Figure 1. 

The GFRP profiles constitute a collaborative structural form, which serves as a formwork for the execution of the 
beams and as a structural element. The longitudinal reinforcements were kept constant in all groups, being composed 
of a pair of 12.5 mm diameter ribbed CA-50 steel bars, totaling a steel area of 2.50 cm2. 

The verification of the rupture mode for the reference beams was carried out by determining the depth of the neutral 
line (NL) for the ultimate limit state (ULS), according to the recommendations of NBR 6118 [16], considering the 
balance of the tension forces in the reinforcement and compression in concrete according to the stress distributions for 
Stadium 3 deformations. With the determination of the depth of the neutral line, it is possible to evaluate the deformation 
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domain that will characterize the rupture mode of these structural elements, by considering the Bernoulli hypothesis for 
flat sections. The final theoretical strength moment for the reinforced concrete reference beams can be determined 
through Equation 1. 

 
Figure 1. Schematic of the four-point bending test carried out on the beams. 

( ) ( )/ · · ,u yk s sM f A d 0 4xγ= −   (1) 

Where: 
uM  – last resistant moment for the beam in the ULS; sA  – total steel area of the main longitudinal reinforcements; d  

– useful beam height; x  – depth of the neutral line; ykf  – characteristic steel yield strength; sγ  – coefficient for the 
reduction of steel strength. In this work γs = 1.0. 

The calculation of the predicted moment for the beginning of the cracking in the reference beams due to the tensile 
efforts in the concrete was carried out according two methodologies: Approximate method, according to NBR 
6118 [16], and the homogenized sections method. According to NBR 6118 [16], the moment of cracking in reinforced 
concrete beams is given by Equation 2. 

,· ·ctk inf c
r

t

f I
M

y
α

=   (2) 

Where: 
rM  – expected cracking moment of the structural element; .  1 5α = for rectangular cross sections; cI  – moment of inertia 

of the concrete section; ,ctk inff  – lower tensile strength of concrete given by /
, . · 2 3

ctk inf ckf 0 21 f= ; ty  – distance from the 
center of gravity to the most strained fiber. 

The homogenized section methodology considered the transformation of the reinforced concrete cross section into 
an equivalent theoretical section of concrete. The beginning of cracking in the tensioned concrete is characterized by 
the passage from Stadium 1 to Stadium 2 of deformations. Therefore, when the stresses acting on the stretched concrete 
fibers reach the lower tensile strength ( ,ctk inff ), the cracking process begins. The position of the neutral line in Stadium 
I of deformations is given by Equation 3. 

h
Bx
A
−

=   (3) 

Where: 
hx  - position on the neutral line in Stadium I of deformations considering the homogenized section, measured from the 

upper end of the beam; Coefficients A and B in Equation 3 are given by Equations 4 and 5. 
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( )· ·w sA b h A 1η= + −   (4) 

( )· · ·2W
s

bB h A d 1
2

η−
= − −   (5) 

Where: 
wb  – width of the cross section;  h  - total beam height; sA  – total steel area of the main longitudinal reinforcements; d  

– useful beam height; The homogenization coefficient of sections η is given by Equation 6. 

s

cs

E
E

η =   (6) 

Where: 
sE  – modulus of elasticity of steel. For this work sE  = 210 MPa; csE  – secant elasticity modulus predicted for concrete. 

·cs i ciE Eα= ; the value of αi = 0.90 for fck = 40 MPa, and · ·ci E ckE 5600 fα= ; .E 1 20α = . 
The theoretical cracking moment for the homogenized concrete section will be given by Equation 7. 

, ·ctk inf ch
rh

t

f I
M

y
=   (7) 

Where: 
rhM  - cracking moment in concrete section; chI  – moment of inertia of the section; ,ctk inff  – lower tensile strength of 

concrete; ty  – Position of the most strained fiber in relation to the neutral line, given by t hy h x= − . 
Through the four-point bending test model considered for this work, presented in Figure 1, it is possible to describe 

the equation that relates the moment applied at the center of the effective span to the loads measured in the HBM U10M 
load cell. Once the moments of cracking and collapse are known, obtained theoretically, one can predict the loading 
observed in the load cell for each of these cases through Equations 8 and 9. 

  · · /2ca C
ef ap

A 1P M L l
2 4

ρ ⋅  = + −  
  

  (8) 

·CCP 2 P=   (9) 

Where: 
P  – point load applied in the test; CCP  – expected loading in the load cell; M  – moment observed in the center of the 

theoretical span of the beams; caρ  – specific weight considered for reinforced concrete, being   / ³ca 25kN mρ = ; CA  – cross-
sectional area of the rectangular reinforced concrete beam; efL  – effective span of the beam considered, being   .  efL 1 50 m= ; 

apl - distance from the point of application of the test loads, measured from the model supports, being   .  apl 0 25m=  . 

The transverse reinforcement was determined using the methodology of model I and II of calculation, according to 
NBR 6118 [16], considering for the second model the angle of the compression rod ϴ = 45º (as indicated in the structure 
of the tests shown in Figure 1), and the angle of the transverse reinforcement of α = 90º. In addition, the necessary 
spacing was verified by considering the ultimate limit state for the plastification of the transverse reinforcement, 
disregarding the calculation parcels referring to the complementary resistance mechanisms, such as the effects of 
aggregate gearing and the effect of reinforcement pins between cracks. All calculations were performed considering 
that the transverse reinforcement was composed of simple branches with ribbed CA-50 steel bars of 6.30 mm in 
diameter. Equation 10 [17] was used to determine the longitudinal spacing between the reinforcements. 
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· ·( / )
. ·

sw yk s

s

A d f
s

1 10V
γ

=   (10) 

Where: 
s  – longitudinal spacing of transverse reinforcement; swA  – cross sectional area of shear reinforcement; ykf  – 
characteristic yield strength steel, being  ykf 500 MPa= ; sγ  – coefficient for the reduction of steel strength. In this work 

.s 1 0γ = ; sV  – active shear force. 
Table 1 presents the longitudinal spacing calculated for each design methodology considered in this work. 

Table 1. Longitudinal spacing of transverse reinforcement, for 6.30 mm diameter bars. 

Methodology Longitudinal spacing (s) 
Model I 11.43 cm 
Model II 9.58 cm 

Calculation using Equation 10 6.07 cm 

All the beams of the groups (Ref, D and Q) were made with a concrete cross section of 15 x 25 cm and in groups D and 
Q GFRP profiles were used. The longitudinal reinforcement for all groups were two bars of 12.5 mm diameter (2 Φ12.5 mm). 
Spacing of transverse reinforcement used in groups Ref, Q and D was 7 cm, 14 cm and 28 cm, respectively. 

The collaborative form of GFRP, if treated as a structural reinforcement, can add mechanical strength to both shear 
and bending. The American standard ACI 440 2R-08 Guide for the Design and Construction of Externally Bonded FRP 
Systems for Strengthening Concrete Structures [18] has recommendations and analytical formulas capable of 
quantifying these reinforcements. Following the ACI 440 2R-08 standard [18], the shear strength can be calculated with 
Equation 11. 

( )· ·n c s f fV V V Vϕ∅ =∅ + +   (11) 

Where: 
∅  - lessening strength factor; nV  - nominal shear strength; cV  - shear strength related to concrete; sV  - shear strength 
related to steel: fϕ  - coefficient of reduction of reinforcement efficiency; fV  - shear strength related to reinforcement. 

For the study of this work, the factor ∅ was adopted as 1.0, in order to compare with the experimental responses 
and the coefficient fϕ  was adopted with the value of 0.85, which is recommended when the reinforcement has a “U” 
geometry. The strengths cV  and sV  were calculated with Equations 12 and 13, taken from the American standard ACI 
318-05 Building Code Requirements for Structural Concrete and Commentary [19]. 

· ' ·c c wV 2 f b d= ⋅   (12) 

· ·v yt
s

A f d
V

s
=   (13) 

Where: 
'cf  - characteristic compressive strength of concrete; wb  - width of the cross section of the concrete beam; d - distance 

from the most compressed face to the centroid of the longitudinal steel reinforcement; vA  - area of steel transverse 
reinforcement with spacing s; 

ytf  - yield strength of the transverse reinforcement; s  - spacing between transverse reinforcements. 
In Equation 12 the unit of psi for 'cf  should be used. The other equations in the article are adapted to use the units 

of the international system. The equation for obtaining the strength fV  contained in that standard is based on spaced 
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reinforcements. However, the collaborative form characterizes a continuous reinforcement, thus the shear strength 
offered by it was computed assuming that the two webs of the GFRP profile act integrally. Equations 14 and 15 are 
used for its calculation. 

·f fv feV A f=   (14) 

· ·fv f fvA 2 t d=   (15) 

Where: 
fvA  - shear reinforcement area from GFRP; fef  - effective tensile strength of GFRP; ft  - web thickness of the 

collaborative form GFRP; fvd  - web height of the collaborative form of GFRP. 
In order to obtain fef  acting against the shear, the linear relationship by Hooke's law can be used, but an effective 

deformation ( feε ) must be considered, which experimentally obtains values lower than those of the concrete fracture, 
characterizing a fracture by disconnection of the reinforcement with concrete [20]. Equations 16, 17, 18, 19, 20 and 24 lead 
to characterize the behavior of the shear reinforcement until obtaining feε , which is a function of the strength of the concrete, 
the cross section of the reinforcement and the stiffness of the reinforcement [21]. 

·fe v fukε ε=   (16) 

· ·
·

1 2 e
v

fu

k k Lk
11900 ε

=   (17) 

'
2

3c
1

fk
27

 =  
 

  (18) 

fv e
2

fv

d L
k

d
−

=   (19) 

( ) .
· ·

e 0 58
f f f

23300L
n t E

=   (20) 

Where: 
vk  - reduction coefficient of the shear deformation efficiency; fuε  - limit deformation for rupture of the GFRP; 1k  - 

reduction factor due to the influence of concrete strength; 2k  - reduction factor due to the influence of the “U” type 
transverse section of the reinforcement; fn  - number of reinforcement layers; fE  - longitudinal elastic modulus of the 
GFRP; eL  - active length of the connection of the GFRP with the concrete over which most of the shear tension is 
maintained. 

According to the ACI 440 2R-08 [18] standard, the flexural strength of the reinforced beam can be calculated with 
the collaborating formwork. Considering only the plate on the underside of the U profile as an active reinforcement, 
Equation 21 was used for the calculation. 

· ·· · · · ·1 1
n s s f f fe

c cM A f d A f h
2 2
β βϕ   = − + −   

   
  (21) 
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Where: 
nM  - nominal moment strength considering the bending reinforcement; sA  - steel area of longitudinal reinforcement; 

sf  - stress resisted by steel bars; fA  - bottom plate area of GFRP; h  - total beam height; 1β  - ratio between the depth 
of the equivalent rectangular stress block and the depth of the neutral axis taken as the values associated with the 
Whitney stress block; c  - distance from the most compressed face to the neutral axis. 

The other terms of Equation 21 have been previously described, with the fϕ  coefficient also being adopted as 0.85. 
The term c must be calculated iteratively, to produce the compatibility of the deformations in the materials and the 
equivalence of the internal forces. For this, the deformations are calculated with Equations 22 and 23 arbitrating the 
value of c. Equations 24 and 25 are used to obtain the stresses. After obtaining the deformations and stresses, Equation 
26 is used to carry out the internal balance of forces and thus verify that the dimension c adopted satisfies the conditions 
of compatibility and balance. 

· f
fe cu fd

d c
c

ε ε ε
− 

= ≤ 
 

  (22) 

·s fe
f

d c
d c

ε ε
 −

=   − 
  (23) 

·fe f fef E ε=   (24) 

·s s s yf E fε= ≤   (25) 

· ·
· ' · ·

s s f fe

1 c 1 w

A f A f
c

f bα β
+

=   (26) 

Where: 
feε  - effective deformation of the GFRP; cuε  - ultimate deformation of the concrete obtained by the stress-strain graph 

at the point equal to 0.85·fc or equal to 0.003; fdε  - limit deformation to disconnect the GFRP from the concrete; sε  - 
deformation of steel; sE  - modulus of elasticity of steel; yf  - yield stress of steel; 1α  - multiplication factor to determine 
the stress intensity in the concrete using the rectangular distribution. 

The other terms can be seen in Figure 2a, which shows the transverse section adopted for the flexural reinforcement 
model. Figures 2b and 2c present, respectively, the diagram of the distribution of deformations and the diagram of the 
balance of internal forces. 

 
Figure 2. a) Cross section for the model adopted of bending with action of the collaborating form. b) Diagram of deformations of 

the beam c) Diagram of balance of internal forces acting on the beam in bending. 
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However, if Equation 22 presents feε  greater than fdε , the concrete does not reach cuε  thus the failure is 
characterized by the disconnection of the GFRP with the concrete [22]. In the work (Teng et al [23]) an equation was 
developed based on experimental data and fracture mechanics. This equation was adapted by the ACI 440 2R-08 [18] 
standard from a committee that evaluated a significant number of experimental data on beams subjected to bending, 
which suffered failure due to disconnection of the reinforcement. Equation 27 is then used to calculate fdε  based on the 
equation proposed by (Teng et al [23]), calibrated by the coefficient equal to 0.41 proposed by the standard. 

'. ·
· ·

c
fd

f f f

f0 41
n E t

ε =   (27) 

In this case, the deformation in the concrete will be less than its ultimate deformation and will need to be calculated, 
which can be obtained by similarity of triangles, as provided by Equation 28. 

·c fe
f

c
d c

ε ε
 

=   − 
  (28) 

After the concreting activities, shown in Figure 3, the beams were covered with tarpaulins, in order to avoid water 
losses in the concrete mixture, and the specimens were placed in a tank with water and calcium hydroxide solution, 
according to the specification of NBR 5738 [24]. 

 
Figure 3. a) Composite concrete beams in GFRP profiles. b) Concreting of composite concrete beams in GFRP profiles. 

The tests were carried out 28 days after the concreting of the elements, thus respecting the curing time. All 
beams were subjected to four-point bending tests, following the model of ASTM C78 / C78M [25] with 
adaptations in relation to the height of the beams, definitions of supports and load application positions, as 
these were positioned close to the supports, forming an angle of 45º in relation to the support, in order to 
increase the shear forces in the tested beams. The tests were carried out with the use of a hydraulic piston with 
a maximum capacity of 500kN, supported under a reaction frame. To obtain the values of vertical deflections, 
a LVDT of 100 mm was used. The four-point bending test scheme, as well as the orientations of the load 
application positions and LVDT positioning already presented in Figure 1. 

The strain gauges were inserted in the upper concrete face in beams “REF-1”, “D-1” and “Q-1”, Figure 4a, and in 
the lower part in beams “D-1 ”and“ Q-1 ”, in GFRP forms, Figure 4b. In addition to these, a strain gauge was inserted 
in one of the bars that make up the lower longitudinal reinforcement in beams “REF-1”, “D-1” and “Q-1”, Figure 4c. 
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Figure 4. a) Strain gauge in concrete. b) Strain gauge in GFRP profile. c) Strain gages in REF, D and Q group reinforcement. 

All sensors were positioned at the center of the theoretical span. The sensors used in the tests were connected to a 
Quantum X MX840 data acquisition module of the HBM brand, and the software used for receiving, recording and 
synchronizing data was Catman 3.0. 

The axial compression tests were performed according to NBR 5739 [26], on a hydraulic press model EMIC 
PC200I, with a maximum capacity of 2000 kN. The elasticity modules were obtained through tests carried out according 
to NBR 8522 [27], in a hydraulic press model EMIC PC200CS, with a maximum capacity of 2000 kN. 

2.2 Materials 

The GFRP profiles were consisted of an electro-gutter profile with the dimensions of 15.00 x10.00x0.32 cm (width 
x height x thickness), and two plates of 25.00x0.32 cm (width x thickness), which were glued on both sides of the walls 
of the electro-gutter profile using polyurethane glue. Then, a transverse section was obtained with the final dimensions 
of 15.00 x 25.00 cm (width x height), 0.32 cm thick and a total length of 160 cm, maintained in all forms used, as shown 
in Figure 5. 

 
Figure 5. GFRP profiles used in groups D and Q. 

The profiles are pultruded and have a minimum fiber/resin ratio of 55%. The mechanical properties of 
interest for using the collaborative form as reinforcement, longitudinal modulus of elasticity (Ef), the tensile 
strength (ffu) and the deformation at rupture (εfu), were measured by uniaxial tensile testing performed on a 
universal testing machine of EMIC brand, model DL30000 with the aid of a clip-gauge, with the following 
results respectively; 21358 ± 524.74 MPa, 265.2 ± 1.48 MPa and 0.011717 ± 0.000957 mm/mm. 

Stress-strain behavior presented by the specimens can be seen in the graph of Figure 6, these were linear until their 
rupture, which was fragile. The GFRP profiles generally have a specific mass of 1800 kg/m3, as indicated by the material 
supplier company. 
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Figure 6. Stress versus strain graph obtained by the uniaxial tensile test on 3 GFRP specimens. 

The yield stress (fy) and the tensile strength limit stress (fu) for the CA-50 steel used were determined by uniaxial 
tensile testing performed on the same universal testing machine. In this test it was not possible to use an extensometer, 
a fact that made the correct measurement of the longitudinal elastic modulus (Es) impossible, which was adopted equal 
to 210 GPa, a value recommended by NBR 6118: 2014 [16]. 

The concrete used in the beams was dosed to present a compressive strength of 40 MPa after 28 days. The cement 
used was of the CPIV-32 type with property resistant to aggressive environments, mainly to the attack of sulfides. The 
unitary mix was executed in mass in the following proportion, 1: 2.87: 2.13 with water/cement ratio of 0.48 and addition 
of polypropylene fiber equal to 0.90 kg/m3 of concrete. The reduction of the cone trunk on the slump test, according to 
NBR NM 67 [28] was 70 ± 20 mm. The aggregates used in the concrete were characterized according to NBR NM 
248 [29]. The concrete was reinforced with the use of multifilament polypropylene fibers, in order to reduce the risk of 
plastic cracking (effect of shrinkage in the concrete) [30], thus improving the performance of the profile/concrete 
adhesion, which was accomplished through the use of an epoxy resin. 

The fiber content used was 0.9 kg/m3, since low fiber contents between 0.9 to 2.7 kg/m3 do not influence the increase 
in concrete strength [31]. 

The connection between the GFRP profile and the concrete was carried out with the use of a bicomponent 
thixotropic epoxy resin. The application was carried out on the walls of the profile, in the areas close to the supports of 
the beams (region of greater shear force) and in the area of the bottom of the profiles, which comprise the places that 
present the greatest bending moments. The regions where the resin was applied are shown in the areas indicated in 
Figure 7. 

 
Figure 7. Regions of application of resin on the walls and bottom of the moulds, respectively. 
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The application of the resin was carried out manually, using spatulas, with a thickness of approximately 2 mm of 
glue, as indicated manufacturer. 

3 RESULTS AND DISCUSSIONS 

3.1 Efforts and acting requests on the beams theoretically obtained 
Table 2 presents the results of the theoretical efforts calculated according to the equations presented in section 2 of 

this work. The results obtained are regarding the reinforced concrete beams. 

Table 2. Results of the theoretical efforts calculated according to the equations presented in section 2 

Useful beam height - d 21.875 cm 
Depth of the neutral line in the ULS - x  2.56 cm 

x/d ratio 0.12 
Domains of deformations in the ULS 2 

Deformations of reinforcements in the ULS 10 ‰ 
Deformations of concrete in the ULS 1.32 ‰ 

Last resistant moment - uM  25.59 kN.m 
Load measured in the load cell in the ULS - CCuP  202.61 kN 
Cracking moment predicted by NBR 6118 - rM  5.76 kN.m 

Load measured in the load cell for cracking - CCrP  43.94 kN 
Cracking moment predicted through the homogenized concrete section- rhM  4.11 kN.m 

Load measured in the load cell for cracking - CCrhP  30.78 kN 

Through the methodologies for checking the deformation domains for the ultimate limit state, according to 
NBR 6118 [16], it was found that the rupture of the reinforced concrete beams meets the ductility recommendations, 
with no fragile rupture in the bending elements. The rupture mechanism foreseen for the tested reinforced concrete 
beams will be the flow of the drawn longitudinal reinforcements, and the deformations in the most compressed concrete 
fibers do not reach the deformation limit for the beginning of plasticization, given as .  c2 2 00‰ ε = by NBR 6118 [16], for 
concretes com  ckf 50 MPa≤ . The theoretical shear strength ( nV ) for beam group D is 185 kN and for beam group 
Q 158 kN, while the theoretical   nM  for reinforced beams was 45.6 kN.m. 

3.2 Axial compression and modulus of elasticity of concrete 
The average axial compression strength and elasticity modulus results obtained for the respective groups 

Ref, D and Q were, 45.27 ± 1.88 MPa; 41.80 ± 2.29 MPa; 43.55 ± 1.33 MPa and elasticity modulus 44.70 ± 
2.08 GPa; 44.38 ± 2.05 GPa; 45.58 ± 1.81 GPa. 

Through the results obtained, the concrete used for molding the beams presented axial compression strength close 
to the pre-established for this work. 

3.3 Analysis of loads and vertical displacements of beams 
During the tests, limits were set in relation to the load applied by the hydraulic piston on the beams, in order to 

avoid damage to the equipment used, for that purpose the application of up to 450 kN was kept as a limit. Figure 8 
presents the graph with the results of the loads and vertical displacements obtained for the reference beams (REF), 
beams of group D and Q. 

The average maximum load for the beams of group D was 439.03 kN, an increase of 83.67% in relation to the 
structural elements of the REF group, which had an average maximum load of rupture of 239.03 kN. For the beams of 
group Q, the average maximum load was 430.04 kN, an increase of 79.91% in relation to the elements of the REF 
group, and a difference of 2.05% in relation to the average maximum load of group D beams. 

Table 3 presents the mechanical results for each tested beam, as well as the load obtained for the maximum vertical 
service displacement, which according to NBR 6118 [16] is L/250, with L being the effective span of the beam 
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considered. To calculate the maximum shear forces and maximum bending moments, the specific weight of reinforced 
concrete was used as   / ³25kN mρ = . 

 
Figure 8. Graph of loads and vertical displacements for each tested beam. 

Table 3. Mechanical results for each tested beam 

Group Beams 
L/250 = 6 mm 
Load in L/250 

(kN) 
Maximum load 

(kN) 
Displacement vertical 

in maximum load 
(mm) 

Maximum shear 
force (kN) 

Maximum 
bending moment 

(kN.m) 

REF 

REF-1 223.31 240.61 14.27 121.01 30.34 
REF-2 234.30 248.31 13.50 124.86 31.30 
REF-3 216.92 228.17 14.02 114.79 28.78 

Average 224.84 239.03 13.93 120.22 30.14 
S.D. 8.79 10.16 0.39 5.08 1.27 

D 

D-1 320.25 445.50 8.58 223.46 55.95 
D-2 356.55 426.05 8.31 213.73 53.52 
D-3 330.83 445.54 9.23 223.48 55.96 

Average 335.88 439.03 8.71 220.22 55.14 
S.D. 18.67 11.24 0.47 5.62 1.41 

Q 

Q-1 315.14 446.20 8.90 223.81 56.04 
Q-2 381.69 425.09 7.57 213.25 53.40 
Q-3 315.27 418.83 8.25 210.12 52.62 

Average 337.37 430.04 8.24 215.73 54.02 
S.D. 38.39 14.34 0.67 7.17 1.79 

The vertical displacements observed experimentally during the tests of the beams, were obtained at the moment of 
the maximum applied load. For the elements of group D, the average vertical displacement was 8.71 mm, which is 
37.50% less than the average vertical displacement obtained for beams in the REF group, which was 13.93 mm. Among 
the samples in group Q, the average vertical displacement was 8.24 mm, a difference of 40.85% in relation to the beams 
in the REF group, and a difference of 5.36% in relation to the elements in group D. 

It can be seen through the graph in Figure 8 that the vertical displacements obtained of the REF group are contained 
in the Stadium III deformations, when the beams were in state collapse. And the values found for the samples of group 
D and Q were obtained while the elements were in the Stadium II of deformations, before the collapse of the structures. 

3.4 Analysis of loads and longitudinal deformations in the materials 
Figure 9 presents the results of deformations of the materials during the four-point bending tests, in relation to the 

resulting bending moment in the center of the theoretical span. 
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Figure 9. Graph of bending moment and longitudinal strain of the materials for the beams a) REF-1; b) D-1; c) Q-1. 

The curves shown in Figure 9 demonstrate through the values of longitudinal deformations, that the steel and the 
GFRP profiles were, together, responsible for the resistance to the tensile stresses in the structural elements tested in 
groups D and Q. note that the beams of the reference group presented, in their collapsed state, plastification 
deformations in the tensioned reinforcements, while the concrete remained in linear-elastic behavior, thus corroborating 
the theoretical model predicted for the deformation domain 2, according to NBR 6118 [16]. 

It is also possible to observe the elastic-linear behavior of the GFRP profiles throughout the test, as well as for the 
concrete in the compressed region, which in all samples did not present a compression rupture at the moment of 
collapse, and the measured deformations did not reach the values foreseen for the beginning of the appearance of plastic 
deformations. 

The results obtained for the longitudinal deformations of the steel bars in the beams REF-1, D-1 and Q-1 show, 
through the first change in the inclination of the lines in the graphs, the cracking moments in the structural elements, 
when the beams pass Deformation Stadium I for Stadium II. This increase in deformations in the bars, shown in the 
graphs by the sudden increases in deformations for a small variation in the bending moments, reflects the increase in 
stresses in the tensioned bars due to the appearance of cracks in the adhesion regions [32]. At these high points, adhesion 
stresses arise due to the difference in deformations between steel bars and concrete, which result in loss of adhesion 
due to adhesion, which in the case of ribbed bars give rise to transversal cracks in these regions. 

It is also observed that after the moment of cracking, all the materials that make up the beams demonstrate changes 
in the inclination of the straight lines that characterize them. This variation is characteristic of structural elements in 
Stadium II of deformations, when the beams do not have constant stiffness, resulting from the change in the stiffness 
of the materials that constitute them [32]. 

The groups of beams REF-1, D-1 and Q-1 presented the following results of the cracking moment 6.24 kN⋅m, 8.3 kN⋅m 
and 8.82 kN∙m, respectively. 

3.5 Support load and self-weight ratio 

The ratio between the support load obtained experimentally and the proper weight estimated for each beam was 
carried out to determine the efficiency of the structures. The results of the efficiency factors found for all groups of 
beams tested (REF, D and Q) were respectively: 159.35 ± 6.78; 285.67± 7.31; 279.82± 9.33. 
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3.6 Rupture mode 

The rupture mode of the reference beams (REF) in relation to the samples of groups D and Q were different, however 
the behavior observed in the beams of groups D and Q were similar. All the structural elements that made up the REF 
group showed, at the beginning of the collapse state due to bending stresses, longitudinal reinforcement flow 
characterized by the opening of large cracks in the tensioned region, without breaking in the compressed concrete area 
due to the last deformations at compression. This behavior is characteristic of structural elements in domain 2 of 
deformations in the ELU, according to ABNT NBR 6118 [16]. Figure 10 shows the beams of the reference group (REF) 
after the mechanical tests performed. 

 
Figure 10. Beams of the reference group (REF) after four-point bending tests a) REF-1. b) REF-2. c) REF-3. 

The Mn calculated with the reinforcement was equal to 45.6 kN·m, this explains the change from rupture mode to 
shear. 

Among the samples that made up group D, two of them (D-1 and D-3) did not show rupture until the maximum 
application loads established for the tests were reached. The beam D-2 presented a rupture close to the support, due to 
the shear in the GFRP profile at the bottom, which led to the subsequent rupture in the beam due to the shear efforts. 
Figure 11 shows the beams of group D after the four-point bending tests. 

 
Figure 11. Beams of the group D after four-point bending tests. a) D-1. b) D-2. c) D-3. 

The beams of group Q showed a similar behavior in relation to the elements of group D, and the sample Q-1 did not 
rupture until reaching the maximum load stipulated for the tests. The beams Q-2 and Q-3, on the other hand, showed 
rupture close to the supports due to the shear of the GFRP profile in the lower part, which subsequently caused the 
rupture in the beams in this region, due to the acting shear forces. 

Beams D-2 and Q-3 showed unevenness in the supports, due to errors during their execution, and due to this, the 
rupture of the profiles in these elements occurred in the region where the beam was not fully supported, consequently 
reducing the contact area, that favored the collapse in these regions. 
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4 CONCLUSIONS 
After the tests performed, and through the results obtained, it appears that the GFRP profiles showed considerably 

increasing their mechanical strength, and their use as a partial substitute for transverse reinforcement proved to be 
effective. 

The results show that there was no significant difference for the results of the samples of the groups that had the 
profiles of GFRP, therefore it is inferred that the spacing used for the transverse reinforcement in each group was not a 
relevant factor to justify the mechanical performance of the beams, but the presence of the profiles, and that the different 
spacing did not generate loss or gain of mechanical resistance in the analyzed samples. 

Through the tests and the results obtained, the epoxy resin used to adhere the reinforced concrete structure to the 
GFRP profiles showed satisfactory performance. 

The presence of GFRP profiles in the beams contributed to the increase of their stiffness, in relation to the structural 
reference elements (REF). 

The strength gains obtained in the samples that had the GFRP profiles were the result of the joint action of the 
profiles and the tensioned longitudinal reinforcement. 

The presence of GFRP profiles in the beams contributed to the increase in cracking moments, it can be deduced that 
such increase occurred due to the tensile stress resisted by these structures. 

The theoretical results of cracking moments, last moments of resistance, and deformation domains predicted for the 
ultimate limit state in the reference beams showed a good correlation with the experimental results obtained. 

The theoretical results of the reinforced beams, on the other hand, presented conservative predictions, with all tests 
on reinforced beams obtaining results superior to those calculated. 

The graphical results of longitudinal deformation of the materials that make up the beams showed that the GFRP 
profiles worked together with the reinforced concrete structure, so the composite design structure showed satisfactory 
behavior. 

The presence of GFRP profiles in the beams significantly increased the efficiency of the structures, when comparing 
the maximum loads obtained experimentally in relation to the estimated weight of the beams, and the presence of the 
GFRP profiles did not contribute significantly to the increase of the weight of the samples analyzed. 
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Abstract: In recent years a vibration control technique, called structural coupling, has been studied. This 
technique consists on linking two neighboring buildings, through a coupling device, with the purpose of 
reducing dynamic response. It is possible to control both structures response simultaneously, which is 
precisely the attractiveness of this technique. Given the potential of the structural coupling technique, this 
work evaluates numerically and experimentally the performance of the structural coupling technique in simple 
plane frames when subjected to an oscillatory movement in at base caused by a shaking table, designed and 
built in the Structure Laboratory of University of Brasilia. Initially, the model numerical dynamic responses, 
without and with coupling, were obtained. Then, experimentally, the plane frames were fixed to the shaking 
table and subjected to a base movement uncoupled and coupled in order to obtain the acceleration registers 
and its frequency spectra. Finally, numerical and experimental frequency spectra were compared. The results 
obtained showed the efficiency of the control method through coupling, which depends mainly on the 
mechanical properties of adjacent buildings and connecting devices. 

Keywords: seismic analysis, structural dynamics, structural control, coupled building. 

Resumo: Nos últimos anos têm sido implementada uma técnica de controle de vibrações chamada de 
acoplamento estrutural. Essa técnica consiste em ligar duas edificações vizinhas por meio de um dispositivo 
de acoplamento, com o objetivo de diminuir os efeitos dinâmicos em função das propriedades mecânicas de 
cada estrutura. Ao fazê-lo, em princípio, é possível controlar a resposta de ambas as estruturas 
simultaneamente, o que é precisamente a atratividade da técnica. Dado o seu potencial, este trabalho tem como 
objetivo avaliar numérica e experimentalmente a eficácia dela utilizando pórticos planos simples quando 
submetidos a um movimento oscilatório na base provocado por uma mesa vibratória, projetada e construída 
no Laboratório de Estruturas da Universidade de Brasília. Inicialmente, foram calculadas as respostas 
dinâmicas numéricas dos modelos com e sem acoplamento. Em seguida, experimentalmente, os pórticos 
planos foram fixados na mesa vibratória e foram submetidos a um movimento na base quando desacoplados 
e acoplados a fim de obter os registros de acelerações e assim obter seus espectros de frequência. Finalmente, 
foram comparados os espectros obtidos experimentalmente com os obtidos numericamente. Os resultados 
apresentados mostraram a eficiência do método de controle por meio do acoplamento, a qual foi afetada 
principalmente pelas propriedades mecânicas dos edifícios adjacentes e dos elementos de conexão. 

Palavras-chave: análise sísmica, dinâmica estrutural, controle estrutural, acoplamento estrutural. 
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INTRODUCTION 

With the cities development there is a tendency of population increase in large urban centers, causing thus 
a shortage of spaces and making tall buildings a characteristic of modern cities. These types of buildings 
because of their height and high mass concentration characteristics are very vulnerable to collapse in the 
presence of one of the most destructive phenomena of nature: the earthquake. These vibrations are undesirable 
from the point of view of both comfort and safety. 

To work avoiding this problem, medium- and high-rise structures started employing control techniques such 
as tuned mass dampers (TMDs) to help mitigate excessive vibrations and deformations when subjected to 
dynamic loads. According to Watanabe et al. [1], one of the drawbacks when a single TMD is used in flexible 
structures is its sensitivity to any discrepancy in the natural frequency of the structure and the TMD damping. 
As a solution for this problem, multiple tuned mass dampers with different dynamic characteristics are used. 
However, the control system becomes expensive. 

Thus, a control technique called structural coupling, which consists of connecting two or more neighboring 
buildings through coupling devices to provide reaction control forces, showed to be a viable alternative for the 
protection of adjacent flexible structures. This technique can be applied to a wide variety of structural systems and can 
incorporate various types of control strategies including passive, active, or semiactive control [2], [3]. 

The application of the coupling technique to civil structures has received much attention from the 90’s since it was 
first proposed by Klein et al. [4] and Kunieda [5]. Theoretical, numerical and experimental approaches of coupled 
structures were performed in order to demonstrate the viability of this technique [6]–[34]. These studies showed that 
the efficiency of the coupling technique depends on the mechanical and geometrical properties of the neighboring 
buildings, as well as on the mechanical properties of the connecting device. 

In addition to these analytical and experimental research, a few full-scale applications of coupled building control 
have been undertaken. In 2001, the Triton Square office complex, located on the Tokyo waterfront on Harumi Island, 
completed construction. The complex is a cluster of three buildings, 195, 175, and 155 m high, respectively. The three 
buildings are coupled with two active control actuators for wind and seismic protection [35], [36]. In 2013, between 
the Chiesa del Sacro Cuore (Florence - Italy) and R/C bell tower, passive viscofluid shock absorbers were installed in 
order to reduce the pounding between them [37]. 

It should be noted that most researches on the coupling technique were performed in countries located in areas with 
a high risk of seismicity and high economic development. In Latin American countries, research related to this technique 
are still incipient. Thus, this work evaluates numerically and experimentally the performance of the structural coupling 
technique in simple plane frames when subjected to an oscillatory base movement caused by a shaking table, designed 
and built in the Structure Laboratory of University of Brasilia. It should also be noted that, even using steel plane 
frames, the results can be extended to concrete or other materials frames. 

METHODOLOGY 

In a previous stage, numerical preliminary models were developed to set material type and dimensions of 
the plane frames to be tested. Then, the shear building frames were constructed and tested to identify dynamic 
properties such as frequencies, vibration modes and damping factors using the ARTeMIS Modal software [38]. 
It should be noted that in the shear building model a degree of freedom per floor is considered, therefore, for 
each of these degrees a frequency value is associated. 

Subsequently, numerical models were validated using the correlation of the natural frequencies and the vibrational 
modes, numerical and experimental, using the percentage of variation of the frequency (FER) and the Modal Assurance 
Criterion (MAC) [39], [40]. This validation is important to ensure that the numerical models represented the actual 
physical behavior of the tested plane frames. 

Once validation was done, an optimization study was performed using the particle swarm optimization (PSO) [41] 
in a way to set the connecting device properties. Next, the device that was used in the experimental tests was built. 

Then, a numerical and experimental analysis were performed to evaluate the performance of the coupling technique 
in reducing the amplitudes of the dynamic responses of the adjacent shear frames. For this purpose, the acceleration 
records and the frequency spectra of each structure were obtained and compared. All numerical analysis, as well as the 
treatment of experimental data, were performed using MATLAB [42]. 
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MATHEMATICAL FORMULATION 

Coupled models 
In Figure 1, two plane frames are shown, the structure 1 with n + m floors and the structure 2 with n floors. Each of 

these buildings has mass, stiffness, and damping properties mi
j, ci

j, ki
j known beforehand, where i indicates the floor number 

and j the building number. The strategy of passive coupling control involves the placement of springs and dampers between 
the two buildings, whose mechanical properties are kn

3 and cn
3, here n indicates the position of these elements. 

 
Figure 1. Coupled system with multiple degrees of freedom. 

The coupled system motion equation, when submitted to a seismic base acceleration ẍg (t) is given by: 
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where Mss, Css and Kss are the mass, damping and stiffness matrices of the coupled system respectively; C3 and K3 are 
the matrices that contains the damping and stiffness coefficients of the linking system kn

3 and cn
3; xss(t), ẋss(t) and ẍss(t) 

are the vectors containing the displacements, velocities and accelerations of the two structures relative to the ground. 
Mass, stiffness and damping matrices, Mss, Kss and Css, of the coupled structure are defined as follows: 
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where: mj is the diagonal mass matrix of the jth building; cj and kj are a block diagonal matrix corresponding to the 
internal damping and stiffness of the jth building. These matrices can be written as: 
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where j indicates the structure number, mi
j, ci

j and ki
j are the mass, damping and stiffness value of the ith story in the 

jth building. The matrix that contains the damping coefficients of the linking system C3 is: 
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where cn
3 is the damping coefficient of the nth passive linking element. The matrix that contains the stiffness 

coefficients of the linking system K3 can be obtained from Equation 8, replacing the damping coefficients cn
3 by the 

corresponding stiffness coefficients kn
3. 

From the second-order model (Equation 1), a first-order state-space model can be derived: 
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with state vector: 
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The state and disturbance input matrices, A and E, in Equation 11 have, respectively, the following form: 
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Obtained the state vector z(t) and using the output matrix Cy shown in Equation 14, the vector y(t) (Equation 15) 
can be obtained, which contains the responses in terms of displacement and velocity relative to the ground, as well as 
the absolute acceleration of the two buildings. 
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Correlation between numerical and experimental data 
Correlation methods are some techniques to compare the analytical modal data with the experimental modal data. 

Among the most used correlation techniques are the FER frequency variation and the Modal Assurance Criterion 
(MAC) [39], [40]. 

The correlation between natural frequencies is calculated using the FER frequency variation. The FER index for the 
g experimental mode is calculated using Equation 16, where λh and λg are the numerical and experimental natural 
frequency of the h and g mode, respectively. 

h g

g
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λ λ
λ
−

=

 (16) 

The agreement between numerical and experimental modes of vibration is obtained through the Modal Assurance 
Criterion (MAC) index [39], [40]: 
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where Φg and Φh are the test modal and analytical modal vectors, respectively. The MAC index takes values between 
0 (representing no consistent correspondence) and 1 (representing a consistent correspondence). Values larger than 0.9 
indicate consistent correspondence whereas small values indicate poor resemblance of the two shapes [43]. 

Numerical and experimental models 

Six modules were constructed as shown in Figure 2a and represent a common floor of a residential building. Each 
of these modules consists of two stainless steel columns (ferritic alloy 430 – E = 210 GPa) with a rectangular section 
(1.5×25.4 mm) and rigid aluminum beams with a rectangular section (25.4×9.8 mm). The height of the columns was 
considered of 200 mm [31]. 

 
Figure 2. a) module of the plane frame; b) experimental model of adjacent uncoupled plane frames; c) numerical model of 

adjacent uncoupled plane frames. 

By joining several of these modules, it is possible to simulate more pavement structures as if they were a shear 
building (Figure 2b), since the stiffness of the aluminum bars, which constitute the floors, is much higher in relation to 
the stainless- steel plates stiffness, which represent the columns of the experimental models. In Figure 2c, the numerical 
models of adjacent uncoupled plane frames are presented. 

The mass and stiffness matrices of the models showed in the Figure 2c are defined in the following Equations 18 
and 19. In the mass matrices, besides the mass of the elements that make up the modules, the masses of the screws, nuts 
and washers used to join them were considered. In the case of stiffness matrices, it was considered that the stiffness of 
the modules is given by the columns fixed at the base. 
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To assemble the stiffness matrices, the Caughey or extended Rayleigh method [44] (Equation 20) was used to 
construct these matrices from data obtained from experimental modal analysis of both buildings, that is, from a natural 
frequency ωi and its corresponding modal damping ξi of the ith mode. 

( )N 1 i1
i

i 0
α

−
−

=
= ∑c m m k  (20) 

In Equation 20: N is the number of degrees of freedom of the system; m and k are the mass and stiffness matrices 
of the building, respectively; αi are real and positive constants which are calculated by: 
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where ξn e ωn are the natural frequencies and damping factors for the n modes of the system. Thus, the equation above 
becomes a set of equations, one for each ωn and ξn, where αi is the constant to be calculated. 

Shaking Table 

In order to simulate the movement at the base of the small-scale models, the unidirectional shaking table shown in 
Figure 3 was designed and constructed in the Laboratory of Structures of the University of Brasilia according to the 
safety conditions of the Brazilian technical standards. 

 

Figure 3. Unidirectional shaking table. Dimensions in centimeters. 

The oscillating motion of the table is generated by a rod-crank system, which can transform the circular movement 
into a translational movement. The crank describes the flat rotational movement, the rod pushes the main platform 
which, by means of the four linear bearings located in its corners, has rectilinear translation motion in the orthogonal 
direction X. The rotation movement of the crank is promoted by a motor whose angular rotation speed ω is controlled 
by a frequency inverter. The constructed model and mechanical and electronic components of the Shaking table can be 
observed in Figure 4. 
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Instrumentation 

To obtain the accelerations in the plane frames, as well as their modal identification, PCB Piezotronics model 
353B01 accelerometers were used, which have an approximate mass of 10g and sensitivity of ±5% 20 mV/g 
(2.04 mV/(m/s2)). These accelerometers were connected to the IPC Model 482A22 unit gain signal conditioner from 
the same company and which translates the vibration of the structure into electrical pulses and sends them to the 
ADS2000 signal receptor, manufactured by Lynx Tecnologia Eletrônica. Finally, the acceleration registers are 
monitored and recorded using AqDados 7 software [45]. 

The acquisition equipment was configured to capture records from 1 to 3 channels, at time instants of 0.005s, 
resulting in a 200 Hz sampling frequency. Consequently, the Nyquist frequency was half the sampling frequency, in 
this case, 100Hz. 

 
Figure 4. Shaking table built and mechanical and electronic components. 

RESULTS 

Plane frame modal identification 

Table 1 shows the natural frequencies obtained from the acceleration records acquired in the laboratory for each 
plane frame model (Figure 2b), as well as the FER frequency variation and the damping factor ξ for each vibration 
mode. The comparison of the numerical and experimental vibration modes of Structure 1 (Figure 2b), as well as the 
matrix of the MAC index correlation, are shown in Figure 5. 

It can be seen in the Table 1 that the first frequencies in both plane frames presented a FER index lower than 1%. 
However, there was a low value for the second frequency, with differences of more than 7%. On the other hand, it is 
observed in Figure 5 that the MAC indexes presented diagonal values approximately equal to 1, which indicates a good 
agreement between the modal forms. 

It is interesting to note that, as expected, the damping factors presented very low values as seen in the Table 1 [46]. 
Thus, having the frequencies and damping factors and using Equations 20 and 21, the damping matrices of the structures 
shown in Figure 2b can be assembled. 

Finally, it is worth noting that the 1% error between the numerical and experimental frequencies for the first mode 
(fundamental mode) is acceptable due to the possible differences that the shear building model or plane frame are unable 
to represent, besides the possible instrumental errors. Thus, it was decided to not be updating the models. 



L. A. Perez Peña, G. N. Doz, and S. M. Avila 

Rev. IBRACON Estrut. Mater., vol. 13, no. 6, e13609, 2020 9/16 

Connection Device 

An optimization study was performed using the particle swarm optimization (PSO) [41] in a way to set the 
mechanical properties kn

3 and cn
3 of the connection device (Figure 1). The summation of coupled model rms (Root 

Mean Square) accelerations was used as an objective function. Once these mechanical properties were obtained, the 
damper that was used in the experimental tests was built. Table 2 presents the results of the optimization. 

It can be observed in Table 2 that k3 and c3 had a very little variation. It also can be noticed that to control dynamic 
response on both structures, it is necessary to use a connection device with c3 = 9.48 Ns/m and k3 = 0. It can be said 
that the best connection device to the analyzed model is using only a viscofluid damper 

Table 1. Averages values of experimental vibration natural frequencies and damping factors of the plane frames, as well as the 
FER index. 

Structure Mode ξ Exp. Frequency [Hz] Num. Frequency [Hz] FER [%] 
1 1 0.40 13.90 13.84 0.45 

2 0.20 36.18 33.42 7.62 
2 1 0.20 27.34 27.11 0.84 

 

Figure 5. Comparison of numerical and experimental vibration modes and MAC correlation matrix – Structure 1 Uncoupled. 

Table 2. Optimal connection device properties obtained with PSO.  

cn3 [Ns/m] kn3 [N/m] f objetivo [m/s2] 

9.4799 9.58930×10-7 1.7197 
9.4798 8.58930×10-7 1.7197 
9.4788 9.18925×10-7 1.7197 

Viscofluid damper construction 

The connecting element used in this work was of the viscofluid type (c3 ≠ 0, k3 = 0) as shown in Figure 6. In this 
type of shock absorber, the energy dissipation occurs due to the rub of the piston in crossing the fluid generated by the 
viscous fluid, defined as viscous friction. The piston restricts the flow of oil through holes when it moves, causing a 
dissipation of mechanical energy in the form of heat. 
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Figure 6. a) Components of a viscofluid damper; b) Viscofluid damper used in the experimental analyses. 

As the piston rod moves within the cylinder (Figure 6a), the fluid exerts a resistive force proportional to the velocity. The 
simplest mathematical modeling of the damping force, adopted in this work, is given by Equation 22, where Fd is the viscous 
resistance or damper force, c3 is the viscous damping coefficient of the connecting element and ẋ is the relative velocity. 

3
dF c x=   (22) 

For the calculation of the coefficient c3, it is generally used Equation 23 proposed by Rao [47]: 

3
3

3
3 D h 2dc 1

Dd
πµ  = + 

 
 (23) 

where: μ is the dynamic viscosity of the fluid; D and h are the diameter and height of the fistor head, respectively; d is 
the diameter of the orifice in the fistor head. For the construction of this device, the measurements listed in Table 3 
were employed. 

Table 3. Geometric properties of the fluid viscous damper. 

L [mm] D [mm] d [mm] h [mm] 
200 10 1 3 

Having calculated the optimal c3 value of the connection element and using the geometric properties of the fluid 
viscous damper (Table 3) as well as Equation 23, it is possible to obtain the dynamic viscosity μ of the fluid to be placed 
in the device. Thus, µ = 0.279 Pa.s was obtained. 

In this work, silicone oils were used, which are common in the manufacture of shock absorbers for RC cars. 
However, an oil with dynamic viscosity slightly higher than that calculated was used due to the unavailability on the 
market for the purchase of oils. Therefore, it was used a 47V350 silicone oil [48] of 0.97 g/cm3 density and a dynamic 
viscosity μ = 0.350 Pa.s. Table 4 shows the mechanical properties, ideal and used, of the viscofluid damper. 

Table 4. Mechanical properties of the viscofluid damper.  

µideal [Pa.s] c3ideal [Ns/m] µused [Pa.s] c3used [Ns/m] 
0.279 9.48 0.350 11.519 

Dynamic responses 
This section presents the comparison between the experimental and numerical responses of the plane frames shown in Figure 7, 

without and with coupling, when submitted to base movement. For each case, ten tests were performed, five for the uncoupled 
system and five for the coupled system, in order to calculate an average of the responses and decrease the error tendency. 
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Figure 7. a) Uncoupled frames; b) Coupled frames. 

Generally, in the study of the coupling technique, the acceleration records of El Centro, Kobe and Northridge 
earthquakes are used, which present the highest values of peak ground acceleration (PGA) in a frequency range between 
2 and 5 Hz. Thus, in this work, a movement in the base with an oscillation frequency of 3 Hz was used (Figure 8), 
which represents the average of these frequency range. This simplification is necessary to be able to compare numerical 
and experimental results. 

 
Figure 8. Acceleration records measured at the base of the adjacent experimental plane frames. 

Figures 9 and 10 show the acceleration records at different points calculated using Equation 11 and those 
obtained in experimental tests, respectively. With the acceleration register it was possible to calculate the rms 
responses (Table 5), which, when compared, gives an indication of the effectiveness of the coupling technique 
in reducing dynamic responses [10]. Likewise, using these acceleration registers it was possible to obtain the 
frequency spectra, shown in Figures 11 and 12. It should be noted that these frequency spectra and the rms 
values listed in Table 5 show the mean of the data collected from all tests. 

It can be seen from Figures 9 and 10 and Table 5 that, by coupling the structures with the viscofluid damper, it was 
possible to considerably decrease the accelerations in Structure 1 (red lines) compared to the uncoupled structure (gray 
lines). On the other hand, in Structure 2, even having a fundamental frequency (27.34 Hz) well above the value of the 
excitation frequency (3 Hz), the coupling technique managed to slightly decrease the accelerations compared to the 
uncoupled structure. 

It can be seen in Figures 11 and 12 that the numerical and experimental spectra were almost identical, displaying 
differences only in the amplitude values at the peak frequency of the structures. Similarly, it is observed that the 
frequency spectra of the coupled system (red lines) decreased in the peaks where the fundamental frequency of each 
structure appears without increasing or decreasing the frequency of the structures. 
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In the case of the frequency spectra of Structure 2 (Figures 11 and 12), it is observed that in some ranges of the 
frequency spectrum there is an increase of the amplitudes when this building is coupled, however, these peaks 
correspond to harmonics associated to the movement of the shake table. 

Finally, it is noteworthy that even without updating the numerical models, it was obtained response values close to 
those reached experimentally, and the structure 1 presented the closest approximation between the results. 

Table 5. Mean of rms experimental and numerical responses in terms of acceleration. 

Coupling 
Configurations 

Structure 1 – rms [m/s2] Structure 2 – rms [m/s2] 
Numerical Experimental Numerical Experimental 

1st floor Top 1st floor Top Top Top 
Uncoupled 36.93 48.36 31.35 44.36 11.49 11.11 

Coupled 9.18 13.49 9.85 15.21 9.89 10.03 
% Reduction 75.1 72.1 68.6 65.7 13.9 9.7 

 

Figure 9. Comparison of the numerical acceleration records of the adjacent frames. 
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Figure 10. Comparison of the experimental acceleration records of the adjacent frames. 

 
Figure 11. Comparison of the numerical frequency spectra of the adjacent frames. 
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Figure 12. Comparison of the experimental frequency spectra of the adjacent frames. 

CONCLUSION 
The structural coupling technique consists of connecting two or more neighboring buildings by means of coupling 

devices in order to provide reaction control forces and thus, reduce the dynamic effects. Doing that, at first, it is possible 
to control the response of both structures simultaneously, which is precisely the attractiveness of the technique. 

It is important to note that in this work, a base movement with an oscillation with only one frequency component 
(3 Hz) was used that represents the average of the frequencies range of the earthquakes most considered in research on 
the coupling technique. 

Based on the results obtained in this work, several conclusions can be drawn. The optimization results showed that 
the fluid viscous damper is the ideal connection device, since increases the damping of the coupled structures and did 
not interfere in the values of the frequencies of the coupled system. 

Another aspect to mention is that, even though the oil with the optimum dynamic viscosity was not used due to the 
unavailability of the material (common situation in civil construction), there was a decrease in the peak values of the 
acceleration records as well as in the amplitude peaks in the frequency spectra. 

Finally, it is important to note that this research can be adapted for concrete or steel buildings [1], [15], [36]. The 
mathematical formulation would be the same, however, it would change the values of the mechanical properties of the 
structures. 
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Abstract: The present work aims to compare the structural behavior of steel-concrete composite-section 
beams for three types of shear connectors made of U hot rolled section and cold-formed sections of U and L. 
Experimental tests were performed with the three types of connectors associated with I section laminated steel 
beams and reinforced concrete slabs. For each type of connector, three push-out tests were performed, as well 
as six simple supported beam tests to evaluate the positive bending moment region. The results indicated that 
the direct shear behavior among the different types of connectors presents significant differences, however 
they do not significantly influence the average flexural strength of the composite beams. These, however, 
present considerable differences in deflections and deformations due to the stiffness differences of the 
connectors. 

Keywords: push-out test, shear connectors, composite beans of steel and concrete. 

Resumo: O presente trabalho tem como objetivo comparar o comportamento estrutural de vigas com seção 
mista de aço-concreto, para três tipos de conectores de cisalhamento, confeccionados em perfil laminado de 
seção U e em perfis metálicos formados a frio de seções U e L. Para tal, foram realizados ensaios 
experimentais com os três tipos de conectores associados a vigas metálicas em perfil laminado de seção I e 
lajes de concreto armado maciças. Para cada tipo de conector foram realizados três ensaios de cisalhamento 
direto, além de dois ensaios em vigas mistas simplesmente apoiadas para avaliação da região de flexão 
simples. Os resultados obtidos indicaram que o comportamento ao cisalhamento direto dos conectores 
apresenta diferenças expressivas a depender do modelo adotado, entretanto, não influenciam 
significativamente na capacidade resistente média à flexão das vigas mistas. Estas, contudo, apresentam 
diferenças consideráveis de deslocamento vertical e deformações em virtude das diferenças de rigidez dos 
conectores. 

Palavras-chave: ensaio de cisalhamento, conectores de cisalhamento, vigas mistas aço-concreto. 

How to cite: J. G. Ribeiro Neto, G. S. Vieira, and R. O. Zoccoli, “Experimental analysis of the structural behavior of different types of shear 
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1 INTRODUCION 
In several countries over the last few decades, steel-concrete composite structures have been increasingly used by 

engineering. In order to take advantage of the benefits of each material, both in structural and constructive terms, the 
composite steel-concrete elements arbe constituted by the combination of steel sections and concrete elements. The 
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advantages of composite systems result from the fact that the steel and concrete elements can work subjected to tensile 
and compression efforts, respectively, a situation in which it is possible to explore the main mechanical properties of 
each material [1]. 

The search for more economical structural systems by reducing material consumption and the self-weight, without 
affecting their safety and durability, is one of the main objectives of structural engineering. The combination of steel 
and concrete in composite sections allows the complementation of the characteristics regarding both materials [2], 
which makes it possible to obtain elements of higher rigidity and smaller dimensions, providing a reduction in costs 
related to the foundation, resulting in performance and economy gains [3]. 

The interaction between the concrete elements and steel sections used in composite steel-concrete systems can be 
achieved by mechanical means (connectors, cavities, rebounds), by both friction and adhesion [4]. Although the natural 
adhesion between the two materials generates remarkably high friction forces, these are not usually considered when 
calculating the resistant capacity of some elements, such as composite beams [5]. 

The composite beams, in particular, are constituted by the association of a steel section located in a predominantly 
traction region with a concrete slab located in a prevalently compressed region. The mechanical connection among the 
materials is made by steel devices called shear connectors [4] whose main functions are: to allow the slab-beam 
elements to work together [3], to restrict longitudinal slipping and vertical displacement at the interface elements, in 
addition to absorbing shear forces [6]. 

The sizing of composite beams submitted to bending efforts depends on the characterization of the behavior at the 
level of the steel-concrete connection. Two situations are considered in this case: the complete and the partial 
interactions. When it comes to complete interaction, it is considered that there is a perfect connection between steel and 
concrete. In this case, there is no relative longitudinal slip between both elements. When slipping relative to the level 
of the steel-concrete connection occurs, there is a discontinuity regarding the deformation diagram characterizing the 
partial interaction [7]. 

The connection between steel and concrete is dimensioned according to the diagram of longitudinal shear forces 
per unit of length (q), known as longitudinal shear flow. In the case of complete interaction, the resultant of the 
longitudinal shear flow diagram (Vh) is given as a function of the maximum shear force that can be transferred through 
the connection, which is limited by the maximum tensile and compression resulting that may act on the steel beam and 
concrete slab, respectively. The number of connectors, when it comes to complete interaction, must then be determined 
to resist the resulting Vh [7]. 

When the resistant capacity of the connectors is higher or equal than the one of the components from the 
composite structure, (flow by tensile of the steel section or crushing by compression of the collaborative portion 
of the concrete slab), the degree of connection is total, in this case the connectors do not directly influence the 
flexural performance of the composite beam. If the resistance capacity of the connectors is less than the lowest 
resistance offered by either element, there is a partial connection, in which the connectors control the flexural 
strength of the composite beam [8]. 

In this context, it is known that the structural behavior of the connecting elements that acts on composite steel-
concrete beams is a significantly important work, since their performance can directly compromise the safety and 
stability of the structures. The main idea of this article is to experimentally evaluate the efficiency of the connectors, 
checking the equivalence or the difference of the resistant capacity among the types of connectors analyzed. 

By means of experimental tests, the work assessed the structural behavior of shear connectors made with three 
different steel sections associated with steel beams in laminated I section, connecting this to a reinforced concrete slab. 

2 MATERIALS AND EXPERIMENTAL PROGRAM 

The work consisted of analyzing the behavior of composite steel and concrete beams, double-based, subjected to 
forces applied at two points so that the central region was subjected to pure bending. All models with theoretical span 
equal to 2800 mm and two forces concentrated at a distance of 900 mm from each end, slab 800 mm wide and 100 mm 
thick (Figure 1). 

Three different types of shear connectors were used, one in hot rolled U section and two in cold formed U and L 
sections, all welded to steel beams (Table 1). 

For each type of shear connector, two identical parts were tested, differentiated by the nomenclatures “A”, 
instrumented with electrical strain gauge, and “B”, a reference piece. 
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Figure 1. Beam dimensions and concrete slab reinforcement detail. 

Table 1. Characterization of composite beam models 

Beam Steel beam section Connector types  Connector 
V1A* W 310x21 (303x101x5.1x5.7) U 3”x6.1  

 V1B W 310x21 (303x101x5.1x5.7) U 3”x6.1  
V2A* W 310x21 (303x101x5.1x5.7) U 76x36x4.32  

 V2B W 310x21 (303x101x5.1x5.7) U 76x36x4.32  
V3A* W 310x21 (303x101x5.1x5.7) L 76x36x4.32  

 V3B W 310x21 (303x101x5.1x5.7) L 76x36x4.32  
* Beam and connectors instrumented with electrical strain gauges. 

2.1 Materials Characterization 
Two specimens were extracted from each type of section in order to obtain the mechanical properties of the steel 

from both the connectors and the beam. The ASTM A572-GR50, ASTM A36 and SAE 1020 steel specifications were 
used to make the beam, the hot rolled U section and for the cold formed U and L sections, respectively. The dimensions 
of the specimens met the minimum prescribed by the standard [9] (Figure 2). The elongation of the specimen was 
measured in accordance with the standard [10]. 

 
Figure 2. Steel specimen: (a) dimensions; (b) specimen; (c) on the testing machine. 
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The concrete used was machined and had a target value of 30 MPa with slump 12. All the slabs were concreted in a single 
step. After concreting, the strength gain of the concrete was monitored through tests to determine the compressive strength in 
twelve cylindrical specimens, measuring 10 x 20 cm (Figure 3), at 3, 7, 14 and 28 days. The modulus of elasticity and the 
tensile strength were also evaluated, all following the criteria of the respective standards [11]–[13]. 

 
Figure 3. Concrete strength characterization test: (a) compression; (b) elastic modulus; (c) tension by diametral compression. 

2.2 Connector testing (Push-out) 
Three pieces were made for each type of shear connector, (Table 2), and only one of them was instrumented with 

electrical strain gauge. The dimensional characteristics and the arrangement of the reinforcements were in accordance 
with the criteria defined in the European standard [13] (Figures 4 and 5). 

Table 2. Characterization of push-out test models 

Model Connector type Length (mm) Slab thickness1 (mm) fc28,m2 (MPa) 
CD11 U 3”x6.1 80 100 30 
CD12 U 3”x6.1 80 100 30 
CD13* U 3”x6.1 80 100 30 
CD21 U 76x36x4.75 80 100 30 
CD22 U 76x36x4.75 80 100 30 
CD23* U 76x36x4.75 80 100 30 
CD31 L 76x36x4.75 80 100 30 
CD32 L 76x36x4.75 80 100 30 
CD33* L 76x36x4.75 80 100 30 

* Connectors instrumented with electrical strain gauges. 1 Concrete slab. 2 Target strength of concrete at 28 days 

 
Figure 4. Push-out test models with shear connectors. 
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Figure 5. Concrete slab dimensions for push-out test models. 

In order to measure the relative displacements between the beam and the slab, in addition to the distance between 
them, digital displacement meters were installed for this purpose (Figure 6). Steel uniaxial strain gauge was also 
installed in each connector (Figure 7), to measure the deformations and calculate the stresses. 

 
Figure 6. Positioning of displacement meters. 

 
Figure 7. Positioning of shear connectors: (a) front view; (b) top view. 
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The force was applied directly to the steel section (Figure 8), with manual control of its application. 

 
Figure 8. Test scheme for push-out. 

2.3 Bending test on beams 
Aiming to verify the structural behavior of the connectors acting directly at the interface of the steel beam with the 

concrete slab, two identical composite beams were made for each type of connector, where each pair differed from each 
other only by the presence of electrical strain gauge. The connectors were, except for those near the end of the beam, 
equally spaced respecting the maximum distance recommended by the standard [14] (Figure 9). 

 
Figure 9. Positioning of shear connectors on the beam. 

All beams tested for simple bending were instrumented by means of digital displacement meters, positioned in the 
middle and a quarter of the span (Figure 10). Such meters provided the information of relative horizontal displacement 
at the interface of the steel beam with the concrete slab, the same positioning points of the shear connectors (R1 to R4), 
and of the vertical displacement of the beam (R5 and R6). 

 
Figure 10. Positioning of the meter displacement. 
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The electrical strain gauge, uniaxial and rosettes, were positioned in order to obtain the deformations and to be able 
to calculate the stresses in both materials (Figures 11 and 12). 

 
Figure 11. Side view of the positioning of the strain gauges on the beam. 

 
Figure 12. Cross section of the positioning of the strain gauges on the beam. 

For flexural tests on composite beams, the same equipment used in the direct shear test was used (Figure 13). 

 
Figure 13. Test scheme for bending composite beam. 
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To guarantee the free displacement in the horizontal direction regarding the composite beam and the power transmission 
beam, by avoiding the appearance of efforts in this direction, steel plates and rollers were used (Figures 14 and 15). 

 
Figure 14. Composite beam support. 

 
Figure 15. Load transmission beam support. 

3 RESULTS AND DISCUSSIONS 
After testing the specimens, the values regarding the strength of the steel were used in the beams and connectors 

(Table 3). 

Table 3. Steel Characterization 

Specimen Loads Nominal (min.) Experimental A (%) Yield (kN) Ultimate (kN) fy (MPa) fu (MPa) fy (MPa) fu (MPa) 

U 3”x6.1 connector 
CP1 37.4 58.3 

250 400-550 
306 478 26 

CP2 38.5 59.1 316 484 29 
Average 38.0 58.7 311 481 28 

U 76x36x4.75 and L 
76x36x4.75 connectors 

CP3 22.0 40.1 
210 380 

231 422 28 
CP4 22.7 39.8 239 419 31 

Average 22.3 39.9 235 420 30 

W310x21 steel beam 
CP5 41.4 53.6 

345 450 
406 525 32 

CP6 42.4 54.2 416 531 28 
Average 42.0 53.9 411 528 30 
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The strength of the concrete over time until the day 28th after concreting as well as the values of resistance to 
compression, tensile and the modulus of elasticity of the concrete were obtained (Table 4). Apart from the compressive 
strength value, where the highest value was adopted, the tensile strength and the modulus of elasticity were obtained 
by averaging the results of three specimens. 

Table 4. Concrete characterization 

Compressive strength ABNT NBR-
5739:2007 fcm (MPa) 

Tensile strength ABNT NBR-
7222:1994 fctm (MPa) 

Elastic modulus ABNT NBR-8522:2008 Ecs 
(GPa) 

Specimen Higher Specimen Higher Specimen Higher CP1 CP2 CP3 CP1 CP2 CP3 CP1 CP2 CP3 
32.7 33.9 35.0 35.0 3.2 3.2 3.1 3.2 33.1 34.5 32.6 33.4 

3.1 Results of direct shear strength 
In terms of the results about the push-out tests, the presented force refers to a connector. 
Regarding the maximum resistant capacity per connector (Qmax) measurement, the lowest value obtained 

in the experiments was disregarded due to the significant variability that can occur among the values for the 
same type of connector. The average of the two highest experimental values has been adopted as a reference 
aiming to reduce the influence of possible spurious results in the analysis of the results, and the characteristic 
slip (δuk) was also evaluated. In order to measure the experiment, the results found were compared with the 
model proposed in the standard [15] for cold-formed and hot rolled U section, in addition to the model proposed 
by [16] ⁠ for cold-formed U sections (Table 5). 

From the results presented there is a significant variation in the resistant capacity among the different types 
of connectors. The laminated U sections connector presents a behavior similar to that already observed in other 
works [16]–[18]. The cold-formed U (CD2 series) and L (CD3 series) connectors have a lower resistant capacity 
when compared to the laminated U connector (CD1 series). This can also be observed by comparing the relative 
slip between the beam and the slab for each type of connector tested (Figure 16). 

In almost all specimens it was observed that the cracks originated from the center of the slabs, propagating in two 
compression struts in relation to the largest dimension of the slab to the base (Figure 17). 

3.2 Results of composite beams 
Concerning the composite beams, the results are presented in graphs and tables, where the experimental values are 

compared with those analytically obtained. The mechanical properties considered for the analytical studies common to 
all beams are: concrete elastic modulus (Ec) equal to 33.4 GPa, characteristic concrete strength (fc) equal to 35.01 Mpa, 
steel elastic modulus (Ea) equal to 200 GPa, steel yield stress (fy) equal to 411 MPa and moment of inertia in relation 
to the beam flexion axis (Ia) equal to 3,776 cm4. Due to the variation of the connector type, the following parameters 
were obtained: beams V1A and V1B sum of resistance of the connectors (∑Qn) equal to 540 kN and degree of 
interaction (η) equal to 0.46, beams V2A and V2B summation resistance of connectors (∑Qn) equal to 360 kN and 
degree of interaction (η) equal to 0.32, beams V3A and V3B sum of resistance of connectors (∑Qn) equal to 290 kN 
and degree of interaction (η) equal to 0.26. 

From the experimental values of the material properties, the elastic and plastic moments were calculated for 
comparison with the respective analytical values (Table 6). It is observed that, apart from beams with L section 
connectors, the others present an elastic experimental moment and coincide with the expected analytical values. 
Regarding plastic moment values, it is noted that the experimental values, although close, were lower than the analytical 
ones. However, this difference, below 5%, does not represent problems from the structural point of view, which is 
covered by the coefficients of safety indicated in the design standards. 

In terms of maximum forces (Table 7), beams V1A and V1B, with connectors in laminated U-section and 
with an interaction degree equal to 0.46, cracked with 380 and 403 kN, respectively. The failure mode occurred 
due to concrete rupture in the region close to the point of the strength application, associated with the local 
buckling of the section (Figure 18). This is due to the increase in compression stresses in the upper region from 
the web section, after the loss of part regarding the contribution of slab in the resistant capacity of the 
component, because of its rupture. 
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Table 5. Maximum force and relative displacement for the different connectors 

Connector Model Qmáx. (kN) δuk (mm) QR.NBR 
(kN) 

QR.DAVID 
(kN) 

max

R.NBR

Q
Q

 max

R.DAVID

Q
Q

 Rupture 
mode 

U 3”x6,1 

CD11 120.0 5.3 236 - 0.51 - 1 
CD12 135.0 2.7 236 - 0.57 - 1 
CD13 107.6 7.6 236 - 0.46 - 2 

Adopted 127.5 6.4 236  0.54   

U 76x36x4,75 

CD21 87.6 4.1 184 166 0.47 0.53 1 
CD22 82.6 7.8 184 166 0.45 0.50 1 
CD23 92.5 8.8 184 166 0.50 0.56 3 

Adopted 90.1 8.3 184 166 0.49 0.54  

L 76x36x4,75 

CD31 75.8 6.7 - - - - 1 
CD32 69.3 2.0 - - - - 1 
CD33 52.7 6.1 - - - - 1 

Adopted 72.5 6.4      
-: not applicable 

1: excessive displacement 
2: weld failure 

3: weld failure near to shear connector area 

 
Figure 16. Curve load x average relative displacement per connector comparative between connectors. 

 
Figure 17. Cracks on push-out models’ slab. 
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Table 6. Resistant moments Experimental and analytical. 

Beam 
Experimental 

Elastic Moment 
( )kN cm⋅  (1) 

Experimental 
Plastic Moment 
( )kN cm⋅  (2) 

Analytical 
Elastic Moment 
( )kN cm⋅  (3) 

Analytical 
Plastic Moment 
( )kN cm⋅  (4) 

(1)/(3) (2)/(4) Rupture 
mode 

V1A 15,607 17,407 15,568 18,232 1.00 0.95 1 
V1B 15,697 18,442 15,568 18,232 1.01 1.01 1 
V2A 14,707 17,407 14,718 17,717 1.00 0.98 2 
V2B 14,797 17,182 14,718 17,717 1.01 0.97 2 
V3A 12,142 14,437 14,259 16,816 0.85 0.86 3 
V3B 13,357 15,652 14,259 16,816 0.94 0.93 3 

Rupture mode: 
1 – Concrete slab break with local web buckling 

2 – Concrete slab break and steel beam yield 
3 – Connector break and steel beam yield 

 

Table 7. Experimental and analytical maximum load obtained for the beams. 

Beams Experimental maximum load (kN) - (1) Analytical maximum load (kN) - (2) 
( )
( )
1
2

 

V1A 380 405 0.94 
V1B 403 405 1.00 
V2A 380 394 0.96 
V2B 375 394 0.95 
V3A 314 374 0.84 
V3B 341 374 0.91 

 
Figure 18. Beam V1A rupture configuration. 

For beams V2A and V2B, with U-shaped connectors formed by cold and the interaction degree of 0.32, rupture 
forces of 380 and 375 kN were obtained, respectively. The failure mode occurred due to the rupture of the concrete slab 
at the strength application point and the steel beam yield. 

In the V3A and V3B beams, with cold-formed L- section connectors and 0.26 interaction degree, rupture forces of 
314 and 340 kN were obtained (Figure 19). It was observed that the failure mode was characterized by the rupture of 
the connector, perceived during the test due to crackles heard inside the slab, followed by excessive vertical 
displacements due to the steel yield. Although a vertical separation between steel and concrete is not observed, this 
behavior suggests that the failure mode was characterized by the loss of the resistant capacity from the connectors, 
since the efforts are transferred to the steel beam and there is no collaboration of the concrete table. 
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Figure 19. Beam V3A rupture configuration. 

There was an attempt to analyze the relationship between the applied force and the deformation in the cross section 
in the middle of the span for four different loading values of 25, 50, 75 and 100% from the maximum force reached for 
the composite beams V1A to V3A (Figures 20 to 22). 

 

Figure 20. Strain distribution curve – V1A. 

 

Figure 21. Strain distribution curve – V2A. 



J. G. Ribeiro Neto, G. S. Vieira, and R. O. Zoccoli 

Rev. IBRACON Estrut. Mater., vol. 13, no. 6, e13610, 2020 13/17 

 
Figure 22. Strain distribution curve – V3A. 

By analyzing the diagrams, the beam V1A (Figure 20) shows the existence of two neutral lines, one on the slab and 
one on the section, confirming the consideration of partial interaction. It is also verified that in the steel section the 
neutral line is in the web, confirming the theoretical analysis where the upper table of the section should be compressed. 

The beam V2A (Figure 21) presents a behavior similar to the one of V1A, except for the fact that the most strained fiber 
of the steel section, represented by the point C3, does not reach the flow deformation. From the analysis of this beam, it is 
observed that after loading 180 kN, a stretch of decreasing deformations up to the force of 320 kN begins. It can be assumed 
that in this loading interval there was a loss of adhesion between the electrical strain gauge and the steel beam with later 
resumption of deformation growth. Thus, if we imagine that, contrary to what is shown by the measurements, in this stretch 
the deformations would continue to increase, it can be assumed that they would exceed the yield strength. 

In beam V3A (Figure 22) it is observed that after 50% of the maximum load, a great loss of interaction occurs, which is 
possible to verify that the beam and the slab start to behave as if they were working in isolation. It is also observed that the 
deformations in the most stretched region of the steel section exceed considerably the yield deformation. 

Another analyzed parameter was the relative displacement between the steel beam and the concrete slab, measured using 
digital displacement meters (Figure 10). These relative displacements were obtained by force readings at each 40 kN 
increment (Figures 23 to 25). 

It was noted that the relative sliding between the slab and the section was practically null, while there was a bond 
between them. The force for which this bond was ruptured varied from beam to beam. 

For beam V1A (Figure 23) the sliding measured by “R3” was higher than the sliding readings of other meters. This 
indicates a behavior of total interaction, considering that the interaction degree of this beam is 0.46, where the sliding 
in the region before the supports is much higher than the others. 

 
Figure 23. Relative displacement – V1A. 
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For the initial phase of the experiment, it is observed that the behavior of beams V2A (Figure 24) and V3A (Figure 25) is 
similar, with increasing displacements starting from the center towards the end, where the shear yield is higher. In the final 
phase of the experiment, close to the rupture, there is a change in the behavior of V3A, where it starts to present higher relative 
displacements in the center of the beam, a region where the shear yield is lower. Such behavior can be associated with the 
rupture of the connectors, generating a redistribution of efforts and a consequent increase in sliding. 

 
Figure 24. Relative displacement – V2A. 

 
Figure 25. Relative displacement – V3A. 

Comparing the relative sliding observed in the test of beams V1A, V2A and V3A (Figure 26), it is noted that the 
slides in the interface of the composite beams V2A and V3A present a similar behavior, although the beam V3A reached 
a lower force than V2A. 

 
Figure 26. Comparative relative displacement curve – V1A, V2A e V3A. 
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Finally, the stress distribution in the connectors of the composite beams was analyzed (Figures 27 to 29). In general, 
the pairs of connectors positioned in symmetrical positions presented similar deformations. 

 
Figure 27. Load x strain per connector curve – V1A. 

For some connectors, at the place where the strain gauges were bonded, the deformations at the rupture moment of 
the beams were lower than the steel yield deformation (1555 με for cold rolled U connectors and 175 με for cold formed 
U and L). However, as noted by [16], the concentration of voltages in the connectors is higher at the base and it is 
approximately twice the voltage in the center of the connector. Thus, it can be concluded that even though the strain 
gauges bonded in the central region of some connectors have not registered deformations superior to the yield in the 
region with the highest concentration of stresses, along with the weld, probably there was the steel yield. 

 
Figure 28. Load x strain per connector curve – V2A. 

 
Figure 29. Load x strain per connector curve – V3A. 
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It can also be seen that the highest deformations occurred in the connectors located in the symmetrical positions 
“2E” and “2D”, decreasing towards the central direction. Similarly, to the connectors of the push-out tests, those 
associated with the composite beams also showed deformations above the yield strength. 

4 CONCLUSIONS 

Motivated by the observation that in the execution of steel structures, the section replacement specified in the project 
with other equivalents is a common practice, as well as the fact that this replacement does not always meet a satisfactory 
equivalence of structural behavior, this research aimed to make a comparative study between the connectors in hot 
rolled U3 ”x6.1 and the cold formed U and L 76x36x4.75. For this purpose, push-out tests were performed to 
characterize the connectors, and also bending tests in composite beams to analyze the behavior of the connectors in a 
situation closer to the real one. 

It was found that the U 3”x6.1 connector has a 46% higher resistant capacity than the U 76x36x4.75; and this in 
turn is 24% more resistant than the L 76x36x4.75. Comparing the hot rolled U and cold formed L sections, there is a 
76% variation in the resistant capacity. The variation in stiffness between the sections proved to be directly associated 
with its resistant capacity, where the more resistant the section the more rigid it is, and smaller the relative sliding 
between the concrete slab and the steel section will be. 

In almost all specimens, it was observed that the cracks originated in the center of the slabs, propagating in two 
compression struts compared with the largest dimension of the slab to the base. Some failure modes were not truly 
clear, suggesting that the concrete rupture may have occurred after excessive sliding of the connector. 

It was also found that the resistant capacities obtained experimentally for hot rolled and cold formed U sections 
correspond to approximately half of the expected theoretical value. No justifications were found for this difference in 
resistant capacities, so these results are not conclusive about the application of such formulations since they have 
already been satisfactory in other studies [16], [18]. 

The relative sliding has a huge influence on the stiffness of the composite beams. For the beam with a higher degree 
of interaction, it was observed that the theoretical displacement was slightly higher than the experimental one. For 
beams with an interaction degree close to 0.3, the experimental displacements were, on average, close to the theoretical 
ones. 

The relative sliding at the interface between the concrete slab and the steel section is null while there is a chemical 
bond between them and the force at which this bond is disrupted differs from beam to beam. It was also possible to 
verify that, despite the normative recommendation for uniform distribution of the shear connectors along the beam, the 
stress distribution is not constant and is concentrated at the ends. 

Through the deformation diagram, the position of the neutral lines was obtained according to the loading steps, and 
it was possible to verify the influence of the interaction degree on the behavior of the composite beam and the 
plasticization of the cross section. For the L-type connector, it is noteworthy that, due to its higher flexibility and less 
resistance, there was less efficiency of the behavior as a composite beam with higher displacements and less resistance. 

Regarding the composite beams, the relationship between the experimental resistant moment and the theoretical 
resistant moment ranged from 0.86 to 1.01, whose average was 0.95. This shows that the experimental outcomes of the 
beams presented results close to what was expected, suggesting that the experimental resistant capacities obtained for 
the connectors are corresponding to their behavior when associated with composite beams, although they are below the 
expected theoretical values. 

Therefore, it is concluded that cold formed U and L sections can be used as shear connectors in composite beams, 
nonetheless their lower resistant capacities and stiffness, when compared to laminated U sections, must be taken into 
account in the project process. In situations of composite beams with high loading values or the need for high stiffness, 
as in structural systems subjected to dynamic actions, it is suggested that their use should be avoided. However, this 
study is not entirely conclusive, suggesting that more research needs to be carried out in order to better understand the 
behavior of the L section as shear connectors. 
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Abstract: The high demand for concrete has triggered studies on the mitigation of Portland cement production 
impacts, such as greenhouse gas emissions and energy demands, in addition to enabling cost reduction. Partial 
replacement of cement with other materials has been employed as an alternative to minimize the damage 
caused by the cement industry. In this regard, it is necessary to use materials that efficiently replace cement 
clinker. This study uses waste generated from the production of metallic magnesium as a partial replacement 
for Portland cement. The substitution is aimed at reducing the amount of clinker used, as its production 
necessitates high energy consumption and results in emission of large quantities of CO2 into the atmosphere. 
The tailings were characterized via X-ray fluorescence (XRF), X-ray diffraction (XRD), scanning electron 
microscopy (SEM), and granulometric analysis. For evaluating the mechanical behavior and porosity, 25% of 
the cement (by mass) was replaced with tailings, and the resulting composite was molded into cylindrical 
specimens. After curing for 28 and 91 days, all specimens underwent compression testing. The results of the 
physical characterization showed that more than 65% of the tailing grain was lesser than 45 μm in size, which 
contributes to the packaging effect. In terms of the chemical and mineralogical composition, the tailing had 
high levels of calcium, and the predominant phases could be identified. The compressive strength of the mortar 
with substitution was higher than 40 MPa. The convergence observed between the results of the different 
characterization techniques demonstrates the efficiency of using the waste as a supplementary cementitious 
material. 

Keywords: cementitious composite, industrial reject, mechanical behavior, filler effect. 

Resumo: A alta demanda por concreto faz com que estudos sejam desenvolvidos para amenizar os impactos 
causados pela produção do cimento Portland, como emissões de gases do efeito estufa e demanda energética, 
além de viabilizar a redução de custos. A utilização de materiais em substituição parcial do cimento vem sendo 
empregada como alternativa para minimizar os danos causados pela indústria do cimento. Nesse escopo, se 
faz necessário utilizar materiais que consigam substituir de maneira eficiente o clínquer de cimento. O 
presente trabalho utilizou o rejeito resultante da produção de magnésio metálico como substituição parcial do 
cimento Portland. A substituição visa diminuir a quantidade de clínquer utilizada, tendo em vista que sua 
produção requer um elevado consumo de energia e emite grandes quantidades de CO2 na atmosfera. A 
caracterização do rejeito foi feita por meio de fluorescência de raios X (FRX), difração de raios X (DRX), 
microscopia eletrônica de varredura (MEV) e análise granulométrica. Com intuito de avaliar o comportamento 
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mecânico e a porosidade, a dosagem do compósito resultante foi realizada com substituição parcial do cimento 
pelo rejeito no teor de 25% em massa, e foram moldados corpos de prova cilíndricos. Após a cura de 28 e 91 
dias, todos os corpos de prova foram ensaiados à compressão. Os resultados da caracterização física 
mostraram que mais de 65% dos grãos do rejeito são menores que 45 µm, o que contribui para o efeito de 
empacotamento. Quanto à composição química e mineralógica, o rejeito possui altos teores de cálcio e foi 
possível identificar as fases predominantes. A resistência mecânica à compressão da argamassa com 
substituição apresentou valores superiores a 40 MPa. A convergência entre os resultados de diferentes técnicas 
de caracterização evidencia a eficiência do rejeito para uso como material cimentício suplementar. 

Palavras-chave: compósito cimentício, rejeito industrial, comportamento mecânico, efeito filer. 
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1 INTRODUCTION 
Climate change is directly linked to greenhouse gas concentration, which modifies the average temperature of the 

planet; in recent years, this has increased. Current climate change is correlated with anthropogenic activities and is 
considered one of the most significant problems of humanity in the current century, compromising natural resources 
and life. Among greenhouse gases, CO2 has a relatively high global warming potential, which makes it predominantly 
responsible for climate change [1], [2]. 

The main emission sources of polluting gases are the burning of fossil fuels and industrial processes. It is estimated 
that the cement industry is responsible for up to 7% of global carbon dioxide emissions, as cement is the most consumed 
material. Significant CO2 emissions are related to population and economic growth, which requires more prominent 
and better structures and thus the demand for concrete is growing exponentially; it is estimated that the worldwide 
demand for concrete will reach 66.3 Gt by 2022. As a result, CO2 emission rates are increasing, along with the demand 
for concrete. The decarbonization of limestone for the formation of silicates and aluminates in the clinker releases 
approximately 0.53 t of CO2 per ton of clinker. Decarbonization contributes to approximately 60% of the total CO2 
emission in cement industries [3]–[6]. 

Clinker production is the main cause of high CO2 emission levels owing to the need for high temperatures to burn 
the raw material under oxidizing conditions and calcinate it. The clinker process occurs at high temperatures of 1400 – 
1500 °C, at which the reaction of calcium oxide with silica, alumina, and iron oxide occurs; this forms silicates, 
aluminates, and iron aluminates. The final stage in the process is to grind the clinker together with additives; it is thus 
vital to research new technological solutions to control CO2 emissions and energy expenditure [7]–[9]. 

Among the materials already used to partially replace cement and subsequently decrease the amount of clinker used, 
silica fume, volcanic ash, and granulated slag from the kiln are notable. Research indicates that industrial waste presents 
a high potential for substitution, mainly owing to its availability and physicochemical properties [10]–[12]. 

Noteworthy partial clinker replacements include alkali-activated binders and binders based on reactive calcium silicates, 
magnesium oxides, precipitated calcium carbonates, and phosphates. Studies have demonstrated the significant feasibility of 
incorporating various cementitious materials into the clinker to produce more sustainable binders, preserving performance. 
The consumption of fly ash currently represents 70% of the volume of supplementary cement materials, totaling $75 billion 
in sales, and it is estimated to reach $98 billion in 2020 as a result of the high demand for materials that can partially replace 
clinker, reducing energy consumption and the emission of carbon dioxide. Industrial by-products are potential materials for 
partial replacement; these are environmentally viable, and they are considered as waste owing to their low cost [13]–[15]. In 
recent decades, some types of binders based on magnesium silicates, amorphous calcium carbonates, and phosphates have 
been used in the production of cementitious materials, encouraging interest in the use of industrial residues of mineral and 
vegetal origin. Studies show significant results regarding the mechanical performance and durability of cementitious materials 
composed of industrial by-products [16]–[25]. 

1.1 Justification 
The use of materials as a substitute for clinker is gaining ground in cement production. The percentage of cement 

replacement is growing as it contributes to lower CO2 emission and reduces energy expenditure, without impairing the 
performance of composites. At present, there is a search for materials that meet the ideal requirements for partially 
replacing cement. Studies on industrial waste indicate that they are a feasible substitute material. Hence, the focus of 
this study was to investigate the chemical, physical, and microstructural characteristics of tailings from the metal 
magnesium industry as a partial substitute for Portland cement, in addition to the compressive strength and porosity of 
the composite. Finally, this study established the efficacy of the waste as a new cementitious material. 
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2 MATERIALS AND EXPERIMENTAL PROGRAM 
The waste used is a by-product of the metal magnesium industry, where dolomite is calcined in a rotary kiln as a 

raw material, mixed with silicon iron, and then processed under high vacuum—a process referred to as silicotherm. 
Resultantly, crude magnesium appears in the form of crystals, which are then melted and refined until reaching the 
characteristics of the final product, metallic magnesium, according to Rima Industrial S.A. The amount of by-product 
generated by the unit in Bocaiuva/MG is approximately 120 t/month. The waste was characterized and its composition 
quantified, following which it was used to partially replace Portland cement in the production of mortar. The tailings 
are light in color and have fine granulometry. 

The tailings sample was used as received, without processing, owing to its small particle size and previous 
calcination performed in the industry. The tailings were characterized via X-ray fluorescence (XRF), X-ray 
diffraction (XRD), scanning electron microscopy (SEM), particle size analysis, and laser particle size. The 
XRF was performed using the ZSX/Primus II spectrometer, manufactured by RIGAKU, with the use of pressed 
powder tablets. The XRD results were obtained using the SHIMADZU diffractometer, model XRD-7000, with 
the emission of Cu k-alpha radiation (40 kV/30 mA), under a 2θ scan of 40˚ and 90˚ and a reading of 2˚ per 
min. The SEM images were captured using a Hitachi low-vacuum scanning electron microscope, model 
TM3000, with an electron acceleration of 15 kV. The granulometry was verified using the Cilas 1090 Laser 
Particle Size Analyzer laser granulometer, with obscuration of around 13–18%. 

2.1 Obtaining the specimens 
In the process of molding the specimens, Portland cement with a high initial strength was used as per the 

NBR 16697 standard [26]; containing a low percentage of additions, the cement was composed of clinker with 
calcium sulfate (90 to 100%) and carbonate material (0 to 10%). The choice of cement is related to the low 
levels of carbonate materials, i.e., the one that best approaches a cement that contains only the clinker. This 
alternative allows verification of the substitution efficiency. 

The aggregate used was quartz sand, with four different granulometric fractions, according to NBR 7214 [27]. The 
local supply system supplied the mixing water. The replacement adopted was 25% by weight of Portland cement for 
industrial waste. The replacement content was chosen to verify the upper limit of the NBR 16697 standard [26], which 
establishes strength classes for Portland cement. This allowed for evaluation of the replacement at the maximum value, 
in consideration of carbonate materials. 

The mortar was established using NBR 7215 and in consideration of previous studies [28]–[30]. A 1: 3 ratio between 
binder and aggregates was defined, with a water/binder factor of 0.48, as presented in Table 1. Two types of 
cementitious composites were fabricated; the first was a reference using Portland cement without replacement and the 
second had 25% cement replacement by tailings. The duly quantified materials, according to the established line, passed 
through the mechanical mixing process and were placed in cylindrical steel molds, with a diameter of 50 mm and a 
height of 100 mm, according to the NBR 7215 standard [30]. 

Table 1. Established proportions for molding 

 Proportions in weight (kg) 
Water/binder factor Portland 

cement Tailing Sand 
Composition I (Reference) 1.0 - 3.0 0.48 

Composition II (Replacement) 0.75 0.25 3.0 0.48 

After undergoing 24 hours of molding, the specimens were placed in a submerged cure in water saturated with 
calcium hydroxide for a period of 28 and 91 days. The compressive strength test was performed at 28 and 91 days, with 
four specimens for each line by age. 

The results of the same trait were averaged; if any result showed a deviation more significant than 6%, the furthest 
value was excluded and the average recalculated. If the deviation was more significant than 6%, the test was to be 
repeated; however, this did not happen during this study. For determining the water absorption, the same number of 
specimens, test age, and procedure for eliminating results were used. 
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2.2 Mechanical testing and water absorption 
The compression test was performed after 28 and 91 days of curing, using universal mechanical testing equipment, with a 

capacity of 300 kN. The specimens were inserted into the equipment at a constant loading rate of 0.25 MPa/s to promote an 
almost-static condition for the test and to facilitate consistency of the results. The accommodation of stresses on the upper and 
lower faces of the specimens was performed with the use of neoprene discs, coupled in metallic supports. 

The water absorption test aims to verify the porosity present in the specimens, identifying the presence of pores in 
the material. The test was conducted using a hydrostatic scale, with an attached basket to hold the sample during 
weighing; this was inserted into a container containing water. The specimens were weighed under three conditions: (i) 
saturated, (ii) submerged in water, and (iii) dried for 24 hours, in an electric oven at a temperature of 100 °C, after the 
mass constancy was verified. Porosity was established by the relationship between permeable pore volume and total 
volume; the difference between the mass of the saturated and dry specimen was divided by the difference between the 
mass of the saturated and submerged specimen and the result multiplied by 100 to obtain the percentage of voids. 

3 RESULTS AND DISCUSSIONS 

3.1 Chemical and mineralogical 
The X-ray fluorescence test allowed the chemical composition of the waste to be determined. The results are 

presented in terms of oxides (Table 2) owing to the semi-quantitative analysis. As the waste is obtained from the metal 
magnesium industry, the presence of magnesium oxide, silicon oxide, and calcium oxide was expected due to the 
silicothermal process involved in obtaining magnesium. 

Table 2. Chemical composition of tailings. 

Oxides Na2O MgO Al2O3 SiO2 P2O5 SO3 CaO Fe2O3 
% 0.04 6.9 0.2 29.5 0.04 0.15 59.7 3.2 

The XRD analysis (Figure 1) allowed for the detection of the predominant mineralogical phases, the mineral Calcio-Olivine 
(COD 9012681), indicative of the polymorphism of the structures of Ca2.SiO4 and the periclase (COD 9005513). Calcium 
silicate is present owing to the calcination processes, whereas the presence of periclase or periclase is expected as it is a material 
derived from dolomite; this also justifies the presence of MgO in the chemical analysis of the material. 
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Figure 1. Diffractogram of tailings from the production of metallic magnesium. 
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3.2 Granulometry 
The results of the laser granulometry indicate that 90% of the material had a granulometry smaller than 39.76 µm, 

which confirms the visual analysis and the fine, powdery characteristic of the residue; this can be confirmed by Figure 2, 
which presents the particle distribution as a histogram of the cumulative passing. 

 
Figure 2. Laser particle size of the tailings. 

Materials that present a very fine inert mineral load contribute to the density and strength of the cementitious 
composite owing to the finer fraction, which contributes to the hardening and filling of the voids; known as the filler 
effect. The effect occurs due to adhesion of the binder paste in the particulate interface, favoring the chemical and 
mechanical resistance of the composites, and decreasing the porosity. Adding materials with a filler effect improves 
performance, reducing voids and permeability, and increasing workability and strength [31]–[33]. 

3.3 Microstructural research 
SEM allows observation of the morphology and topography and helps to elucidate the physical characteristics of the 

material under study [34]–[37]. The micrographs obtained via SEM (Figure 3) allowed for observation of the 
morphological characteristics of the tailings, which comprise micrometric particles with an approximate variation of 3 – 
80 µm; these particles account for the majority of fragments with dimensions around 19 µm, which is in agreement with 
the image scale generated via SEM. 

In general, it is observed that the particles are heterogeneous, considering the various existing forms. The grains 
have irregular geometry (Figure 3a), features with a rough surface (Figure 3b), are porous (Figure 3c), and smooth 
(Figure 3d); observed according to the increase in resolution of 500x to 2K in Figure 3. Lamellar structures are revealed 
at some points, indicating the presence of kaolinite. 

3.4 Mechanical behavior 
The compression test defines the ability of the material to withstand the forces applied directly. Research on using 

cementitious materials as a substitute for cement has evaluated the strength over time, and a strength of approximately 
32 – 45 MPa has been determined [38]–[41]. The compression test was performed on reference specimens (without 
replacement) and specimens with a 25% replacement of cement by tailings. The results showed that the two types of 
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materials were above 40 MPa at 28 days, a satisfactory result when compared to the literature. There was also an 
increase in resistance over the healing ages (Figure 4). 

 
Figure 3. Tailing images obtained by SEM with different resolutions to observe the morphology of the material under 

study. (a) 500x resolution, (b) 1.5K resolution, (c) 2.0K resolution, and (d) resolution of 3.0K. 

 
Figure 4. Results of the compressive strength test at 28 and 91 days. 
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The substituted material showed results above 40 MPa in the first 28 days and an increase in strength of 14.63% at 
91 days; these values are higher than those established by NBR 16697 [26]. This result demonstrates that the material 
was efficient in partially replacing Portland cement. The variation in results, considering the deviation for both 28 and 
91 days, demonstrated that the values obtained follow the values established in the norm and are compatible with similar 
studies [26], [38]–[41]. 

3.5 Porosity 
The water absorption test demonstrated that the porosity of the replaced material decreased in the first 28 days when 

compared to the reference. At 91 days, the porosity values are close, as shown in Figure 5. 
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Figure 5. Results of the water absorption test after 28 and 91 days of curing. 

The smaller number of voids indicates the occurrence of a filler effect, caused by the fine granulometry of the 
residue; this contributed to improved filling of the spaces between the mortar constituents and, consequently, the 
production of a material with less porosity. Furthermore, the formation of new cement hydration products and additions 
is assessed over time, with denser and more consistent structures filling the voids. 

At 28 days, the variation in results was more significant than at 91 days, for the two evaluated traits. Despite the 
higher deviation at 28 days, the trace with residue showed a considerably lower number of voids than that of the 
reference trace. In contrast to the initial occurrences, where grain growth and emptying takes place at an accelerated 
rate, grain growth becomes stable and there are fewer voids after a period of time [42]. Thus, at 91 days, the deviation 
is significantly less than at 28 days. 

4 CONCLUSIONS 
The studies and tests carried out indicate the feasibility of using waste from the metal magnesium industry as a 

partial substitute for Portland cement. The material under analysis demonstrated chemical, structural, morphological, 
and granulometric characteristics, which contributed to the performance of the cementitious composite. In addition, the 
potential to promote the filler effect was evident owing to the fine granulometry, decreasing the porosity, and promoting 
the densification of the cement matrix. The mechanical behavior results demonstrated values higher than those 
established by the norm and in analogous studies. In this scope, the evaluated waste is eligible for partial replacement 
of Portland cement, contributing to the production of binders with less environmental impact, reducing CO2 emissions, 
and reducing energy demand, with a view to sustainable development. 
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Abstract: Reinforced concrete pile caps may be designed trough plastic models (strut and tie model) or 
models based on bending theory. The formulae available for verifying the stress is based on caps supported 
on concrete piles, with few studies about the stress distribution on caps supported on steel piles. To analyze 
the structural behavior of caps supported on steel piles, as well as the stress on the superior and inferior nodal 
zones, four two-pile caps supported on steel piles were tested. The variables were the embedment length and 
in one of the specimens a steel plate was welded on top of both piles. It was observed that the embedment 
length has substantial influence on pile cap structural behavior. It was concluded that, to verify the stress on 
inferior nodal zone of the cap, aside from pile area, an area of concrete confined between the flaps of the pile 
must be considered. 

Keywords: pile caps, steel piles, strut and tie model, nodal stress. 

Resumo: Blocos de concreto armado sobre estacas podem ser dimensionados por meio de modelos plásticos 
(Modelo das bielas e tirantes) ou modelos baseados na teoria da flexão. A formulação disponível para a 
verificação das tensões é baseada em blocos apoiados sobre estacas de concreto, sendo que existem poucos 
estudos abordando a distribuição de tensões em blocos sobre estacas metálicas. Com o intuito de analisar o 
comportamento estrutural de blocos apoiados sobre estacas metálicas e as tensões que surgem nas zonas 
nodais superior e inferior, foram ensaiados quatro modelos de blocos sobre duas estacas metálicas. As 
variáveis foram o comprimento de embutimento do perfil dentro do bloco e em um dos modelos foi soldada 
uma chapa de aço quadrada no topo das estacas. Observou-se que o embutimento interfere de maneira 
significativa no comportamento estrutural do bloco. Concluiu-se que, para a verificação das tensões na zona 
nodal inferior do elemento deve ser considerada, além da área da estaca, uma área de concreto confinado entre 
as abas do perfil. 

Palavras-chave: blocos sobre estacas, estacas metálicas, modelo de bielas e tirantes, tensões nodais. 
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supported on steel piles,” Rev. IBRACON Estrut. Mater., vol. 13, no. 6, e13612, 2020, https://doi.org/10.1590/S1983-41952020000600012 

1 INTRODUCTION 
According to NBR 6118: 2014 [1], pile caps are volumetric structural elements whose function is to transfer the 

loads from the superstructure to the infrastructure. Despite being essential for the safety and durability of a structure, 
pile caps are generally buried elements and, therefore, do not allow visual inspection when in service. The dimensioning 
of these elements can be performed by three-dimensional calculation models (linear or not) or strut and tie models, the 
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latter being preferred by engineers due to the possibility of dimensioning in plastic regime. The strut and tie models, 
for the analysis of stresses in the nodal regions, were elaborated with the premise of reinforced concrete blocks 
supported on concrete piles. The works of Blévot and Frémy [2], Schlaich and Schäfer [3] and Fusco [4] can be 
highlighted, as a reference for the study of pile blocks. 

According to Xiao and Chen [5] and Velloso and Lopes [6], the use of metal piles provides some advantages in 
relation to concrete piles, such as the possibility of driving in soils that are difficult to transpose, high resistance to 
bending and traction, ease of cutting, splicing and transport. Even though they are widely used in bridges, viaducts, 
ports and containment structures, few studies on the use of metal piles in concrete blocks are found in the technical 
literature. Therefore, there are still questions about how embedded the metal pile should be in the block, how the 
connection between block and pile should be made, how the tension in the nodal region should be calculated and what 
is the maximum allowed tension in this region. 

According to the SODH [7] (State of Ohio Department of Highways), piles designs on metal piles have been carried 
out on the premise that it is necessary to use a steel plate on top of the piles to prevent a concentration of stresses in the 
connection region between the block and the piles. According to NBR 6122:2010 [8], this connection must be made by 
means of plates, chartering or rebar welding. 

SODH [7] conducted a large number of pile caps tests on a centered metal pile. In total, 47 pile caps were tested, 
varying the concrete used, the cross section of the pile, the length of the pile embedded within the pile cap, the height 
of the pile cap, presence or not of a welded steel plate at the top of the pile, the type of the frame of the pile caps and 
the type of support. Reinforced concrete pile caps with stirrups were used according to the sides of the block, with 
circular stirrups and simple concrete blocks. The SODH [7] concluded that the use of a sheet at the top of the pile does 
not increase the bond strength and, in the tests in which failure occurred in the concrete, the main cause was the 
appearance of tensile stresses transversal to the compressive stresses (diagonal traction, also called connecting rod 
splitting), due to the partially loaded block effect. 

Slutter [9] rehearsed two pile caps on six metal piles. The pile caps were in real scale and rectangular in shape, with 
frames only in the horizontal plane and in mesh. In one of the pile caps, the author welded steel plates welded on top 
of two of the six piles, also verifying that the plates do not influence the bearing capacity of the block or the length of 
penetration of the piles within the element. In addition, Slutter [9] observed failure in the reinforcement anchoring, 
concluding that the distance between the axis of the piles and the edge of the block must be sufficient to allow the 
fulfillment of the anchoring requirements. 

Xiao and Chen [5] studied one pile caps on piles in metallic profile with horizontal forces or tensile forces acting 
on the tip of the piles, in order to assess the resistance of the connection between the piles and the block under a situation 
of earthquake. The tested block had mesh reinforcement and comprised 16 piles, and for the piles subject to tension, 
two types of connection were tested. Xiao and Chen [5] concluded that the ultimate horizontal force is directly related 
to the axes of inertia of the profile, with greater resistance when the force is applied in the direction perpendicular to 
the axis of greater inertia of the profile. Regarding the traction force, there was no significant difference between the 
types of anchorage tested. In order to analyze the behavior of pile caps supported on metal piles, as well as to verify 
the stresses that arise in the nodal regions of the element, four pile caps supported on two metal piles were tested. The 
variables of the models studied were the length of the pile embedded in the pile caps and, in one of the models, steel 
plates were welded on top of the piles. The use of a steel plate on the top of the piles was made to analyze the hypothesis 
that this plate increases the area of the top of the pile, decreasing the tension in this region and, consequently, improving 
the structural behavior of the pile cap. 

2 CRITERIA USED FOR DESIGN 
Four pile caps were tested on two metal piles, with inlay lengths equal to 10 cm, 20 cm and 30 cm. In one of the 

pile caps with 10 cm inlay, square steel plates with 25 cm edges and thickness equal to the thickness of the section web 
(39 mm) were welded on top of the piles. The name given to each of the four models is in accordance with the following: 

- BEmb10sch: Pile cap with 10 cm inlay, without top plate; 
- BEmb10cch: Pile cap with 10 cm inlay, with top plate; 
- BEmb20sch: Pile cap with 20 cm inlay, without top plate; 
- BEmb30sch: Pile cap with 30 cm inlay, without top plate. 
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The models were dimensioned in accordance with the criteria of Blévot and Frémy [2] and the recommendations of 
NBR 6118:2014 [1], with the proviso that no additional reinforcement was used in addition to the main traction 
reinforcement (in other words, tie), as recommended by the Brazilian standard. This was done with the objective of 
minimizing the interference of steel bars in nodal stresses. 

NBR 6118:2014 [1] classifies the pile caps as rigid or flexible, considering if the rigid pile caps work with flexion 
in both directions, with concentrated tension in the line on the piles and shear in both directions, and transmits the 
column forces to the piles by means of compression connecting rods (or struts). As for the flexible pile caps, NBR 
6118:2014 [1] recommends a more complete analysis because their rupture can be defined by the puncture effect. The 
use of flexible pile caps is not recommended, as there is a need to use transverse reinforcement to resist the tensile 
stresses caused by shear stresses. 

The classification as to the rigidity of the pile caps, by NBR 6118:2014 [1] is geometric, which may lead to 
contradictory results, as for example, in a situation of an elongated pillar. According to the Brazilian standard, a block 
is considered rigid, if the total height of the block is greater than or equal to the difference in block length, minus the 
column dimension in the same direction, divided by three, h ≥ (a- ap/3), with “a” dimension of the pile cap in a given 
direction, “ap” the dimension of the column in the same direction and “h” the total height of the pile cap. Applying to 
the previous expression, for an elongated pillar, it is possible to have a block classified as rigid, for a height considered 
small for it. Therefore, it is suggested that the classification of the pile cap stiffness be made by the angle of inclination 
of the strut in relation to the horizontal plane of the pile cap. 

The Brazilian standard, NBR 6118:2014 [1], suggests strut and tie models for the design of pile caps. Applying this 
model, contained in that standard, the inclination of the strut in relation to the horizontal plane must be between 29.7º 
and 63.4º. According to Blévot and Frémy [2], the pile cap is considered rigid if the angle formed between the strut and 
the horizontal plane of pile cap is between 45º and 55º. 

Applying the Blévot and Frémy model [2], based on Figure 1, it was determined that the distance between the 
longitudinal axis of the pile up to the face of the column plus ¼ of its dimension is equal to 25 cm, and the useful height 
of the pile cap (measured from the top of the pile to the upper face of the block) is equal to 25 cm, thus forming an 
angle of 45º. 

Thus, it is concluded that the pile caps tested are rigid, because the strut angle in relation to the horizontal plane of 
the pile cap, respects the recommendations of NBR 6118:2014 [1] and Blévot and Frémy [2]. 

The Brazilian standard does not present specific criteria for the design of pile cap or guidelines for the case of pile 
caps on metal piles, it only limits the compression stresses in the nodal regions. For pile caps on two piles, NBR 6118: 
2014 [1] recommends that stresses in the upper (CCC Node) and lower (CCT Node) nodal zones should be limited by 
Equations 1 and 2, where: σzns is the tension in the upper nodal zone; σzni is the tension in the lower nodal zone; fc is 
the uniaxial compressive strength of concrete. CCC nodes are understood as nodes where there are only compression 
forces, CCT nodes are nodes where there are compression forces, a tensile force and σzn is the normal tension in the 
nodal region, defined by the ratio between the compression force and the area of the strut, see Figure 1. 

zns cσ    1.0  f≤ ⋅   (1) 

zni cσ    0.847  f≤ ⋅  (2) 

where fc is the compressive strength of concrete. 

In this paper, the factors that reduced concrete strength related to creep and the αv2 coefficient were not considered. 
This procedure was adopted, as it was intended to measure the experimental results against the limits established by the 
referred norm. For the lower nodal zone, the existence of cracks crossing the connecting rods was considered (this 
effect is considered in NBR 6118: 2014 [1] by multiplying the value of fc by 0.72). Thus, in order not to consider the 
effect of long-term loads in the lower zone, the value of fc was multiplied by 0.847. It is worth mentioning that the 
values presented by NBR 6118:2014, for nodal stresses are: σzns ≤ 0.85 · αv2 · fcd, for the upper zone and σzni ≤ 0.72 · 
αv2 · fcd, for the inferior nodal zone. Disregarding the value of 0.85, related to long-term loads in the two equations, the 
tensions in the upper and inferred node regions are obtained, respectively. 
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Figure 1. Strut and tie model proposed by Blévot and Frémy [2]. 

According to Blévot and Frémy [2], in the case of a pile cap supported on two piles, the axis of the strut is formed 
from the axis of the pile up to ¼ of the outer face of the column and, for the calculation of nodal stresses, the areas are 
considered of the pile and the column projected in the direction transverse to the strut. Figure 1 illustrates the model 
proposed by Blévot and Frémy [2] for the case of a pile cap supported on two piles, in which: Fu,exp is the ultimate force 
applied to the column; “a” is the dimension of the column in the longitudinal direction of the pile cap, Ac is half the 
pillar area; Aest is the pile area; θ is the angle between the axis of the strut in relation to the horizontal plane; Rest is the 
reaction in the pile; Rcc is the compression force on the strut; Rst is the force in the tie. The stresses in the upper and 
lower nodal zones are calculated using Equations 3 and 4, respectively. 

( )
u,exp

zns 2
c

F
σ  = 

A sen θ⋅
  (3) 

( )
u,exp

zni 2
est

F
σ  = 

2 A sen θ⋅ ⋅
  (4) 

The force in the Rst, necessary for the dimensioning of the main reinforcement, is achieved through the static balance 
of forces of the lower nodal zone. Blévot and Frémy [2] recommend that the angle between the compression rod and 
the horizontal plane be 45º to 55º and that the stresses in the nodal regions should have the limits shown in Equations 
5 and 6. In Equations 5 and 6, the concrete material lessening coefficients, the coefficient related to long-term loads 
and the confinement effect in CCC type nodes, caused by the concrete resistance in the multiaxial state of stresses, were 
not considered. 

zns cσ    0,60  f≤ ⋅  (5) 

zni cσ    0,60  f≤ ⋅  (6) 

3 MECHANICAL AND GEOMETRIC PROPERTIES OF MODELS 
The parameters fixed in all models were: the angle between the strut and the horizontal direction (θ) of 45º; height 

of 35 cm; width of 25 cm; 139.5 cm length; cross section of the 25×25 cm2 column. For the piles, the W200×15 metal 
profile was used, positioned with the axis of greater inertia in the same direction as the pile cap width and cut so as to 
have the same length outside the pile cap in all models, varying only its embedded length. Table 1 shows the geometric 
properties of the models tested. 
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For the metallic profile, a yield stress of 345 MPa was considered, following the recommendations of NBR 8800:2008 [10]. 
As mentioned previously, reinforcement was used only on the tie, calculated so as not to reach the yield stress. For this, the 
balance of the lower nodal region was made considering the ultimate force supported by the metallic profile and under the premise 
that the force applied to the column is centered and the reactions in both piles are equal. The reinforcement was calculated 
considering the yield stress characteristic of CA-50 steel equal to 500 MPa, according to the guidance of NBR 6118:2014 [1]. 
Four bars of 20 mm in diameter were used, and the length of reinforcement anchoring, measured from the internal face of the 
piles to the external face of the pile cap, was verified according to the recommendations of NBR 6118:2014 [1]. In order to bring 
about the ruin to occur in the pile cap, the column was dimensioned considering the reduction coefficients of the strengths of the 
materials and increase of the soliciting efforts and, in addition, concrete with a compressive strength of 50 MPa was adopted. For 
the pile caps, 20 MPa was considered. Opted for concrete with a 20 MPa resistance to compression due to the support capacity 
of the reaction frame available at the Structural Laboratory of the Federal University of Uberlândia, where all tests were carried 
out. A height that was considered sufficient for the dissipation of tensions was adopted for the pillar, so that the second order 
effects could be neglected according to the Saint-Venant principle. The pillar was constructed with 8 bars of 10 mm in diameter 
and stirrups of 6.3 mm in diameter, spaced ever 2.5 cm. Figures 2 and 3 illustrate the geometric properties and the reinforcement 
arrangement of the models. 

Table 1 - Geometric parameters of pile caps. 

Model Height (cm) Pile axis distance 
(cm) 

Pile cap length 
(cm) Width (cm) Column section 

(cm x cm) 
Total pile length 

(cm) 
BEmb10sch 35 62.5 139.5 25 25x25 35 
BEmb10cch 35 62.5 139.5 25 25x25 35 
BEmb20sch 35 62.5 139.5 25 25x25 45 
BEmb30sch 35 62.5 139.5 25 25x25 55 

 
Figure 2. Models BEmb10sch and BEmb10cch (dimensions in cm). 

 
Figure 3. Models BEmb20sch and BEmb30sch (dimensions in cm) 
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4 CHARACTERIZATION OF MATERIALS AND EXPERIMENTAL TESTS 

To define the properties of the metal profiles, each of the 8 pieces was weighed and its dimensions were obtained 
using a caliper. Figure 4 shows the dimensions measured in each profile and Table 2 shows the results of the 
measurements. For the calculation of the cross-sectional area of the profile, the circular sections, present between the 
flaps and the core of the part, were approximated to rectangular triangles of legs equal to 0.7 cm. Table 3 shows the 
geometric properties of the metal profiles, in which: Ix,cg is the moment of inertia in relation to the horizontal axis that 
passes through the CG of the part; Iy,cg is the moment of inertia in relation to the vertical axis that passes through the 
CG of the steel profile. 

For the main frame of the pile caps and columns, CA-50 steel was used, characterized by tensile tests according to 
the recommendations of NBR 6892-1:2013 [11]. Table 4 shows the mechanical properties of the steel used, where: fy 
is the yield strength; Ԑy is strain deformation; fu is stress ultimate; E it is the longitudinal strain module. 

For 20 MPa concrete, cement with the addition of CPIV-32-RS pozzolan was used, with a mixture of 
1:2.55:3.54:0.68 (cement, sand, crushed stone and a/c) and, for 50 MPa concrete, high-strength CPV initial cement was 
used, with mix proportion of 1:2.66:3.66:0.49 and 1.5% of superplasticizer additive. The characterization of the 
concrete used was carried out by means of compression tests, diametrical compression and test of determination of the 
initial tangent deformation module, following the recommendations of the standards NBR 5739:1994 [12], NBR 7222: 
2011 [13] and NBR 8522:2008 [14]. For each model, 17 cylindrical specimens of 10 cm in diameter and 20 cm in 
height were molded, 8 specimens with concrete used in the pillars, and 9 specimens with concrete used in the pile caps. 

Due to the volume of total concrete required, it was not possible to mold all models on the same day. The specimens 
remained in saturated cure until the test date and were tested on the same day as the pile caps. Table 5 presents the 
results of the compression tests, in which: fc is the compressive strength of the concrete; fc,m is the average of the 
compressive strengths presented by the specimens. It is noteworthy that there was a discrepancy in the results of the 
compressive strength of one of the tested pile caps, causing a decrease in the strength of the concrete. However, this 
did not harm the analysis, since the premise that the compressive strength of the columns is higher than that of the pile 
caps was verified. Table 6 shows the result of the diametrical compression tests, where: F is the maximum force; d is 
the diameter of the specimen; L is the height of the specimen; fct,sp is the tensile strength by diametrical compression. 

Table 2 - Cross section measurements of W200×15 steel profiles 

Profile Weight 
(kg) 

Length 
(cm) 

Linear 
mass 

(kg/m) 
tf1 (mm) tf2 (mm) tf3 (mm) tf4 (mm) tw (mm) bf1 (mm) bf2 (mm) hP (mm) 

1 5.15 35.25 14.61 5.45 5.58 5.49 5.30 3.92 86.30 80.91 202.89 
2 5.20 35.30 14.73 5.31 5.51 5.54 5.41 3.88 99.17 99.19 203.13 
3 5.15 34.66 14.86 5.47 5.53 5.54 5.25 3.88 99.18 99.24 203.07 
4 5.20 35.13 14.80 5.38 5.20 5.39 5.23 3.90 99.96 99.14 202.95 
5 6.70 45.20 14.82 5.49 5.25 5.48 5.58 3.95 99.24 99.22 203.03 
6 6.65 40.06 16.60 5.20 5.38 5.21 5.25 3.90 99.18 98.87 202.85 
7 8.15 55.26 14.75 5.40 5.26 5.31 5.51 3.84 99.89 99.15 202.92 
8 8.15 55.03 14.81 5.46 5.21 5.39 5.48 3.93 99.08 99.08 203.06 

Medium values: 15.00 5.39 5.37 5.42 5.38 3.90 97.50 98.85 202.99 

Table 3 - Geometric properties of W200×15 steel section 

Profile Area (cm2) Ix,cg (cm4) Iy,cg (cm4) 
1 17.62 1205.40 53.66 
2 19.24 1370.99 88.78 
3 19.25 1371.17 88.94 
4 19.04 1348.64 87.44 
5 19.38 1375.13 89.07 
6 18.90 1334.18 85.38 
7 19.04 1355.99 88.48 
8 19.20 1361.73 87.63 

Medium values: 18.96 1340.41 83.67 
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Table 4 - Mechanical properties of CA-50 steel 

Specimen fy (MPa) Ԑy (‰) fu (MPa) E (GPa) 
01 562.7 2.74 686.3 205.35 
02 575.9 2.74 695.9 210.16 
03 570.3 2.62 692.4 217.68 

Medium values: 596.6 2.70 691.5 211.07 

Table 7 presents the results of the tests for determining the initial longitudinal tangential deformation module of the 
concrete, where Eci,exp is the value of the tangential deformation module. The specimens 03 of the pile caps 
BEmb10cch and BEmb30sch, and the specimen 01 of the column presented different results and, therefore, were 
disregarded. 

The models were instrumented with a displacement transducer, positioned in the middle of the pile cap span, and 
electrical resistance strain gages, installed on the flaps of the metal profiles and in different positions of the 
reinforcement. The reinforcement extensometers were placed only on one of the bars and, due to the symmetry of 
loading and dimensions of the models, it was decided to instrument only one side of the pile cap. Figure 5 shows the 
positioning of the extensometers in the models. 

Table 5 - Concrete compressive strength 

Element Specimen Age (days) Slump test (mm) fc (MPa) fc,m (MPa) 

BEmb10sch 
01 

96 99 
17.41 

17.95 02 15.47 
03 20.97 

BEmb10cch 
01 

62 94 
13.06 

12.51 02 10.96 
03 13.50 

BEmb20sch 
01 

80 95 
19.18 

17.42 02 16.55 
03 16.52 

BEmb30sch 
01 

74 91 
17.96 

18.07 02 18.45 
03 17.79 

Column 
01 

37 37 
36.85 

43.85 02 43.96 
03 50.74 

 
Figure 4. Cross section dimensions of steel profiles 



R. G. Delalibera, M. A. Tomaz, V. F. Gonçalves, and J. S. Giongo 

Rev. IBRACON Estrut. Mater., vol. 13, no. 6, e13612, 2020 8/16 

Table 6 - Concrete tensile strength by diametrical compression 

Element Specimen F (N) d (mm) L(mm) fct,sp(MPa) Medium values 

Pile cap 
BEmb10sch 

01 76920.71 100.49 200.11 2.44 
2.17 02 69114.43 100.02 199.16 2.21 

03 58310.54 99.91 198.98 1.87 

Pile cap 
BEmb10cch 

01 57864.14 100.45 198.65 1.85 
1.86 02 59154.89 100.43 198.27 1.89 

03 57756.17 100.58 198.81 1.84 

Pile cap 
BEmb20sch 

01 74405.11 99.72 199.58 2.38 
2.40 02 75952.50 99.75 199.15 2.43 

03 74471.11 100.34 197.40 2.39 

Pile cap 
BEmb30sch 

01 90474.68 100.07 199.74 2.88 
2.77 02 93251.93 100.53 200.48 2.95 

03 79266.37 100.49 201.14 2.50 

Column 01 131625.94 100.07 200.25 4.18 4.43 02 151606.49 101.82 202.53 4.68 

Table 7 - Longitudinal initial tangential deformation module of concrete 

Element Specimen Eci,exp (MPa) Medium values 

Pile cap BEmb10sch 
01 28.08 

29.26 02 31.33 
03 28.36 

Pile cap BEmb10cch 
01 22.39 

23.06 02 23.72 
03 - 

Pile cap BEmb20sch 
01 29.49 

28.96 02 29.51 
03 27.87 

Pile cap BEmb30sch 
01 33.82 

31.98 02 30.15 
03 - 

Column 
01 - 

47.81 02 58.53 
03 37.09 

The intensity of the force applied to the column was measured by a load cell with a capacity of 2000 kN and, as a 
reaction structure, the metal frame and the reaction slab from the Structural Laboratory of the Federal University of 
Uberlândia were used. The column was placed on a support consisting of an elastomer layer and two layers of metal 
sheets. The pile caps were fixed to the reaction frame to guarantee their lateral stability during the tests. Figure 6 shows 
the test configuration of the models. More information about the experimental program can be found at Tomaz [15]. 

 
Figure 5. Position of extensometers on models. 
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Figure 6. Test-system configuration. 

5 RESULTS AND DISCUSSIONS 
In all models the collapse occurred in the pile cap, that is, both the pillar and the metal post did not show signs of 

failure and, with the exception of the BEmb30sch model, all the pile caps presented ruin characterized by diagonal 
traction (strut cracking). The pile caps were tested at the same ages as the respective specimens, indicated in Table 5. 
Table 8 presents the experimental results, in which: Fr is the force related to the first crack; Fu,exp is the ultimate force; 
δ is the vertical displacement measured in the middle of the pile cap’s span. The ultimate forces were below expectations 
due to the low compressive strength of the concrete. 

In both models with 10 cm inlay, BEmb10sch and BEmb10cch, the first crack occurred in the lower-central region 
of the pile and, subsequently, cracks appeared next cap to the internal face of the piles that propagated to the lateral 
face of the column, in the upper part the pile cap. Both models also had a high Fr/Fu,exp, that is, the rupture of the pile 
cap occurred after the first crack appeared. According to Delalibera and Giongo [16], this relationship can be reduced 
using horizontal stirrups or steel bars positioned diagonally, crossing struts. 

The pile cap with a top plate reached 9% greater strength than the pile cap with the same inlay and without top plate, 
even with concrete with 30% lower strength. Therefore, the use of welded plate at the top of the profile improved the 
bearing capacity of the pile cap, in contrast to what was observed by Slutter [9], who states that the use of the top plate 
does not interfere with the structural behavior of the pile cap. Figures 7 and 8 demonstrate the rupture plans observed 
in the models BEmb10sch and BEmb10cch and, in highlight, the cracks observed next to the pile. 

The BEmb20sch model presented two rupture planes, characterized by shear in the compression rod and vertical 
shear close to the profile flap. Figure 9 shows the rupture planes observed in the BEmb20sch model. 

The BEmb30sch model, unlike the others, presented ruin characterized by shearing at the interface of the metallic 
profile with the upper face of the pile cap (punching), causing the concrete layer to unblock in this region. With this, it 
became evident that the bonding tension between the profile and the surrounding concrete was not effective and, due 
to the small thickness of the concrete layer located above the profile, it was not possible to form the compression rods. 
Consequently, the stresses arising from the reactions in the piles (Rest) were transmitted directly to the upper face of the 
pile cap. Figure 10 shows the cracks observed in the BEmb30sch model and Figure 11 shows a diagram of the rupture 
lines, similar to the rupture caused by the puncture effect. 

 
Figure 7. Failure plane of the BEmb10sch model. 
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Figure 8. Failure plane of the BEmb10cch model. 

 
Figure 9. BEmb20sch failure plans. 

 
Figure 10. Cracks observed at the top of the model BEmb30sch. 

Figure 12 shows the force curves versus vertical displacements of the models. The pile caps with 10 cm of 
embedding showed close displacements, indicating that the use of the top plate does not interfere with the rigidity of 
the pile caps. 

The tested pile caps are classified as flexible, according to NBR 6118:2014 [1], which uses pile caps analogous to 
that of foundation (section 22.6.1). However, for pile caps, where the supports are discrete (piles), the best concept for 
the rigidity of the element is correlated with the angle of inclination of the strut in relation to the horizontal plane. This 
consideration was suggested a priori by Blévot and Fremy [2] and is described in section 22.3.1 of NBR 6118:2014 [1]. 
Thus, all tested models, with the exception of BEmb30sch, have rigid pile cap behavior. The BEmb30sch model 
presented a flexible pile cap behavior because it was not possible to observe the formation of struts experimentally, 
even though it is considered geometrically rigid. Therefore, the effect of embedding the piles in the inner part of the 
pile cap, changed its classification regarding rigidity. 

In models with 10 cm inlay (embedded), the longitudinal reinforcement was positioned above the profile, which 
caused a pin effect. In this way, if the profile tends to penetrate the pile cap, the bars above it would prevent it. This 
contributed for the model without a plate to show stiffness close to the model with a plate. In the models with 20 and 
30 cm inlay, the reinforcement was welded on the sides of the profiles and, therefore, this effect did not occur. 
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Figure 11. BEmb30sch break lines. 

 
Figure 12. Load vs. displacements. 

The deformations related to Fu,exp in the bars and profiles, can be seen in Table 8, in which the extensometers are 
named according to Figure 5. Figures 13, 14, 15 and 16 show the deformations referring to Fr and Fu,exp in the 
reinforcements and profiles. Some strain gauges, whose readings are not shown, showed defects during the tests. 

 

Table 8 - Deformations in the reinforcement and profiles referring to Fu,exp 

Pile cap Steel profile Steel bar 
e1 (‰) e2 (‰) e3 (‰) e4 (‰) e5 (‰) 

BEmb10sch -0.182 -0.707 0.135 1.125 1.500 
BEmb10cch -0.416 -0.629 0.616 - - 
BEmb20sch -0.045 -0.399 0.397 0.648 0.715 
BEmb30sch 0.011 -0.031 0.041 - 0.244 

 
Figure 13. Strain in tie and profile of the BEmb10sch model. 
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Figure 14. Strain in tie and profile of the BEmb10cch model. 

 
Figure 15. Strain in tie and profile of the BEmb20sch model. 

 
Figure 16. Strain in tie and profile of the BEmb30sch model. 

It was found that the deformation is not constant along the tie (e3, e4 and e5 strain gages), which corroborates the 
observations of Delalibera and Giongo [16] and Adebar et al. [17], who experimentally analyzed pile caps on concrete 
piles, finding similar results regarding deformations in the main tensile reinforcement (tie), that is, in the central region 
of the pile caps, the tie deformation is practically constant, decreasing when the bars of the tie cross the strut (at this 
point, there is an increase in the normal force, increasing the frictional force and therefore decreasing the tension in the 
steel bars). 
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The flap closest to the end of the pile cap (strain gages e1) showed less deformation than the flap furthest from the end 
(strain gages e2). With this, it can be said that the profiles were not uniformly requested and, therefore, are subject to 
flexion-compression. Such behavior was also observed experimentally by Delalibera [18], Barros [19] and Munhoz [20]. 

As mentioned in item 2, it was considered that the connecting rod axis extends from ¼ of the column face to the 
geometric center of the pile section. The fact that the pile is subjected to flexion-compression indicates that the force 
from the strut does not act on the geometric center of the cross section of the pile, which alters the angle of inclination 
of the strut. This finding is most evident on the BEmb10sch and BEmb10cch models. In the BEmb30sch model, the 
profile obtained close deformations in the two flaps and in the tie, reinforcing the idea of ruin caused by punching. 

Due to the difference in concrete strength of the tested pile caps, the analysis of the results obtained was based on 
the relative stress (σ/fc,m). For models without a top plate, the stresses were calculated considering the cross-sectional 
area of the metal profile, while for the model with a top plate, the area of the plate was considered. Table 9 shows the 
results of nodal stresses related to the ultimate force. 

The BEmb10cch model presented a relative tension, in the upper nodal zone, approximately 57% higher than the 
BEmb10sch model, with the same inlay. This value is significant because, in the formulation presented by Blévot and 
Frémy [2], the tension in the upper nodal zone does not depend on the shape and/or type of pile used. The low values 
of relative stresses, also in the upper nodal zone, presented by the models BEmb20sch and BEmb30sch, can be 
explained by the fact that the greater length of the embedding influenced the colapse mode of the pile caps. 

Table 9 - Active nodal stresses and relative nodal stresses 

Pile cap Fu,exp (kN) fc,m (MPa) Aest (cm2) σzni (kN/cm2) σzns (kN/cm2) σzni/fc,m σzns/fc,m 
BEmb10sch 578.65 17.95 18.96 30.52 1.85 1.7003 0.1032 
BEmb10cch 631.24 12.51 625 1.01 2.02 0.0807 0.1615 
BEmb20sch 355.55 17.42 18.96 18.75 1.14 1.0765 0.0653 
BEmb30sch 174.52 18.07 18.96 9.20 0.56 0.5094 0.0309 

In the lower nodal zone, the relative stress of the BEmb10sch model was 2106% higher than that of the BEmb10cch model. 
This value is justified by the use, in the calculation of the relative stress in the lower nodal zone of the BEmb10sch block, of the 
effective area of the steel profile, which is approximately 33 times smaller than the area of the plate, however, this verification is 
only illustrative because this. The relative stress value does not match what was observed experimentally, since both models 
showed failure by diagonal traction and not by crushing the concrete in the nodal region. Therefore, the area considered in the 
lower nodal region must be greater than the area of the effective cross section of the profile. 

ABNT NBR 6122:2019 [8] recommends, in its section 8.5.6.1, that the minimum diameter for isolated piles without 
locking is 30 cm, and for metal piles the diameter of the circle that circumscribes the cross section of the piles is 
considered. Thus, the stresses in the lower nodal zone were calculated again, considering the area defined by the circle 
circumscribed to the cross section of the profiles (Acirc). A collaborative concrete area was also considered equal to the 
area of confined concrete between the profile flaps, as illustrated by Figure 17, in which: Asp,cc is the total area to be 
considered; hp is the average height of the profiles; bfm is the average between bf1 and bf2. Table 10 shows the stresses 
in the lower nodal zone, calculated with Equation 4, considering Aest equal to Asp,cc and Acirc. 

As the upper nodal zone presents a confluence of compression stresses, the premise that this region is subject to the 
multiaxial state of stresses was verified. For that, the limit stress for concrete under multiaxial stress state was 
recommended by NBR 6118: 2014 [1], calculated by Equation 7. 

zns c ct,spσ    1.0  f  + 0.9 f≤ ⋅ ⋅   (7) 

Table 11 shows the limit stresses for the nodal regions, calculated according to NBR 6118:2014 [1] and with Blévot 
and Frémy [2], σzns,lim is the limit stress for the upper nodal zone; σzni,lim is the limit stress for the lower nodal zone. 

Table 12 presents the relationship between the limit stresses and the stresses obtained experimentally, considering 
the stresses of the lower nodal zone calculated with the different areas Asp,cc and Acirc, where: σzns,exp is the stress obtained 
experimentally for the superior nodal zone; σzni,exp is the stress obtained experimentally for the lower nodal zone. 
Table 12 shows that the limit values of Blévot and Frémy [2] are very conservative and the normative values should be 
used only for models with 10 cm inlay of the metal profile, with and without the metal plate welded on top of it. In 
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addition, in pile caps with 10 cm inlay, the values of nodal stresses in the lower zone were closer to the limit values 
when, in Equation 4, an area equal to is considered for Aest. 

 
Figure 17. Collaborative concrete area to be considered 

Table 10 - Tensions in the lower nodal region for Aest equal to Aesp,cc and Acirc 

Pile cap Aest (cm2) σzni (kN/cm2) σzni/fc,m 
Asp,cc Acirc Asp,cc Acirc Asp,cc Acirc 

BEmb10sch 199.29 399.4 2.90 1.45 0.1618 0.0807 
BEmb10cch 625 399.4 1.01 1.01 0.0807 0.0807 
BEmb20sch 199.29 399.4 1.78 0.89 0.1024 0.0511 
BEmb30sch 199.29 399.4 0.88 0.44 0.0485 0.0242 

Note: Asp,cc is the area of concrete defined by the area shown in Figure 17 and Acirc is the area of the circle circumscribed to the cross section of the steel profile 

Table 11 - Stress limit for nodal regions. 

Pile cap 
NBR 6118:2014 [1] Blévot and Frémy [2] Multiaxial state 

σzns,lim (kN/cm2) σzni,lim (kN/cm2) σzns,lim (kN/cm2) σzni,lim (kN/cm2) σzns,lim 
(kN/cm2) 

BEmb10sch 1.80 1.52 1.08 1.08 2.58 
BEmb10cch 1.25 1.06 0.75 0.75 1.92 
BEmb20sch 1.74 1.48 1.05 1.05 2.61 
BEmb30sch 1.81 1.53 1.08 1.08 2.80 

Table 12 - Relationship between observed stresses and limit stresses 

Pile cap 
NBR 6118:2014 [1] Blévot and Frémy [2] Multiaxial state 

σzns,exp/σzns,lim σzni,exp/σzni,lim σzns,exp/σzns,lim σzni,exp/σzni,lim σzns,exp/σzns,lim Aesp,cc Acirc Aesp,cc Acirc 
BEmb10sch 1.03 1.91 0.95 1.72 2.70 1.35 0.72 
BEmb10cch 1.61 0.95 0.95 2.69 1.35 1.35 1.05 
BEmb20sch 0.65 1.21 0.60 1.09 1.71 0.85 0.44 
BEmb30sch 0.31 0.57 0.29 0.52 0.81 0.40 0.20 

Note: Aesp,cc is the area of concrete defined by the area shown in Figure 17 and Acirc is the area of the circle circumscribed to the cross section of the steel section 

6 CONCLUSIONS 
The models BEmb10sch and BEmb10cch, with 10 cm inlay, presented ruin by diagonal traction. As the 

embedding value was increased, the rupture started to be defined by the shear effect. This behavior does not depend 
on the type of pile or its geometric shape. Shearing collapse in reinforced concrete pile caps is exclusively related to 
the value of the inlay. 
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The use of the welded top plate at the upper end of the profile increased the bearing capacity of the pile cap. Although 
the compressive strength of the concrete used in the BEmb10cch model showed less resistance, the block presented a 
final strength 9.18% greater than the ultimate strength of the BEmb10sch model. Therefore, it is concluded that the top 
plate in the pile, decreases the tension in the lower nodal region, thus increasing the ultimate resistance of the pile cap. 

From the analysis of nodal stresses, it is recommended that for the lower nodal zone, at least the area of a rectangle 
should be considered, evolving the entire metallic profile, as suggested in Figure 17. It is worth mentioning, due to the 
limited number of experimental tests performed in this work and existing in the technical literature, these 
recommendations are applied only to pile caps on piles with the same characteristics as those tested in this work. It is 
also suggested that further studies on this topic be carried out, so that an analytical calculation model can be proposed. 

The models with 10 cm inlay, presented rigid block behavior. Therefore, the use of metal piles did not affect the 
element's stiffness for this inlay. The small difference between the displacements of the BEmb10sch and BEmb10cch 
models proves that the steel plate did not interfere with the block stiffness. For models with 20 cm and 30 cm inlays, 
verification of the effect of bending and shear stress is necessary. 
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Abstract: Construction and Demolition waste (CDW) is already used in many European countries as recycled 
aggregates to produce concrete for structural purposes. In Brazil, its use is still restricted to concretes with no 
structural function. The consumption of aggregates for the production of concrete is very large, and enabling 
the use of recycled aggregates in the production of concrete is essential to transform the civil construction 
industry into a more sustainable one. This work aimed to study the parameters that affect the durability of C30 
grade concrete, produced with different types of recycled aggregate. We defined four types of coarse 
aggregates for carrying out this work: the natural (AN), the concrete (ARCO), the cementitious materials 
(ARCI) and the treated cementitious materials (ARCI Treated). We adopted 30% substitution content of 
natural aggregate for recycled aggregates. The treatment of the ARCI aggregate consisted of the application 
of water and cement solution, aiming to reduce its water absorption capacity. We determine the physical and 
mechanical characteristics of the concrete, in addition to carrying out indirect measurement tests of durability, 
by determining the permeability to air, penetration and migration of chloride ions, and determination of the 
carbonation depth. The results indicate that the concrete using the ARCO type aggregate, produced with 100% 
crushed concrete, presented characteristics like the reference concrete, indicating the possibility that it can be 
applied to reinforced concrete structures. As for the ARCI type aggregate, it presented inferior results when 
compared to the concrete reference for the tests of indirect measurement of durability, however, the concrete 
displayed good mechanical properties. The concrete produced with the treated ARCI did not perform better 
than the concrete with ARCI for most of the evaluated characteristics, indicating that the proposed treatment 
was not adequate. 

Keywords: durability, construction waste, permeability. 

Resumo: Os resíduos de construção civil (RCC) já são utilizados em muitos países da Europa como agregados 
reciclados para a produção de concreto com fins estruturais, no Brasil a sua utilização ainda é restrita a 
concretos sem função estrutural. O consumo de agregados para produção de concreto é muito grande, 
viabilizar a utilização de agregados reciclados na produção de concreto é fundamental para tornar a construção 
civil mais sustentável. Este trabalho teve como objetivo estudar os parâmetros que afetam a durabilidade do 
concreto de classe C30, produzido com diferentes tipos de agregado reciclado. Foram definidos quatro tipos 
de agregados graúdos para a realização deste trabalho, o natural (AN), o de concreto (ARCO), o cimentício 
(ARCI) e o cimentício tratado (ARCI Tratado) e foi fixado um teor de substituição do agregado natural pelos 
agregados reciclados de 30%. O tratamento do ARCI consistiu em aplicação de uma solução de água e 
cimento, visando a redução de sua capacidade absorção de água. Foram determinadas as características físicas 
e mecânicas dos concretos, além de ensaios de medição indireta da durabilidade, através da determinação da 
permeabilidade ao ar, penetração e migração de cloreto e carbonatação. Os resultados indicam que o concreto 
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utilizando o agregado tipo ARCO, produzido com 100% de concreto britado, apresentou características 
similares ao concreto referência, indicando a possibilidade de ser aplicado em estruturas de concreto armado. 
Quanto ao ARCI, os resultados obtidos foram inferiores quando comparados ao concreto referência para os 
ensaios referentes a medição indireta da durabilidade, porém, o traço apresentou bom comportamento 
mecânico. O concreto produzido com o ARCI Tratado não apresentou melhor desempenho do que o concreto 
com ARCI para a maioria das características avaliadas, indicando que o tratamento proposto não foi adequado. 

Palavras-chave: durabilidade, resíduo de construção, permeabilidade. 
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1 INTRODUCTION 
Currently, the construction industry is one of the human activities that most affects the environment [1]. 

McGinnis et al. [2] stated that the production of natural aggregates is those that most impact the environment, since for 
the concrete mixture, about 50% of its total volume is natural aggregate. 

The recycling of construction and demolition waste for use as aggregates in the production of concrete would not 
only decrease the consumption of natural aggregates, but also reduce energy consumption, transportation costs and, 
consequently, the emission of polluting gases [3], [4]. 

Civil construction waste is identified by the European Union as a priority for reuse and recycling, as it represents 
approximately 30% of the solid waste generated. The authors estimated that 46% of the waste resulting from civil 
construction is recycled and reused, but they point out large variations between different countries [5]. According to 
the Panorama of Solid Waste of the State of São Paulo [6], the percentage of civil construction waste within solid waste 
is variable and difficult to determine, as the percentage varies according to the characteristics of the construction and 
the economic development of each region. Due to the high variability in the composition of civil construction waste, 
which consequently generates different types of recycled aggregates, the use of these materials in the production of 
concrete for structural purposes is difficult, since the variability of recycled aggregates results in uncertainty about the 
characteristics of the concrete produced with this material. 

Currently, each country generally has its regulatory standard for the use of recycled aggregates, with its own 
nomenclature, defining what the types of aggregates are, and the maximum and minimum levels of each material that 
comprise it. Some standards prescribe the contents of substitution of natural aggregates for recycled ones in the production 
of concrete. In the United Kingdom, recycled aggregates are divided into two groups (RA—recycled aggregate and 
RCA—recycled concrete aggregate), according to their composition. Aggregates classified as RA are limited to the 
production of concrete with a maximum strength class of 16 to 20 MPa. Aggregates classified as RCA, on the other hand, 
can be used for concretes with structural functionality, since the strength class varies from 40 to 50 MPa. However, the 
replacement of natural aggregates with recycled aggregates is restricted to 20% [7]. 

Also, according to Gonçalves and Brito [7], in Portugal the use standard for recycled aggregates is similar to that of 
Germany. There recycled aggregates are divided into three groups, namely: RCA (recycled construction aggregate), 
which presents in its constitution concrete and masonry elements, this aggregate can only be used for concrete without 
structural purposes. The ARB1 (recycled concrete aggregate with a minimum of 90% concrete in its composition) and 
ARB2 (recycled concrete aggregate with a minimum of 70% concrete in its composition), which can be partial 
substitutes, with a maximum replacement content of 25% and 20%, respectively, of natural aggregates. In addition to 
the replacement content, the standard establishes the maximum strength class of concrete at C40 / 50 MPa for ARB1 
and C35 / 45 MPa for ARB2. The Australian Government allows the use of up to 30% recycled aggregates in the 
concrete mix for structural purposes [1]. In Brazil, the technical standard NBR 15116 [8] which regulates the quality 
and use of recycled aggregate, allows its use in mixing concrete that is not used for structural purposes. This same 
standard classifies recycled aggregates as aggregate of concrete waste (ARC), which in its large fraction, must have at 
least 90% by mass of fragments based on Portland cement and rocks, and mixed residue aggregate (ARM), which in 
its large fraction, must have less than 90% by mass of fragments based on Portland cement and rocks. The type of 
aggregate added to the concrete mix has a great influence on its properties. Modifying the physical and mechanical 
properties of the concrete, such as its strength, water absorption capacity and porosity, can influence its durability [9]. 
Therefore, the study of the characteristics of the recycled aggregates that will be used in the mixing of the concrete is 
necessary and extremely important. 

According to Gonçalves and Brito [7], concrete produced from recycled aggregates presents different characteristics 
from concrete produced with natural aggregates, and these differences are linked to the type of recycled aggregate used 
in the mixture. 

https://doi.org/10.1590/S1983-41952020000600013


L. L. Pimentel, G. F. Rizzo, A. E. P. G. A. Jacintho, and P. S. P. Fontanini 

Rev. IBRACON Estrut. Mater., vol. 13, no. 6, e13613, 2020 3/17 

The mechanical properties of concrete produced from recycled aggregates decreases by 15 to 30% from the values 
obtained by conventional concrete, depending directly on the type of aggregate used. The greater the resistance of the 
concrete used in the production of the recycled aggregate, the better the quality of the aggregate and, consequently, the 
lesser the influence that these aggregates will have on the characteristics of the new concrete [10]. 

Initially, research on the effects caused by the replacement of natural aggregate with recycled aggregate was based 
only on the compressive strength that concrete using recycled aggregate could achieve, or on their economic viability. 
Since the beginning of such research, there has been increased interest in the mixing of recycled aggregate with concrete 
for structural purposes. For this reason, research has become more complex, introducing new variables, such as 
durability [11]. 

Durability refers to the ability of a structure to resist environmental influences of the installation site, throughout 
the expected life of the structure [12], i.e., “the effective period of time during the which structure meets the project's 
performance requirements, without unforeseen maintenance and repair actions” [13]. 

The durability of concrete can be attributed, for the most part, to the difficulty of penetrating aggressive agents in 
the concrete pore network [14]. 

The loss of the useful life of the reinforced concrete structure is due to the corrosion of the reinforcement, through 
attacks of deteriorating agents on the structure itself. Zhang and Shao [15] point out that corrosion of steel is one of the 
main problems in reducing the durability of the structure. 

According to Santos [16], the durability of concrete is related to the mechanisms of fluid transport within the 
material since all possible mechanisms of deterioration of concrete structures involve gaseous or liquid transport 
processes. The dynamics of mass transport is determined by the interaction between the percolating fluid and the porous 
structure of the concrete. This interaction, depending on the fluid displacement by the pore structure, can occur in three 
different ways: diffusion (displacement due to a difference in concentration), capillarity (the result of capillary 
movements in the pores of the concrete opened to the medium) and permeability (flow under pressure differential). 

Permeability is linked to the structure of the cement paste, to the aggregate and to the paste-aggregate interface, 
which determine the ease with which fluids and gases enter the structure. The lower the permeability of the concrete, 
the lower the penetration of aggressive agents into the interior concrete [17]. 

According to Ollivier and Vichot [14], the corrosion of concrete reinforcement is induced by two different 
phenomena: carbonation, the entry of carbon dioxide present in the atmosphere, and the penetration of chloride 
substances through the pores of the concrete, reaching the reinforcement. 

The reduction in pH caused by carbonation accelerates corrosion of the reinforcements, since the chloride ions 
needed in the concrete to start the deterioration process are reduced [17]. 

Recycled aggregate generally has a greater water absorption capacity than natural aggregate due to its own porosity, 
which may change the properties of the concrete increasing its permeability, decreasing its mechanical resistance and, 
consequently, reducing its useful life. 

To date, the mixing of recycled aggregates with concrete for structural purposes has been studied and has found that 
it is necessary to evaluate properties such as air permeability, water absorption capacity, among others [18]–[20]. 

The expansion in the field of consumption of the use of these materials is only possible through the development of 
continuous research to undo the negative concepts of the use of construction waste and to prove its full potential [21]. 

The objective of this work is to study the parameters that affect the durability of class C30 concrete that is produced 
with different types of recycled aggregate, to evaluate its mechanical and physical characteristics as well as the 
parameters that are directly linked to the durability of concrete structures after being exposed to adverse conditions. A 
treatment was also proposed for the recycled cementitious aggregate, aiming to reduce its water absorption capacity. 

2 MATERIALS AND EXPERIMENTAL PROGRAM 
The methodology for the development of the work was experimental and included the characterization of the 

materials, the dosage of the concrete, and the mechanical and physical evaluation. Indirect tests were used to evaluate 
durability. 

2.1 Materials – preparation and characterization 
We opted for the use of two types of recycled aggregate, one from the recycling plant and the other produced by 

crushing specimens in the laboratory. The recycled concrete aggregate (ARCO) was produced by crushing concrete 
specimens with strength classes between 30 to 50 MPa. 
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The recycled cement aggregate (ARCI) is the aggregate classified by NBR 15116 [8] as ARC, with a high 
percentage, more than 90% of particles based on Portland cement and rocks. 

The treated cementitious recycled aggregate (ARCI-treated) is ARCI aggregate, which has undergone a treatment 
to reduce its water absorption capacity. This aggregate was an impregnated with a water and cement solution with the 
proportion of 45 kg of cement per cubic meter of recycled aggregate. The amount of water needed for the treatment 
was defined according to the water absorption capacity of the ARCI, to ensure that the entire cement paste was absorbed. 

To carry out the treatment, the water and cement were mixed in a concrete mixer for 15 seconds, then the recycled 
ARCI aggregate was added, mixing it for another 120 seconds. After mixing, the treated recycled aggregate was 
maintained cured in a closed plastic bag for 28 days before use, and 24 hours after treatment, the bags were stirred to 
avoid conglomerate of particle. This procedure was proposed by Perea and Alvarado [22]. 

The other aggregates used were the natural fine aggregate, from rivers, and the natural coarse aggregate of basaltic 
origin (AN). The cement used was that of high initial strength (CPV—ARI). The ADVACAST 525 superplasticizer 
additive was used to maintain the consistency of all mixtures produced at 6.5 ± 1cm. 

The characteristics of the aggregates were determined according to test procedures standardized by the NBR 7211 [23] and 
NBR 15116 [8] standards for natural and recycled aggregates. Table 1 presents the results obtained. 

Table 1. Characteristics of the aggregates 

Aggregates Standard Natural Sand Natural Coarse ARCO ARCI ARCI Treated 
Specific mass (g/cm3) NBR NM 52 [24] / NBR NM 53 [25] 2.52 2.87 2.36 2.41 2.42 
Water absorption (%) NBR NM 52 [24]/ NBR NM 30 [26] 2.76 1.35 7.34 7.35 6.75 
Crushing Strength (%) NBR 9938 [27] _ 14.36 25.79 24.50 24.24 

Max aggregate size (mm) NBR NM 248 [28] 6.3 25 25 25 25 

The natural sand had a fine modulus of 3.01. It was observed that the water absorption capacity of the recycled 
aggregates was much higher than that of the natural aggregate, and that the treatment applied to the recycled aggregate 
ARCI promoted a small reduction in the water absorption capacity. Regarding the crushing strength of the aggregate, 
the test showed that there was no difference between the recycled aggregates and they were all less resistant than the 
natural aggregate. 

2.2 Concrete mix design 
A concrete mix with a strength class of 30 MPa was defined using the IPT mix design method [29]. For this study, 

the replacement percentage of natural aggregate for recycled, 30%, was defined for each of the three types of recycled 
aggregates. The correction of aggregate volume was made according to the difference between the specific mass of the 
natural aggregate and that of the recycled aggregates. 

The definition of the percentage content for this study was decided based on prior studies [30], [31] and the 
standards that were cited by [1], [7]. In some cases, authors [4], [32], [19] have used contents of 50% and 100% 
for replacement, but the results obtained in most cases have not been favorable, so the 30% replacement content 
was defined for this work. 

Table 2 shows the unitary mixes—by mass, the nomenclature adopted for each mix, the cement consumption and 
the respective percentage of additive used. 

Table 2. Concrete mass unit mix proportions 

Concrete Replacement 
content. C Natural 

Sand 
Natural 
Coarse 

Recycled 
aggregate a/c S. A.* (%) Cc ** 

(kg/m3) 
T REF 0 1 2.71 3.79 0 0.6 0.4 308.5 

T ARCO 30% 1 2.71 2.65 1.00 0.6 0.4 308.5 
T ARCI 30% 1 2.71 2.65 1.02 0.6 0.3 308.5 

T ARCI Treated 30% 1 2.71 2.65 1.02 0.6 0.5 308.5 
*S.A. – Superplasticizer Additive; **Cement Consumption 
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After the production of the concrete, the specimens were kept in a humid chamber for 28 days. After that period, 
some of the specimens were placed outside to be exposed to the weather. 

The other specimens were immersed in saline solution, with a concentration of 4% NaCl, the purpose of which was 
to evaluate the response of the concrete to chemical attack. The volume of liquid used inside the containers was four 
times greater than the volume of the specimens inserted into them. The specimens that were exposed to the weather and 
those submerged in saline solution remained in these conditions until the end of the test period. 

2.3 Concrete properties 
The consistency assessment was made through NBR NM 67 [33] and specific gravity through NBR 9833 [34]. 

Table 3 presents the concrete properties in the hardened state and the respective test standard method. 

Table 3. Tests for characterization of concrete. 

Tests performed Standard Method 
Resistance to axial compression NBR 5739 [35] 

Modulus of elasticity NBR 8522 [36] 
Water absorption capacity by immersion NBR 9778 [37] 

Capillary water absorption capacity NBR 9779 [38]23  

Chloride penetration Adaptation of the methodologies used by Omrane et al. [3], 
França [39], Kim et al. [40], Real et al. [41]: 

Air and water permeability (Porosiscope) Manual Porosiscope [42] 
Carbonation Adaptation of the methodologies used by Perea and Alvarado [22], 

NBR 7211 [23], Valls and Vàzquez [43], Gandía-Romero [44]: 
Chloride migration According Medeiros [45] 

2.4 Indirect durability indicators 

2.4.1 Determination of carbonation depth 
To determine the depth of carbonation, after 180 days of exposure to the weather, the specimens were cut and placed 

for one day in an oven for complete drying. Then, a phenolphthalein solution, with a concentration of 1%, was sprayed 
on the cutting surface. After spraying, photographic recording of the surfaces was performed and, as shown in Figure 
1A, the distance from the camera to the specimen and the location lighting were standardized. This apparatus was also 
used to photograph the specimens used in the chloride penetration test. Figure 1B shows an example of a specimen 
after spraying phenolphthalein. 

 
Figure 1. Test method of carbonation depth. A. Apparatus used to take the photographs. B. Specimen after spraying 

phenolphthalein. 



L. L. Pimentel, G. F. Rizzo, A. E. P. G. A. Jacintho, and P. S. P. Fontanini 

Rev. IBRACON Estrut. Mater., vol. 13, no. 6, e13613, 2020 6/17 

The photographs were loaded into the AutoCAD® program, which facilitated the determination of the carbonated 
area. From this value, the average thickness of carbonation was calculated using Equations 1 and 2: 

( ) carbonatedA A10 A 10 e= − −  (1) 

. .  − + =2
carbonated0 786e 15 71e A 0      (2) 

where A10 is the cross-sectional area of the specimen; and A (10 - e) is the area of the circle minus the carbonated 
thickness. With the carbonated area obtained in Equation 1, using the Bhaskára formula, the second-degree equation 
was defined for calculating the carbonation thickness (Equation 2). 

2.4.2 Determination of the chloride penetration depth 

After 180 days, the specimens immersed in saline solution were cut in half, repeating the procedure performed to 
determine the carbonation of the concrete. With the specimens at room temperature, a 0.3 M silver nitrate solution was 
sprayed onto the cutting surface. Photographic records of the surfaces were taken, and analysis of the images was also 
performed to determine the depth of chloride penetration. The average chloride penetration thickness was calculated 
according to Equations 1 and 2. 

2.4.3 Determination of air permeability 

After 210 days, the specimens were tested to determine the surface permeability using Porosiscope equipment, 
which is shown in Figure 2. The air was pressurized on a concrete surface with a pressure of 55 kPa. The equipment 
timer determined how many seconds it took for the pressure to drop to 50 kPa. 

 
Figure 2. Porosiscope equipment. 



L. L. Pimentel, G. F. Rizzo, A. E. P. G. A. Jacintho, and P. S. P. Fontanini 

Rev. IBRACON Estrut. Mater., vol. 13, no. 6, e13613, 2020 7/17 

The permeability was determined according to the time that the air took to travel through the pores and into the 
concrete, by decreasing the pressure in the device fixed on the surface of the specimen. The equipment manual 
determines the classification of concrete according to the time required to lose pressure [42], as shown in Table 4. 

Table 4. Material classification according to permeability. 

Quality Category Time(s) Protection Quality 
0 < 30 Poor 
1 30 - 100 Moderate 
2 100 - 300 Satisfactory 
3 300 - 1000 Good 
4 > 1000 Excellent 

Fonte: ASTM C 1202-05 [46] 

2.4.4 Chloride migration 
The chloride migration test was based on the methodology of Medeiros [45] and is outlined in Figure 3. The 

migration cells were assembled with PVC tubes, as this is a material resistant to aggressive media [42]. The two 
compartments, anodic and cathodic, were separated by a concrete sample with a thickness of 5 cm. Distilled water was 
placed in the anode compartment, and in the other, a solution with 1 M NaCl. A potential difference of 12 V was applied 
by an external voltage source, connected by electrodes with lengths of approximately 40 cm. 

 
Figure 3. Scheme of chloride migration test adapted from Medeiros [45] 

Like Medeiros [45], in addition to the concentration of chloride in the anode compartment, the temperature, electric 
current, conductivity and time necessary for the solutions to be chemically stabilized were also monitored. All data 
were collected by sensors and controlled by an Arduino board (A), which collects the data and transmits it to a memory 
card. Acting with the Arduino board (A), the drivers for Arduino (B) were: i) Current sensor, ii) Channel selector and 
iii) a digital device used to choose the channel. 

The acquisition system selected the channel through digital outputs, and the SD card stored this data, which was 
made available in an Excel spreadsheet. 

The electrical conductivity reading was performed using an Instrutherm model CD-880 Conductivity meter Pen (E). 
The internal temperature of the liquid was collected by the MCP 9700 sensor (C) and the DHT22 (D) sensor measured 
the humidity and temperature above the liquid level. 
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To make the correlation between chloride content and conductivity, a correlation curve was produced (Figure 4). 
The obtained R2 was 0.9867, thus showing a strong correlation between conductivity and chloride concentration. 

In this test, the peak current in mA and the concentration of chloride in the anode compartment—as a function of 
time (in seconds) were determined. 

 
Figure 4. Calibration line between chloride concentration (M) and conductivity (mS /cm). 

2.5 Results analysis 

To carry out the statistical analysis of the mechanical characteristics of the concrete, some procedures were 
conducted. First, to verify whether the characteristics of the data met the assumptions of MANOVA (Multivariate 
Analysis of Variance), normality was assessed by the Shapiro-Wilk test, and homogeneity of variance by the Bartlett 
test. After verification and validation of the data, a MANOVA could be performed. This analysis was performed for 
the mechanical characteristics of the concrete, produced at 7, 28, 90, and 180 days after immersion in saline solution. 
Physical characteristics were also analyzed, including water absorption capacity by immersion and water absorption 
capacity by capillarity. 

3 RESULTS AND DISCUSSIONS 

3.1 Fresh concrete characteristics 

Table 5 presents the results of the tests carried out on the concrete in its fresh state. The use of superplasticizer 
additive ensured 65 mm consistency, defined as standard. It was observed that the reference concrete (T REF) presented 
a specific gravity that was greater than the other concretes, which can be explained by the specific mass of the natural 
coarse aggregate, shown in Table 1 to be greater than that of the recycled coarse aggregates. 

Table 5. Fresh concrete characteristics. 

Concrete Slump Test (cm) Specific mass (g/cm3) 
T REF 6.5 2.50 

T 30 ARCO 6.5 2.44 
T 30 ARCI 7.0 2.44 

T 30 ARCI Treated 6.5 2.37 
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3.2 Mechanical properties 
The mechanical properties that were evaluated for concrete in the hardened state were the resistance to axial 

compression and the modulus of elasticity. Figure 5 shows the results of resistance to axial compression, through which 
all concrete mixtures reached the proposed strength class of 30 MPa. 

 
Figure 5. Results of resistance to axial compression. 

At 28 days (post saline solution immersion), all concrete showed resistance to axial compression that were 
statistically similar to each other. 

This behavior was not observed at 90 and 180 days. At 90 days, T 30 ARCO and T 30 ARCI showed similar behavior when 
compared to T REF, while T 30 ARCI Treated showed statistically different results and were thus inferior to the other concrete. 
At 180 days, T 30 ARCI showed a decrease in its resistance to axial compression, becoming statistically similar to T 30 ARCI 
Treated, whereas T REF and T 30 ARCO presented results that were statistically similar to each other. 

After 180 days of saline immersion, all concrete showed similar behavior. It is worth mentioning that when the results of 
the resistance to axial compression after immersion in saline solution were compared with the results at 180 days, there were 
decreases in the results of resistance for T REF, T 30 ARCO and T 30 ARCI, a behavior that was not observed for T 30 ARCI 
Treated. Silva and Andrade [30] obtained loss in axial compression resistance for concretes that used only recycled aggregate 
when compared to the reference concrete; this behavior was improved by the addition of fly ash. 

On the other hand, by crushing 80 MPa strength class concrete, Afroughsabet et al. [4] produced recycled aggregates 
when used in the production of concrete with a 50% substitution content, and showed results superior to the reference 
concrete. When this substitution content reached 100%, the results of resistance to axial compression obtained were similar 
to that of the reference concrete. The authors also point out that when the recycled aggregates produced started from a 40 
MPa concrete, the same behavior was not observed, and the results of resistance to axial compression were lower than the 
reference concrete. In this study, the replacement of 30% of the natural aggregate with the recycled concrete aggregate 
(ARCO) produced from concrete with resistance between C30 and C50, did not affect the resistance to axial compression 
when compared to T REF. That is, the quality of the recycled aggregate can be linked to the type of crushed material. 

Figure 6 shows the results obtained for the modulus of elasticity test. The concrete produced with ARCI showed a 
statistically inferior result when compared to the others at 28 days, approximately 17% lower than the T REF. However, 
at 90 and 180 days, this behavior was not observed. At these stages (90 and 180 days) all concrete variants showed 
statistically similar behavior. Only for the T 30 ARCI line could a decrease in the elasticity modulus of the concrete be 
observed after 180 days of immersion in saline solution. 
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Figure 6. Results of modulus of elasticity. 

McGinnis et al. [2] pointed out a 26.4% reduction in the modulus of elasticity for concrete produced with 50% 
recycled aggregate, and a 34.4% decrease for concretes with a 100% substitution content. The reduction observed by 
McGinnis et al. [2] was higher than that obtained in this study, but this is justified by the fact that the researchers used 
a higher percentage of substitution of the natural aggregate than that used in this research. 

3.3 Indirect durability measurements tests 

3.3.1 Water absorption capacity by immersion and capillarity 
The main factor that affects the durability of concrete is the entry of gases and liquids into its interior. The ease of 

entry of deteriorating agents is linked to the useful life of the structure. 
Figure 7 shows the water absorption capacity for all of the immersed concrete variants. It is observed that, 

at 28 days, the T REF showed a water absorption capacity by immersion higher than the concrete variants with 
recycled aggregate, and this behavior was not maintained at the later stages, when the water absorption capacity 
by immersion was higher for mixtures with recycled aggregates. It should be noted that the maximum 
absorption capacity obtained was 6%. 

After 180 days of saline immersion, the concrete variants produced with recycled aggregate had a lower water 
absorption capacity than T REF. This behavior can be explained by the pore structure of the concrete, that is, the 
concrete variants produced with recycled aggregate are more porous, and when immersed in saline, they tend to absorb 
sodium chloride more easily and consequently, it solidifies and crystallizes inside the pores, filling voids and thus 
decreasing its water absorption capacity by immersion. 

 
Figure 7. Results of water absorption capacity by immersion. 
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In this study it was observed that the water absorption capacities by immersion of the concrete variants using 
recycled aggregate were higher than those obtained for the reference concrete (TREF), consistent with the results of 
Troian [47]. 

Cenalmor et al. [19] pointed out that the substitution of natural aggregate for recycled aggregate should not be higher 
than 20%, since with this substitution content, the authors obtained a water absorption capacity by immersion of around 
5.7%, a value close to the Instrucción Española del Hormigón Estructural (EHE-08). The water absorption capacity 
values for the present study reached a maximum value of 6%. 

The results of water absorption by capillarity are shown in Figure 8, where the capillarity coefficient of 72 hours of 
each mix was observed at each test stage. 

At the 28 days stage, the capacity of water absorption by capillarity of the T REF was greater than for the 
other variants. After this stage, the mixtures produced with recycled aggregate presented greater capillarity 
coefficients. 

 
Figure 8. Results of capillary water absorption capacity.  

3.3.2 Permeaability 

The results of the air permeability test, performed with the Porosiscope equipment, are shown in Table 6. 
In Table 6, it is possible to observe that even the concrete using natural aggregate (T REF) did not present a good 

classification regarding its permeability to air, being classified as moderate and presenting results between 30 and 100 s. 

Table 6. Results of permeability test by the Porosiscope equipment. 

Permeability 
Concrete Time (s) Classification 

T REF 55.5 Moderate 
T 30 ARCO 21.5 Poor 
T 30 ARCI 17.25 Poor 

T 30 ARCI Treated 17.25 Poor 

The results obtained in the present study are inferior to those obtained by Cenalmor et al. [19]. All other concrete 
mixes produced in the present study were classified as poor in terms of air permeability. However, the a/c ratio, used 
by Cenalmor et al. [19] (0.5), was lower than that used in this study (0.6). It is observed that the reference concrete (T 
REF) presented a better result than the mixtures using recycled aggregate, since it took the air approximately three 
times longer to flow through the pores compared to the mixtures produced with recycled aggregate. 

When comparing the mixtures with recycled aggregate to each other, the T 30 ARCO showed the best behavior. 
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3.3.3 Determination of carbonation depth 
Table 7 presents the results obtained from the carbonation test, with the results of carbonated area and average 

thickness of carbonation, the photographs of the specimen after the spraying of phenolphthalein, and the image drawn 
in the AutoCAD® program. 

It can be observed that the carbonated area of the mixture produced with recycled concrete aggregate (T 30 ARCO) 
presented a better result, that is, it suffered less aggression than the mixture produced with recycled aggregate (T 30 
ARCI and T 30 ARCI Treated). As expected, the reference concrete (T REF) obtained the smallest carbonated area. 

In turn, when comparing T 30 ARCI and T 30 ARCI Treated, it is notable that for this determination, the treatment 
was effective. 

Silva and Andrade [30] and Pedro et al. [31] note that concrete using recycled aggregates have a high porosity when 
compared to concretes that use natural aggregate, and that this characteristic has a significant influence on the 
carbonation process. According to the authors, at later stages, the depth of carbonation obtained was greater. 

Pedro et al. [31] presented results of carbonation depth at 91 days. For concrete using natural aggregate, the depth 
reached 5.0 mm, while concrete using recycled aggregate had values between 6.2 to 10.6 mm. It is worth mentioning 
that the determination of the carbonation depth was defined by the authors as being measured after 91 days in a 
carbonation chamber, with a constant temperature of 20 ºC and carbon dioxide concentration of 5 +/- 1%. They [23] 
also found that even though the carbonation depths were greater for concrete variants produced with recycled aggregate, 
the differences in depth for the natural aggregate concrete variants were between 3 and 6 mm. In this work, the 
carbonation thickness of all mixtures did not exceed 6 mm, confirming the results obtained by NBR 7211 [23]. 

Table 7. Results of carbonation test. 

Sample Sample Photo Image Analysis Carbonated area 
(cm2) e (mm) 

T REF 

 

 

1.96 1.27 

T 30 ARCO 

 

 

2.57 1.65 

T 30 ARCI 

 

 

8.02 5.24 

T 30 ARCI 
Treated 

  

4.83 3.12 

e: average carbonation thickness. 

3.3.4 Determination of chloride penetration 
The results of the chloride penetration test (area, thickness of penetration, photographs taken after spraying silver 

nitrate solution and the drawn images) are shown in Table 8. 
In this case, T 30 ARCO and T 30 ARCI had an ion penetration area smaller than the T REF. It is noted that in 

neither case did the penetration thickness exceed 15 mm. It is worth mentioning that the concrete variants produced for 
this work meet the aggressiveness classes 1 and 2 of the NBR 12655 standard [48]. For these two classes of 
aggressiveness, NBR 6118 [12] defines respective minimum coverages of 20 and 25 mm for slabs, 25 and 30 mm for 
beam / columns, and 30 mm for structural elements in contact with the ground. In addition to the minimum coverage, 
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the minimum coverage plus the execution tolerance, which must be at least another 10 mm, must also be added in the 
construction of the structure. 

Table 8. Results of chloride penetration test. 

Sample Sample Photo Image Analysis Carbonated Area 
(cm2) e (mm) 

T REF 

 
 

17.60 11.89 

T 30 ARCO 

  

10.89 7.19 

T 30 ARCI 

  

15.24 10.22 

T 30 ARCI 
Treated 

  

18.76 12.76 

e: average carbonation thickness. 

Thus, until the end of the 180-day period, none of the concrete variants had a greater carbonation thickness and 
chloride penetration thickness than the minimum coverage required by the Brazilian standard. 

3.3.5 Chloride migration 
Figure 9 shows the monitoring of electric current during the chloride migration test. It was observed that the 

behavior of the electric current in the chloride migration test was similar for all concrete variants. Initially, the current 
measured in the test was zero mA and gradually increased until it reached its peak, before then decreasing until the 
value reached was practically zero mA. Medeiros [45] found that the greater the peak of the current, the greater the ease 
with which the electrical current was able to travel through the concrete, meaning that the material has greater 
permeability. In this case, the highest peak current was presented by the T 30 ARCI, followed by the treated T 30 ARCI. 
As for the air permeability, carbonation and chloride penetration tests, the T 30 ARCO presented the best behavior, that 
is, the lowest current peak, even lower than the reference (T REF). 

In addition to monitoring the electric current, this test also made it possible to calculate the concentration of chloride 
in the anode compartment, the results of which are shown in Figure 10. The concentration of chlorides showed a result 
similar to that obtained at peak current. The lowest concentration of chloride was obtained by T 30 ARCO, followed 
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by T REF. The concrete variants with recycled aggregate type ARCI and ARCI Treated obtained similar and higher 
results, indicating greater permeability to the passage of ions. For the tests of indirect measurement of durability, it is 
notable that the T 30 ARCO variant presented the best behavior when compared to the other concrete variants that used 
recycled aggregates. In several tests, this behavior was even better than the reference concrete (T REF). 

 
Figure 9. Monitoring of electrical current during chloride migration test.  

 
Figure 10. Chloride concentration in the anode compartment.  

4 CONCLUSIONS 
In view of the materials and test conditions of the present study, it can be concluded that: 

• The use of coarse recycled concrete aggregate (ARCO) up to a content of 30% to replace natural aggregate does not 
change the resistance to axial compression. 

• There is a decrease in the resistance to axial compression when using ARCI and ARCI-treated aggregates; however, 
all concrete types reached the desired strength class C30. 

• The elastic modulus of all variants showed statistically equal values for the most advanced stages, from 90 and 180 
days. 

• Regarding the tests of indirect durability measurement, it is notable that the results obtained by the mix produced 
with recycled concrete aggregate (T 30 ARCO) presented better behavior in the face of attacks, including, in some 
cases, where the behavior of the T 30 ARCO was better than T REF. 

• Regarding the migration of chloride ions, the T 30 ARCO concrete showed a lower index, showing better 
performance than the T REF. 
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• There was no improvement in the characteristics of the concrete produced with the treated cementitious aggregate 
(T 30 ARCI Treated) when compared to the concrete produced with cementitious aggregate (T 30 ARCI), indicating 
that this treatment is not viable. 

Although the concrete produced with recycled concrete aggregate (ARCO) stood out over the others, this does not 
indicate that the use of cement aggregate (ARCI) is impracticable, and that this recycled aggregate does not guarantee 
adequate characteristics for concrete with structural functionality. 
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Abstract: This study addresses a numerical analysis of reinforced concrete columns in which the lengths are 
significantly larger than their widths with a rectangular cross section. Numerical simulations of 1,440 cases 
were performed, each case simulated with the single bar model, isolated bar model and mesh model, in 
addition, 3D model simulations were carried out. For the validation of 3D models and bar models, 
comparisons were made between the numerical simulation e experimental results of 24 reinforced concrete 
columns. Second order effects were analyzed on the vertical moment at the edge of the columns in which the 
lengths are significantly larger than the widths (localized second-order effects) and also the values of the 
horizontal moments along the cross sectional length in the mesh model. Influences of the main variables were 
observed influencing the behavior of the columns in which the lengths are significantly larger than their 
widths: the ratio between the cross sectional dimensions, the slenderness and the stresses (normal stress and 
bending moment around the axis of greatest inertia). 

Keywords: shear walls, numerical analysis, nonlinear analysis, localized second-order effects. 

Resumo: Neste trabalho foi feita uma análise numérica de pilares-parede de concreto armado com seção 
transversal retangular. Foram feitas simulações numéricas de 1.440 casos, onde cada caso foi simulado com 
o modelo de barra única, com o modelo de barras isoladas e com o modelo de malha, além disso, foram feitas 
simulações em modelos 3D. Para a validação dos modelos 3D e modelos de barra foram feitas comparações 
entre as simulações e resultados experimentais de 24 pilares de concreto armado. Foram analisados os efeitos 
de segunda ordem no momento vertical na extremidade do pilar-parede (efeitos localizados de segunda ordem) 
e também os valores dos momentos horizontais ao longo do comprimento da seção transversal no modelo com 
malha. Após as simulações numéricas foram feitas análises dos efeitos de segunda ordem no momento fletor 
ao longo da altura dos pilares-parede e dos momentos fletores na direção do comprimento da seção, 
observando as influências das principais variáveis que determinam o comportamento dos pilares-parede a 
relação entre as dimensões da seção transversal, a esbelteza e os esforços solicitantes (esforço normal e 
momento fletor em torno do eixo de maior inércia). 

Palavras-chave: pilar-parede, análise numérica, análise não linear, efeitos localizados de segunda ordem. 

How to cite: M. C. B. N. Campos, P. M. V. Ribeiro, and R. A. Oliveira, “Numerical analysis of reinforced concrete shear walls with rectangular 
cross section,” Rev. IBRACON Estrut. Mater., vol. 13, no. 6, e13614, 2020, https://doi.org/10.1590/S1983-41952020000600014 

INTRODUCTION 
Shear walls are structural elements in which the cross sections are normally rectangular or consisting of rectangles 

where one of the dimensions is larger than the other, resulting in a column with an open or shut section with a slender 
wall. In accordance with ABNT NBR 6118:2014 [1], columns with a larger dimension of the cross section five times 
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more than the smaller dimension (b>5h) are called shear walls. Cross sections of shear walls can be single, rectangular, 
or consisting of two or more rectangles, having as a result sections in the shape of C, T, L and H, with high axial rigidity 
and high bending strength. 

Similar to ABNT NBR 6118:2014 [1], the majority of international standards (for example, ACI-318 [2] and 
MC10 [3]) classify shear walls only according to the geometry as a result of the ratio between the sizes of the cross 
section, without considering the importance of the different effects from the existing demands. 

Normally, shear walls act as bracing structures of the building and are placed in staircases and elevator shafts of tall 
buildings. They withstand both horizontal (due to wind or earthquakes) and gravitational loads. 

According to Campos [4], the three key points to be observed when analyzing and sizing shear walls are: first, the 
distribution of the overall horizontal forces on the structural elements comprising the building; secondly, how these 
overall forces are absorbed by the cross section, and lastly, the possibility of localized effects. 

Reinforced concrete shear walls with slender wall cross sections, when undergoing mainly compressive strengths 
due to the bending moment around the axis of greater inertia, are subject not only to localized effects along the stretch 
between cross bracing, but to concentrated effects at the ends of their cross section. These effects are termed by ABNT 
NBR 6118:2014 [1] as localized second order effects, see Figure 1. 

The problem of buckling in concrete cross sections is more frequent now, mainly due to evolution of concrete 
technology, which has successfully produced stronger materials, resulting in cross sections with very high slenderness, 
which was not common in the shear walls of older buildings, when the strength of concrete used was not so high and, 
consequently, the cross sections were thicker, and therefore much more robust than those used today. 

 
Figure 1. Localized second order effects (ABNT NBR 6118:2014 [1]) 

According to Wallace and Moehle [5], because of the significant progress in construction and design practice over 
the last 30 years and in order to optimize savings and safety, engineers made several modifications to the shear wall 
design boundaries. These modifications resulted in slimmer profiles undergoing stricter requirements that were 
confirmed in most laboratory tests or field experiments. 

Failure due to buckling was observed in some laboratory tests (e.g., Thomsen and Wallace [6]. Detailed surveys 
carried out as part of the ATC-94, apud Wallace and Moehle [5], indicate that overall buckling of the wall was not 
caused by the shift in reinforcement (as had been initially suspected based on earlier studies), but instead, was a result 
of lateral instability of previously crushed edges. 

Parra and Moehle [7] found two buckling mechanisms in the shear walls. The first occurs after the end of the shear 
wall had undergone a tensile plastic deformation that causes fissuring and, consequently, reduced rigidity. The second 
buckling mechanism begins with the detachment of the concrete from the reinforcement cover, resulting in a relatively 
slender core that tends to buckle. They conclude that the buckling mechanism is a form of secondary failure, which 
occurs after the reduction in rigidity of the end of the shear wall. 

According to Wight and MacGregor [8], the main factors to be considered in the design of structural walls are the 
following: the structural function of the wall in relation to the rest of the structure, the wall may be supported and 
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clamped to the structure, or the wall may act as a support and bracing for the rest of the structure; the types of load that 
the wall withstands; and the quantity and positioning of reinforcement in the cross section of the wall. 

Based on the 2003 version, ABNT NBR 6118 implemented an item (15.9) specifically addressing the sizing of shear 
walls. In this item, ABNT NBR 6118:2014 [1] determines that: “In order for shear walls to be able to be included as 
linear elements in the resistant assembly of the structure, it should be guaranteed that their cross section keeps its 
shape by proper bracing on the different floors and that the local second order effects are duly assessed”. 

The local second order effects in shear walls must be analyzed in the same way as the conventional columns (b≤5h) 
and the localized second order effects may be considered according to an approximate process in which the shear wall 
is broken down into vertical strips that must be analyzed as separate columns. This approximate process of ABNT 
NBR 6118 was criticized in the technical sector, mainly with regard to analyzing the strips as if they were separate 
columns, since it is a situation very different from reality. 

Campos [4] states that another item that has created lively discussion in the technical field is the quantity of 
transverse reinforcement in shear walls required by ABNT NBR 6118 since the edition in 2003. This transverse 
reinforcement is designed to combat buckling of the longitudinal reinforcement rods and to withstand the forces of 
horizontal bending from the localized second order effects. 

In other international standards, namely, for example, ACI-318 [2] and MC10 [3], there is no reference to the 
consideration of the localized second order effects in the sizing of shear walls. However, the Brazilian situation is quite 
different from the rest. One of the major differences between what happens abroad and in Brazil is the occurrence of 
earthquakes. In Brazil, the main horizontal loading acting on buildings comes from wind force, contrary to what occurs 
in other countries, where the horizontal loading of the wind is secondary and the main horizontal demand originates in 
seismic waves. 

This difference in loadings is reflected in the applied forces and, consequently, in how the shear walls are treated. 
Table 1 shows the sizes of the cross sections and the values of the dimensionless normal force of the shear walls 
analyzed by Araújo [9], França and Kimura [10], Arnott [11], Sritharan et al. [12], where a huge difference is found in 
the values of the design dimensionless normal force (νd). 

Table 1. Sections Dimensions and dimensionless normal force 

 b (cm) h (cm) b/h νd 
Araújo [9] 360 20 18 0.88 

França and Kimura [10] 300 20 15 0.68 
Anott [11] 600 20 30 0.04 

Sritharan et al. [12] 229 15 15 0.00 

Figure 2 shows the horizontal shake map in different parts of the world. The range of colors varies from white to 
brown, where the white represents the regions with low shake values and the brown representing regions with peak 
shake values. 

 
Figure 2. World horizontal shake map (http://www.maparelieve.com) 
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ABNT NBR 15421:2006 [13] sets the minimum requirements for checking the safety of the usual structures in civil 
construction in relation to the seismic actions and quantifying criteria of such actions and the strengths to be considered 
in the design of buildings’ structures. To define the seismic actions to be considered in a design, this standard divides 
Brazil into five seismic zones (due to the design shake characteristic - g), as shown in Figure 3. 

 
Figure 3. Characteristic horizontal shake map of Brazil (ABNT NBR 15421:2006) 

Pursuant to item 7.3.1 of ABNT NBR 15421:2006 [13], for structures located in the seismic zone 0 there is no 
requirement of seismic resistance. Figure 3 shows that most Brazilian territory is within the seismic zone 0, especially 
the most densely populated regions and, therefore, with a higher quantity of buildings and where the highest are located, 
which are those that most suffer the effects of horizontal loads. 

The region comprising the States of Ceará, Rio Grande do Norte and Paraíba has a relatively high population density 
(especially in the capitals) and are outside the seismic zone 0. This region is practically all within a seismic zone 1 
where, and despite being necessary, low intensity seismic effects are considered since the value of the characteristic 
design shake is 0.025-0.05 (g). This is why the loading referring to seismic action in Brazil is not as important as in 
other countries. 

1.1 Justification 
Shear walls are structural elements very often used in bracing systems in modern buildings. The approximate process 

implemented by the ABNT NBR 6118:2003 [14] for sizing these elements has no similarity with what is presented by other 
standards that address this topic. The Brazilian situation is quite unique, however, especially concerning the loads that 
buildings will withstand throughout their working life, since very intense earthquakes are not to be found, at least in the more 
densely populated regions where there are the tallest buildings and more prone to suffer damages from horizontal loads. 
Therefore, we should really give a specific treatment to the shear walls in Brazilian buildings. 

Although the approximate process implemented by ABNT NBR 6118:2003 [14] version has been widely criticized, 
it was kept in its 2014 version. The two key points that should be analyzed are the increase in the bending moment 
along the shear wall height, caused by the localized second order effects and the appearance of a bending moment along 
the length of the shear wall (largest dimension of the cross section). 

Using this approximate process has resulted in a very high reinforcement rate (both longitudinal and transverse) in 
cases of shear walls with a rectangular section, and even in cases where the ratio between the largest and smallest size 
is close to the limit (b=5h). 

A small sample will be presented here that could occur when sizing shear walls based on the recommendations of ABNT 
NBR 6118:2014 [1]. The data will be provided for eight buildings designed in the city of Teresina, Piauí State (PI). Table 2 
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shows some of the main characteristics of these buildings, namely the number of floors, total height, tower blueprint dimensions, 
slenderness (ratio between total height and smallest dimension on plan) and the existence or otherwise of a rigid core. 

Table 2. Characteristics of buildings 

Building Nº Floors Height (m) Floor plan dimensions (m) Slenderness Rigid core Lx Ly H/Lx H/Ly 
1 24 74.9 20.43 22.08 3.67 3.39 No 
2 17 52.7 17.73 20.73 2.97 2.54 No 
3 22 64.4 41.21 19.68 1.56 3.27 Yes 
4 18 53.5 32.63 25.54 1.64 2.09 Yes 
5 18 55.0 29.20 30.90 1.88 1.78 Yes 
6 21 63.9 38.20 18.93 1.67 3.22 Yes 
7 11 32.2 25.54 17.39 1.26 1.85 No 
8 20 60.4 34.10 26.10 1.77 2.31 Yes 

This is a fairly heterogeneous sample since, as can be seen from the above table, the number of floors varies from 
11 to 24, total height from 32.2 to 74.9 meters and slenderness from 1.26 to 3.57. 

Table 3 shows the characteristics of some columns of these buildings. It illustrates that the ratio between the largest 
and smallest size of the cross section is always equal to 5, which is the limit value between a conventional column and 
shear wall. This did not occur by chance, and became a design guideline whenever possible to prevent the use of sections 
in which a ratio between their dimensions is more than 5. Otherwise, it would be necessary to increase the quantity of 
reinforcement to comply with ABNT NBR 6118:2014 [1], since it recommends that in such cases the localized effects 
are considered and that the quantity of transverse reinforcement must be 25% or more of the longitudinal reinforcement 
(except in cases where a horizontal bending study has been undertaken). 

Table 3. Characteristics of columns 

Building Column Nº Transversion section Longitudinal Stirrup 
Nº section reinforcement Column Shear wall 

Jacarandá P11 25x125 18 φ 25 Φ8 c/20 Φ8 c/5.7 
P15 25x125 18 φ 25 Φ8 c/20 Φ8 c/5.7 

Jardim Fiesole 

P2=P27 25x125 12 φ 25 Φ8 c/20 Φ8 c/8.5 
P5 20x100 8 φ 25 Φ8 c/20 Φ8 c/10 

P6=P7=P14 25x125 16 φ 25 Φ8 c/20 Φ8 c/6.4 
P18 30x150 28 φ 25 Φ8 c/20 Φ8 c/4.4 

Chamonix 
P2=P4=P25 30x150 26 φ 25 Φ8 c/20 Φ8 c/4.7 

P3=P26 30x150 38 φ 25 Φ8 c/20 Φ8 c/3.2 
P12 30x150 18 φ 25 Φ8 c/20 Φ8 c/6.8 

Jardim Positano 

P3=P23 30x150 32 φ 25 Φ8 c/20 Φ8 c/3.8 
P6 25x125 16 φ 12.5 Φ5 c/15 Φ5 c/10 

P7=P22 30x150 28 φ 25 Φ8 c/20 Φ8 c/3.8 
P8 20x100 22 φ 16 Φ5 c/19 Φ5 c/3.6 

Savona Residence 
P10=P13= 30x150 18 φ 25 Φ8 c/20 Φ8 c/6.8 P14=P18 
P44=P68 25x125 16 φ 25 Φ8 c/20 Φ8 c/6.4 

Maranhata 

P9=P27 25x125 20 φ 25 Φ8 c/20 Φ8 c/5.1 
P13 30x150 18 Φ8 c/20 Φ8 c/3.4 
P16 25x125 20 φ 25 Φ8 c/20 Φ8 c/5.6 
P17 25x125 26 φ 25 Φ8 c/20 Φ8 c/4.7 

P20=P23 25x125 24 φ 25 Φ8 c/20 Φ8 c/4.3 
P22 25x125 16 φ 25 Φ8 c/20 Φ8 c/6.4 

Table 3 also shows the longitudinal and transverse reinforcements obtained for sizing, considering a conventional 
column, in addition to the quantity of transverse reinforcement necessary to comply with ABNT NBR 6118:2014 [1] 
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should the column be considered a shear wall and the relationship between these quantities as transverse reinforcement. 
This increase in transverse reinforcement was fairly high, varying from 2 to 6.2 times the necessary value for a 
conventional column, and without taking into account the localized effect that would probably result in an increase in 
longitudinal reinforcement and, consequently, in an even greater quantity of transverse reinforcement. This increase in 
reinforcement could result not only in a higher cost of the column but also its unfeasible implementation. 

2 NUMERICAL SIMULATIONS 
The first steps in performing a numerical simulation are to define the models to be used and to select the computer 

program. The main computer models used for numerical simulation of shear walls are three-dimensional models (solid 
elements), two-dimensional (plane stresses, plane deformations, shells), macro models and bar element models. In this 
study three-dimensional models were used as well as bar element models with a single bar (vertical) and bar element 
models consisting of a bar mesh (vertical and horizontal). 

Two commercial computer programs were used, - MIDAS-FEA for numerical simulations with three-dimensional 
elements, and CAD-TQS for bar element models. It should be mentioned that it was only possible to use CAD-TQS by 
implementing some specific routines for this study, which are not available in the commercial version of the program. 
These routines were implemented by the courtesy of the TQS company technical team. 

2.1 Single bar model 
The models that use a single bar to represent a stretch of a column were used not only to simulate the entire section 

of the shear wall as if it were a single bar, but also to simulate isolated strips of shear walls obtained by using the 
approximate process in ABNT NBR 6118:2014 [1], each strip represented by an isolated bar. In this model each node 
has six degrees of freedom. 

The geometric and physical nonlinearity were considered in models that use bar elements. The General Method was 
used in which the geometric nonlinearity was taken into account using the interactive P-δ process, through the load 
increment method. The total load was divided into 20 equal increments. The bars were divided into 12 equal parts and 
a finite element model was used to obtain the results. The physical nonlinearity was considered using the diagram M, 
N, 1/r, as described by Ribeiro [15]. 

The consideration of the physical nonlinearity was a point where it was necessary to request an adjustment to the 
mesh model available in CAD-TQS, since the drying rigidity obtained for the section by linearizing the diagram M, N, 
1/r uses the design maximum moment value withstood by the section (MRd) and not the value of the design stress 
moment on the section (MSd). This is the procedure recommended by ABNT NBR 6118:2014 and can be adopted in 
designs, with no problem whatsoever, since it is conservative, but when using this procedure it may cause inconsistency 
in the results. This inconsistency was found in this study, which is why it was necessary to be adjusted in the CAD-
TQS model. 

2.2 Mesh model 
This model consists of a mesh of horizontal and vertical bars. In it each vertical bar represents a strip of the shear 

wall obtained using the approximate process of ABNT NBR 6118:2014 [1]. Each vertical bar was divided into ten 
elements and their nodes were linked to the nodes of the adjacent strip by horizontal bars, to prevent a strip from being 
deformed independently of the others. As a result a point is eliminated, in which the approximate process of ABNT 
NBR 6118:2014 is widely criticized, perhaps the point most severely criticized of all. 

In this model the geometric and physical linearity of the vertical bars are considered in the same way as in the single 
bar model and horizontal bars are considered elastic and linear with the characteristics of the gross concrete section, 
according to TQS [16]. 

2.3 Three-dimensional models 
Three-dimensional models were made using the computer program MIDAS-FEA, in which the concrete was 

modeled using hexahedral solid elements, with eight nodes, and steel bars were modeled using the Line 3D element, in 
which the bar axis is defined and the program automatically converts the line into a solid element. To avoid problems 
when introducing loading, rigid blocks were created at the top and bottom of the columns and also modeled using 
hexahedral solid elements according to MIDAS [17]. 
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The material used to represent the behavior of the concrete was Total Strain Crack, which describes the tensile and 
compressive behavior of a material with one stress-strain relationship. When the concrete undergoes tensile 
deformations the constituent ratio was defined using the Brittle function, which is a bilinear function whose diagram is 
represented in Figure 4a, where ft is the concrete's tensile strength. In case of compressive deformation the constituent 
ratio was defined by the function of Thorenfeldt, which is a non-linear function whose diagram is represented in 
Figure 4b, where fc is the concrete's compressive strength. 

 
Figure 4. Stress-strain diagrams of concrete 

The von Mises model was used to represent the behavior of the steel and rigid block, in which it is necessary to 
specify the elastic modulus, Poisson’s ratio and the tensile elastic modulus, according to MIDAS [17]. 

2.4 Validation of computer models 
To validate the computer models, results were used from the experimental work undertaken by Melo [18]. This 

study involved the experimental analysis of 24 reinforced concrete columns undergoing normal flexure and axial 
compression in the Structures Laboratory of the University of Brasília. The experimental program consists of three test 
series, with ten columns in Series 1, seven in Series 2 and seven in Series 3. The columns were identified as follows: 
PFN e-L, where: 

PFN –column under flexure and axial compression normal stresses; 
e – value of eccentricity toward least inertia, in millimeters; 
L –length of column in meters. 
Table 4 shows the characteristics of the tested columns. It is worth mentioning that the columns undergoing centered 

compression have the same name. 
To validate the computer models, numerical simulations were made only in the cases where the section was actually 

submitted to the normal unsymmetrical bending, with a total of 21 cases since three cases were under centered 
compression (PFN 0-3, PFN 0-2.5 and PFN 0-2). In these simulations the three-dimensional models and single bar 
models were used without considering transverse reinforcements. 

Figure 6 illustrates the three-dimensional model of case PFN 24-2. It provides an overview of the finite element 
mesh (a), the lines representing the steel bars (b) and a detail of the rigid block when being loaded (c). The model 
consists of two rigid blocks with the same dimensions of 12 cm x 25 cm x 12 cm (x,y,z), one on top and another at the 
bottom, in addition to the middle stretch with dimensions equal to 12 cm x 25 cm x 176 cm (x,y,z). 

The program automatically created a mesh, taking as reference a 4 cm dimension for the elements. Thus each rigid 
block consists of 128 elements and the central part comprises 1888 elements. 

Loading was introduced by applying the concentrated loads to the nodes of the two rigid blocks (top and bottom). 
The vertical load was applied to the nodes along the axis towards x that is in the middle of the cross section and the 
moment was applied using a binary along the axes towards x that are on the edges of the cross section. In order for the 
concentrated loads to be standardized in a small stretch and for the deformations of these elements to be very small, a 
linear elastic material was used in the rigid blocks with a high elastic modulus value equal to 100,000 GPa. 

The boundary conditions were introduced by applying restraints to the nodes of the rigid blocks. The boundary 
conditions represent an articulated column; to do so, restraints were imposed on the nodes placed along the axis towards 
x in the middle of the cross section. Shifts were prevented towards axes x and y, leaving the rotations free around the 
three axes (x, y, z) and the shift towards axis z. 



M. C. B. N. Campos, P. M. V. Ribeiro, and R. A. Oliveira 

Rev. IBRACON Estrut. Mater., vol. 13, no. 6, e13614, 2020 8/17 

The characteristics of the materials representing the concrete and steel were obtained from test samples performed 
by Melo [18]. In the PFN 24-2 case, the concrete strength was equal to 38.5 MPa, the elastic modulus of the concrete 
was 20.6 GPa, the yield stress of steel was 595 MPa and the elastic modulus of the steel was 190 GPa. The slenderness 
ratio is 52.2 and a normal force is applied with relative eccentricity (e/h) of 0.20. 

Table 4. Characteristics of tested columns [18] 

Series Column e (mm) e/h λ L (cm) Ac (cm2) As (cm2) ρ (%) 

1 

PFN 0-3 2 0.00 

92.7 300 300 4.71 1.57 

PFN 6-3 6 0.05 
PFN 12-3 12 0.10 
PFN 15-3 15 0.13 
PFN 18-3 18 0.15 
PFN 24-3 24 0.20 
PFN 30-3 30 0.25 
PFN 40-3 40 0.33 
PFN 50-3 50 0.42 
PFN 60-3 60 0.50 

2 

PFN 0-2.5 0 0.00      
PFN 15-2.5 15 0.13      
PFN 24-2.5 24 0.20      
PFN 30-2.5 30 0.25 71.5 250 300 4.71 1.57 
PFN 40-2.5 40 0.33      
PFN 50-2.5 50 0.42      
PFN 60-2.5 60 0.50      

3 

PFN 0-2 0 0.00      
PFN 15-2 15 0.13      
PFN 24-2 24 0.20      
PFN 30-2 30 0.25 52.2 200 300 4.71 1.57 
PFN 40-2 40 0.33      
PFN 50-2 50 0.42      
PFN 60-2 60 0.50      

All these columns have a cross section 12 cm x 25 cm, longitudinal reinforcement consisting of six CA-50 steel 
bars 10 mm in diameter and transverse reinforcement consisting of CA-60 steel stirrups 5 mm in diameter and 10 cm 
spacing between them, see Figure 5. 

 

Figure 5. Cross section of columns 

To validate the numerical models a comparison was made between the values of the maximum horizontal 
displacements. In the numerical models the failure load value (obtained in tests) was divided into 20 load increments 
and a nonlinear analysis was made with a maximum number of interactions equal to 100. Figure 7 shows the 
deformation of column PFN 24-2 at the moment of collapse and the displacements towards x obtained by numerical 
simulations for the three-dimensional and bar element models. 
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Figure 6. Three-dimensional model in the PFN 24-2 case 

 
Figure 7. Displacements in column PFN 24-2 

Figure 8 provides a diagram with the comparison of the results of the vertical load-horizontal displacement ratio 
obtained in the experimental analysis, numerical analysis with three-dimensional (3D) elements and numerical analysis 
with bar elements in the case of column PFN 24-2. This figure shows a good match between results. The resulting 
values for the horizontal displacements as the value of the force increases are practically the same for the three models 
until a vertical load value of 300 kN. From this point on the displacements in the 3D model are slightly smaller than in 
the other two models. There is a very good match between the bar model and the experimental model up to the 
conventional failure load of the bar model, which is determined by limiting the deformations in steel and concrete, 10‰ 
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e 3.5‰, respectively. As the experimental model does not have this limitation, it reaches higher values for the breaking 
load and the corresponding displacement. The failure load values, and their displacements were: 440 kN and 14 mm 
for the experimental analysis; 456 kN and 8 mm for the 3D model; 410 kN and 9 mm for the bar model. 

 
Figure 8. Diagram maximum load displacement - PFN 24-2 

2.5 Definition of the analyzed cases 
The definition of the analyzed cases was based on the main variables that might influence the behavior of the shear 

walls: a ratio between the cross section dimensions (b/h); value of the slenderness index (λ); value of the calculated 
dimensionless normal strain (νd); and the value of the calculated dimensionless bending moment around the axis of 
greatest inertia of the cross section (μbd). 

Cross sections were studied with the following value of the ratio between the cross section dimensions: b/h=5; 
b/h=7.5; b/h=10; e b/h=15.For each b/h value six different numerical models were made, with the slenderness ratio 
varying between the limits specified by ABNT NBR 6118:2014 [1] for using the simplified process: λ=36; λ=50; λ=60; 
λ=70; λ=80; and λ=90.Thus, a total of 24 computer models were obtained. 

Each model was processed for six different values of design dimensionless normal force, within limits normally 
used in preparing designs: νd=0.1; νd=0.3; νd=0.5; νd=0.7; νd=0.9; νd=1.1. Ten different values of μbd were applied for 
each value of νd. 

The maximum value of the dimensionless bending moment applied to the section was determined by the rise of 
tensile strains caused by it. This value was obtained by multiplying the normal force value by an approximately 1/5 
equal relative eccentricity (e/b), which is slightly higher than the relative eccentricity that defines the center core of 
inertia of a rectangular section. Therefore, although tensile strains appear on the outside surface of the cross section, 
they are low in intensity so that in every case analyzed the bar representing the strip at the end pulled by the bending 
moment remained with a normal compressive force. This maximum value of a dimensionless bending moment was 
divided into ten moment portions, totaling 1,440 analyzed cases. 

Each of these cases was analyzed by three different bar models. In the first model the shear wall is analyzed as if it 
were a conventional column, being represented by a single vertical bar. In the second model the shear wall is analyzed 
according to the simplified model of ABNT NBR 6118:2014 [1]; that is, it is represented by a model consisting of 
separate vertical bars, in which each bar represents a strip of the shear wall. In the third model the shear wall is analyzed 
using the mesh model, in which horizontal bars connect the vertical bars representing the strips. 

In every case design dimensionless bending moments were applied around the axis of the smallest inertia of the 
cross section (μhd) equal to the minimum moments specified by ABNT NBR 6118:2014 [1]. 

The geometry definitions of models, concrete strengths and covers of the reinforcements took into consideration the 
recommendations of ABNT NBR 6118:2014 [1]. With a view to using values coherent with design practice and that 
were somewhat conservative, the lowest value permitted by ABNT NBR 6118:2014 [1] was adopted for the smallest 
dimension of the shear walls, namely, h=14 cm. The characteristic strength adopted for the concrete was 25 MPa, which 
is the lowest value recommended by ABNT NBR 6118:2014 [1] for uncovered concrete structures in urban zones. The 
value of 3 cm was considered for covering reinforcements (c). 
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For these h and c values there is a relatively low efficient reinforcement, since the distance from the latter to the 
center of gravity of the section is small, confirming the conservative nature of this situation. However, the adopted 
value may be questioned for the covering of the reinforcements, since if the structure is located in a region where the 
environment is more aggressive, it would necessarily have a higher cover that would result in an even lower efficiency 
of the reinforcement. Yet in such situations h values equal to the minimum are seldom adopted. 

With the definition of the h value, the b values were automatically defined as a result of the b/h ratio, as were the 
values of the buckling lengths as a result of the λ values. Having defined the sizes of the cross sections and concrete 
strength, the load forces were also automatically defined as a result of the dimensionless values of the normal force and 
bending moment. 

Table 5 shows the characteristics of some of the models that were analyzed. The values of slenderness were 36, 50, 
60, 70, 80 e 90 (this is the limit permitted for the use of the simplified process of ABNT NBR 6118:2014 [1]). 

Table 5. Characteristics of models PP1 to PP6 (b=0.71 m ; h=0.14 m; b/h=5) 

 νd μhd 
μbd 

1 2 3 4 5 6 7 8 9 10 
PP1 0.10 0.01 0.002 0.004 0.006 0.008 0.010 0.012 0.015 0.017 0.019 0.021 
PP2 0.30 0.04 0.006 0.012 0.019 0.025 0.031 0.037 0.044 0.050 0.056 0.062 
PP3 0.50 0.07 0.011 0.021 0.032 0.042 0.053 0.063 0.074 0.084 0.095 0.105 
PP4 0.70 0.10 0.015 0.029 0.044 0.059 0.074 0.088 0.103 0.118 0.133 0.147 
PP5 0.90 0.12 0.019 0.038 0.057 0.076 0.095 0.114 0.133 0.151 0.170 0.189 
PP6 1.10 0.15 0.023 0.047 0.070 0.093 0.117 0.140 0.163 0.187 0.210 0.233 

The methodology adopted to perform the numerical simulations was as follows: for each case, the first step was to 
determine the reinforcement, dimensioning the shear walls if it were a conventional column, taking into account only 
the local second order effects, that is without considering the localized second order effects. The second step analyzes 
the shear wall using the approximate process of ABNT NBR 6118:2014 [1], and in the third step, the shear wall was 
analyzed using the mesh model. 

In every case the reinforcements determined in the first step were used, even though they were not enough to withstand 
the forces determined by the models in the second and third steps. Therefore, the localized second order effects for both 
the isolated bar model and the mesh model are always determined conservatively. 

The type of steel used was CA-50 and the reinforcement rates adopted complied with the limits specified by ABNT 
NBR 6118:2014 [1]. The values of the reinforcement rates varied from a minimum value of 0.4% to a maximum of 8%. 

3 RESULTS AND DISCUSSIONS 
When analyzing the second order effects a comparison was made of the values of all moments (first order + second 

order) in the longest outside strip of the shear walls. The values obtained by the single bar model (conventional column) 
were compared to the values obtained by the isolated bar model, according to the approximate process of ABNT NBR 
6118:2014 [1], and with the values obtained by the mesh model. To do so, the values for the single bar model were 
divided by the number of vertical bars of the other models. 

In the simulations using the isolated bar model it was found in a number of cases that the end parts showed very 
different displacements from the displacements in the adjacent strip, a fact that it is impossible to occur in actual shear 
walls and that evidences the shortcoming of the simplified process. This behavior was observed in both the end strips 
compressed by the bending moment and the strips pulled by it. When using the mesh model, this defect is solved, as 
can be seen in Figures 9 and 10. In these figures the bars of the left end are compressed by the bending moment while 
the bars on the right end are pulled. 

Figure 9 illustrates that for the independent bar model the maximum displacement of the longest bar is 53 mm, more 
than twice as long as the value of the adjacent bar, which is 26 mm and more than three times longer than the value of 
the bar at the opposite end which is 17 mm. In the mesh model case, the maximum displacement values are the same 
for all bars, equal to 23 mm. 
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Figure 9. Displacement (mm) - CasePP21 (λ=90; μbd=0.029) - (a) Independent bars; (b) Mesh 

Figure 10 shows that for the model of independent bars, the maximum displacement of the end pulled by the bending 
moment is 11 mm, more than five times more in value than that of the other bars, which are equal to 2 mm. In the mesh 
model case, every bar has the maximum displacement of 2 mm. 

 
Figure 10. Displacement (mm) - CasePP19 (λ=80; μbd=0.020) 
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In order to prove the results obtained by the mesh model, analyses were also made using three-dimensional models 
for these two cases. The results are shown in Figure 11. 

 

Figure 11. Displacement (mm) – 3D model 

In the same way as in the mesh models, in the three-dimensional models the maximum displacement values are 
practically the same throughout the cross section. In case PP21 (λ=90; μbd=0.029) the result for the node situated in 
the axis of the cross section of the end compressed by the bending moment was 12.79 mm and the result for the node 
situated in the axis of the cross section of the end pulled by the bending moment was 12.81 mm. In case PP19 (λ=80; 
μbd=0.020) the result for the node situated in the axis of the cross section at the end compressed by the bending moment 
was 1.19 mm, and the result for the node situated in the axis of the cross section at the end pulled by the ending moment 
was 1.17 mm. 

3.1 Bending moment in the vertical direction 

To analyze the influence of the localized second order effects on the total bending moment value in the vertical 
direction of the shear walls, a comparison was made of the results obtained in three different ways. When the shear wall 
is analyzed by a single bar (as if it were a conventional column) there are no localized second order effects. When 
comparing the results of this model with the results from the isolated bar and mesh models it was possible to determine 
the influence of the localized second order effects. In other words, the differences in the values of the bending moments 
obtained from these last two models in relation to the values obtained from the first model come from the localized 
second order effects. 

The results are presented in graphs showing the variation in the maximum bending moment in the bar with the 
longest end as a result of the main variables that can interfere in the results, as follows: the ratio between the dimensions 
of the cross section (b/h); slenderness (λ); the design dimensionless normal force (νd); and design dimensionless bending 
moment around the axis with the highest inertia of the cross section (μbd). 

It is obvious that in case PP1, shown in Figure 12, when there is little slenderness the bending moment values are 
only slightly altered as the μbd value increases, and that the bending moment values are practically the same for the 
three models. When the slenderness value increases, the bending moment values now increase as the μbd value increases, 
and the values determined by the three models now no longer coincide. The values of the isolated bar and mesh models 
(NBR) are higher than the values from the single bar model (column), indicating the existence of the localized second 
order effects. 
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Figure 12. Diagrams Md x μbd for the casePP1 (b/h=5; νd=0.1) 

In order to quantify the localized second order effects, diagrams were built relating the values of the bending 
moments obtained from the single bar model with the values from the other two models, in which the vertical axes are 
the values of the bending moments obtained from the isolated bar and mesh models, divided by the values obtained 
from the single bar model (Md/Md,COLUMN). 

It is possible when analyzing the diagrams in Figure 13 to confirm that when the slenderness is small the values 
from the three models are practically the same since the ratios between them are very close to 1.0. For higher slenderness 
values, as the value of μbd increases the ratio Md/Md,COLUMN also increases, reaching a maximum value of 1.03 for the 
isolated bar model and 1.06 for the mesh model. 

 
Figure 13. Diagrams Md/Md,COLUMN x μbd for the casePP1 (b/h=5; νd=0.1 ) 

To analyze the influence of the ratio b/h on the localized second order effects, the diagrams in Figure 14 were 
prepared. In those diagrams the vertical axis represents the ratio Md,MESH /Md,COLUMN and the horizontal axis represents 
the μbd values. 

 
Figure 14. Diagrams Md,MESH/Md,COLUMN x μbd in cases where νd=0.1  
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Figure 14 shows the results for cases PP1 (b/h=5), PP7 (b/h=7.5), PP13 (b/h=10) and PP19 (b/h=15), in which 
the value of the dimensionless normal force is 0.1. It is clear in this figure that in the cases of little slenderness the 
values of the ratios Md,MESH /Md,COLUMN are very close to 1.0, for any values of μbd. For more slenderness, as the value 
of μbd increases, the values of the ratios Md,MESH /Md,COLUMN also increase to reach a maximum value of 1.07. 

Diagrams similar to those shown in Figures 12, 13 and 14 were made for all 1,440 cases analyzed with values of 
λ = 36, λ = 50, λ = 60, λ = 70, λ = 80 and λ = 90. Table 6 summarizes the maximum values obtained for the ratio 
Md,MESH/Md,COLUMN. Almost all cases have a low value for this ratio, except where νd=0.3 that reaches a maximum value 
of 1.21. 

Table 6. Summary of Md,MESH/Md,COLUMN values 

MdMESH/Md.COLUMN 

νd b/h Maximum 5 7.5 10 15 
0.10 1.06 1.05 1.04 1.04 1.06 
0.30 1.21 1.16 1.13 1.13 1.21 
0.50 1.08 1.10 1.09 1.13 1.13 
0.70 1.04 1.06 1.08 1.07 1.08 
0.90 1.04 1.03 1.03 1.07 1.07 
1.10 1.01 - 1.01 1.05 1.05 

Table 7 summarizes the maximum values obtained for the ratio Md,BAR /Md,COLUMN. High values for this ratio are to 
be found, reaching a maximum of 1.89. By comparing the vales in those two tables, it is evident that the isolated bar 
model always presents higher values than the mesh model, in some cases with a significant difference. 

Table 7. Summary of Md,BAR/Md,COLUMN values 

MdBAR/MdCOLUMN 

νd b/h Maximum 5 7.5 10 15 
0.10 1.03 1.05 1.06 1.07 1.07 
0.30 1.10 1.25 1.35 1.55 1.55 
0.50 1.61 1.61 1.89 1.56 1.89 
0.70 1.52 1.33 1.45 1.46 1.52 
0.90 1.24 1.10 1.35 1.29 1.35 
1.10 1.09 - 1.13 1.07 1.13 

3.2 Bending moment in the horizontal direction 

Of the three different ways used to analyze the bending moment in the vertical direction, only simulation with the 
mesh model is able to detect the increase in the bending moment in the horizontal direction. In no analyzed case was 
there detected a bending moment on the horizontal with significant values. 

Figures 15 and 16 show the displacements and diagram of a horizontal bending moment for cases PP19 and PP21. 
These cases were chosen to demonstrate that there were no bending moments on the horizontal because they presented 
a huge difference in the maximum displacements of the vertical bars when they were analyzed by the isolated bar 
model. When they were analyzed with the mesh model, the maximum displacement values were the same as for all 
bars, as can be seen in Figures 9 and 10, suggesting that in such cases the horizontal bars should undergo greater forces 
to be able to equal the maximum displacements in all vertical bars. 

In Figures 15 and 16 the bending moments in a horizontal direction are seen to be zero. Although the bending 
moment diagram is not presented in the three-dimensional models, it is possible to conclude that in those models the 
bending moments are also zero because, as can be seen in Figure 11, the horizontal displacement values are practically 
equal throughout a cross section, showing that there is no curvature on the horizontal. The fact there is no curvature on 
the horizontal means that the moment in the horizontal direction is zero. 
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Figure 15. Case PP19 (λ=80; μbd=0.020) – Mesh model 

 
Figure 16. CasePP21 (λ=90; μbd=0.029) – Mesh model 

4 CONCLUSIONS 
The principal conclusions from this study are: 
The specifications for shear wall design in Brazil are quite different from the specifications for shear wall design in 

other countries of the Americas, Europe, Asia and Oceania, especially in relation to the loading forces. In most of these 
countries, shear walls must withstand seismic loads, while in Brazil most of its territory lies in a region where these 
loads are negligible. 

Both the 3D model and the computer model consisting of a mesh of bars behaved properly. Therefore, the mesh 
model can be a good alternative for simulating shear walls, since its implementation is much simpler than that of the 
3D model, in addition to requiring less computational effort. In this study, the computational effort was not of significant 
importance since isolated only one-floor shear walls were analyzed, however this may be a relevant factor when 
simulating an entire building. 

The second order effects (local and localized) are negligible in the cases where slenderness is low, close to the limit 
of λ=35, confirming the ABNT NBR 6118:2014 recommendation to neglect these effects when the slenderness is equal 
to or less than 35. 

The localized second order effects are strongly influenced by the slenderness, normal force and bending moment 
around the axis with greater inertia, but these effects are no influenced by the ratio between the cross section dimensions. 
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The values of the localized second order effects obtained from the mesh model are relatively low for the large 
majority of cases. The maximum values obtained for the ratio Md/Md,COLUMN using this model were: 1.06 for the cases 
where νd=0.1; 1.21 for the cases where νd=0.3; 1.13 for the cases where νd=0.5; 1.08 for cases where νd=0.7; 1.07 for 
the cases where νd=0.9; 1.05 for cases where νd=1.1. 

The approximate process of ABNT NBR 6118:2014 provided much higher values for the localized second order 
effects that those obtained from the mesh model. The maximum values for the ratio Md/Md,COLUMN with the approximate 
process of ABNT NBR 6118:2014 were: 1.07 for cases where νd=0.1; 1.55 for cases where νd=0.3; 1.89 for cases where 
νd=0.5; 1.52 for cases where νd=0.7; 1.35 for cases where νd=0.9; and 1.13 for cases where νd=1.10. 

Regarding the consideration of the bending moment in the horizontal direction in shear walls with a rectangular 
section, bending moment in this direction was not observed in all cases analyzed. The results suggest that, in the case 
of shear walls with rectangular cross sections, there is no significant horizontal bending. 
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Abstract: This paper assesses the influence of slab continuity on the punching resistance of a realistically 
proportioned flat slab floor plate without shear reinforcement. The edge column punching resistance of a 
symmetric flat slab extending bays in each direction was assessed by means of NLFEA with TNO DIANA, 
MC2010 levels II, III, IV, Eurocode 2 and NBR 6118. Both Eurocode 2 and NBR 6118 are seen to give similar 
predictions for punching resistance, while MC2010, which is based on the Critical Shear Crack Theory and 
depends on how rotations are calculated and FE modelling assumptions, varies significantly with its levels of 
approximation with Level IV agreeing reasonably well with predictions from NLFEA. Direction for the 
critical rotations is shown to vary and can also be influenced by the reinforcement over the span. For EC2, 
NBR 6118 and MC2010 LoA II and III punching shear design are independent of span, unlike the results 
obtained with MC2010 LoA IV. 

Keywords: punching shear, slab continuity, NBR 6118, Eurocode 2, MC2010. 

Resumo: Este artigo avalia a influência da continuidade na resistência à punção de uma laje lisa de concreto 
armado com dimensões realísticas, sem armadura de cisalhamento. O estudo da resistência à punção teve 
enfoque em um pilar de borda avaliado por meio de análise não linear em elementos finitos com o TNO 
DIANA, MC2010 níveis II, III, IV, Eurocode 2 e NBR 6118. O Eurocode 2 e a NBR 6118 apresentaram 
resultados similares para a resistência à punção, enquanto o MC2010, baseado na Teoria da Fissura Crítica de 
Cisalhamento, que depende do método de cálculo das rotações e das premissas adotadas de modelagem em 
elementos finitos, apresentou variações em função dos níveis de aproximação, com o nível IV concordando 
razoavelmente bem com os resultados provenientes da análise não linear.A direção das rotações críticas 
também apresentou alterações, possivelmente influenciada pela taxa de armadura ao longo do vão. Para o 
EC2, NBR 6118 e MC2010 LoA II e III, o dimensionamento à punção independe da continuidade da laje, 
contrariamente aos resultados obtidos com o nível IV do MC2010. 

Palavras-chave: punção, continuidade, NBR 6118, Eurocode 2, MC2010. 
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1 INTRODUCTION 
Flat slabs are two way spanning slab directly supported by columns. Their thickness is typically governed by 

deflection control or punching shear resistance. The latter is influenced by many different factors, from concrete and 
reinforcement parameters, to more complex issues like size effect, slenderness, and boundary conditions (test set up). 
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It is somewhat understandable that even after more than 100 years of research, and 50 years since the first rational 
model [1], there is still no consensus regarding a general theory. 

The number of models available developed from different backgrounds, such as those described in the literature 
review of fib [2] (empirical control surface approaches, plasticity approaches, Kinnunen and Nylander [1]-like models, 
etc.), and dating as early as the 1910s [3], and as late as the 2010s [4], [5], shows that it is a very active field of research, 
and attempts are still being made in this regard. 

The complexity of the phenomenon is reflected in the conflicting opinions expressed by researchers. For instance, 
depending on the test arrangement, conclusions can become conflicted regarding the influence of continuity, with works 
such as Sherif and Dilger [6] observing no difference between isolated and continuous specimens, whereas Chana and 
Desai [7] found an increase of around 40% on punching resistance from extending the panel beyond the line of 
contraflexure. The compressive membrane action is well recognized for contributing to punching resistance, which is 
influenced by a great number of factors leading to difficulties in quantifying the increase in resistance due only to 
continuity. 

fib [2] states that when analyzing isolated specimens, the compressive membrane action is not considered, however 
in real slabs restrained shrinkage induces tensile stress which reduces the punching resistance. fib [2] also mentions 
that based on experimental results developed by Sherif [8] it can be concluded that the punching shear strength of an 
interior slab-column connection in a realistic slab is almost the same for a single column test specimen. Issues like this 
one led fib [2] to remark that, for design purposes, it is still not recommended to rely on compressive membrane action. 

Another example is related to the shear reinforcement layout. Einpaul et al. [9] observed that cruciform and radial 
arrangements showed comparable performances regarding the punching strength as oppose to Vollum et al. [10], who 
concluded that stirrups in a cruciform layout increases the shear strength of flat slabs by a multiple up to 1.5, in 
comparison to multiples of 2.0 or more for well anchored radial arrangements. 

Some of the assumptions of the different mechanical models differ significantly, while presenting reasonable 
predictions for punching shear capacity. Even models based on similar backgrounds such as the Critical Shear Crack 
Theory (CSCT) by Muttoni [11] and the Tangential Strain Theory (TST) by Broms [4] can present some discrepancy, 
like the impact of time dependent effects such as creep and drying shrinkage. The CSCT assumption that the critical 
shear width is proportional to the slab rotation implicates that punching capacity decreases with time due to the 
increased rotation resulting from concrete creep and drying shrinkage. However, Broms [4] stated, based on the 
experimental tests under sustained loading developed by Moe [12], that a slight enhancement of punching capacity 
(around 4%) can be observed even though both the width of flexural cracks and deflection increased by 80%. The TST 
can account for that minor increase by employing a creep factor (1+φ) over the critical strain and Young’s modulus of 
its model. 

The CSCT by Muttoni [11] and Fernández Ruiz and Muttoni [13] was chosen as the physical theory behind the 
latest MC2010 [14]. Since its introduction, the model has been tested in many different situations (non-axis-symmetric 
slabs, steel fibre reinforced slabs, prestressing, post-installed shear reinforcement, continuity, etc.). However, the model 
is still not universally accepted, and works such as Ferreira et al. [15] and Broms [4] have already identified and 
discussed a few issues with the theory. 

For instance, MC2010 Levels of Approximation (LoA) I to III do not consider the effect of moment redistribution 
on punching resistance. Consequently, they can give very conservative estimates of the shear resistance of slabs 
designed in accordance to UK practice using the equivalent frame method, where moments are typically redistributed 
downwards by 20% over columns. Both tests and the CSCT suggest that this inward movement of the line of radial 
contraflexure should lead to an increase in shear resistance. This increase is not accounted for in levels I to III of 
MC2010 which consequently underestimate the punching resistance of such slabs. 

The interpretation of the size effect is also a subject that presents different approaches in normative codes and 
consequently divergences between researchers. Brazilian and European codes, for example, characterize the size effect 
through an empirical formulation, whereas MC2010 adopted the size effect equations based on the CSCT. However, 
Dönmez and Bažant [16] suggest that the CSCT derivation and calculation procedure obfuscates the mechanics of 
failure not leading to consistent results, based on their experimentally calibrated finite element simulations of crack 
path and width, of stress distributions and localizations during failure, and of strain energy release. 

This paper addresses some of the theoretical issues regarding the punching shear resistance of flat slabs, while 
giving and comparing the amount of punching shear reinforcement required based on predictions of Brazilian’s 
NBR 6118 [17], Eurocode 2 [18], and MC2010. The discussion is focused on a realistic flat slab according to the model 
developed by Sherif and Dilger [6], without shear reinforcement, in order to evaluate how the codes of practice consider 
the influence of in-plane restraint and flexural continuity in punching shear resistance and design. The analysis 
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concentrates on edge columns. Punching at edge columns is much less researched than at internal columns, despite the 
fact that buildings typically have more edge than internal columns. Furthermore, practical experience shows that design 
for punching shear is frequently more critical at edge than internal columns. 

This study also presents an evaluation of the directions of critical rotations for practical slabs, since MC2010 bases 
the shear resistance on the greater of the rotations about axes normal and parallel to the slab edge. As noted by Soares 
and Vollum [19] for example, different specimens such as those tested by Regan [20] and El-Salakawy et al. [21] all 
have shown critical rotations over the longitudinal direction. It also aims to discuss a few modelling assumptions 
adopted which are relevant on the interpretation of the results, such as the consideration of elastic columns in the 
numerical analyses required by MC2010 LoA III and IV in order to calculate the punching shear. 

2 CODES OF PRACTICE 
This paper includes comparisons of punching shear requirements between three codes of practice: Eurocode 2 

(EC2), NBR6118, and MC2010. This section will provide the equations and general assumptions used in the studies 
extracted from the codes aforementioned. 

2.1 Eurocode 2 
BS EN 1992, Eurocode 2: Design of concrete structures, commonly abbreviated to EC2, is the current code adopted 

by the majority of European countries and by a few countries outside Europe. It allows flat slabs to be designed using 
a proven method of analysis such as Finite Element, Yield Line, Grillage, or Equivalent Frame. The analysis with 
Equivalent Frame divides the slab in both plane directions into frames consisting of columns and sections of the slab. 
The panels are divided into column and middle strips. The bending moment should be apportioned for the Column strip 
as 60-80% for negative, and 50-70% for positive moments and as 40-20% and 50-30% for negative and positive 
moments, respectively, in the middle strip. This code locates the control perimeter at a distance 2d from the column 
face and must be calculated in accordance with 6.4.2 section of EC2 [18]. The punching shear resistance without shear 
reinforcement is given by Equation 1 

( )
1
3Rd,c ck cV =0.18 100ρf (1+ 200/d )ud/γ  (1) 

where ( )0.5
xl ylρ = ρ .ρ 0.02≤ , in which xlρ  and ylρ  are the flexural tension reinforcement ratios slA /bd  within a slab width 

equal to the column plus 3d  to each side. For transfer of moment from slab edge to edge column, EC2 recommends 
that flexural reinforcement is placed in an effective width of 2c +y , though an increased width of 2c + 2y  is commonly 
adopted in UK practice [22], where 2c  is the column dimension parallel to the slab edge, and y  is the perpendicular 
distance from the inner column face to the slab edge. ckf  is the characteristic concrete cylinder strength, d  is the 
average effective depth of the tension reinforcement. The term (1+ 200/d  ) , which accounts for size effect, is limited to 
a maximum of 2.0 , with d in mm. 

EC2 multiplies the design shear force by β  to account for the effects of uneven shear due to the support reaction 
being eccentric. The design shear stress is given by Equation 2. 

Vv = β
ud

 (2) 

EC2 also allows fixed values for β  for structures where adjacent spans do not differ in length by more than 25% 
and the lateral stability does not depend on frame action between the columns and slabs. In such cases, β = 1.15  for 
internal column, β = 1.4  for edge columns and β = 1.5  for corner columns can be adopted. The required area of shear 
reinforcement is calculated according to Equation 3 

Rd,c
sw

r ywd,ef

V- 0.75Vd1.5A
s f

≥  (3) 
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where swA  is the area of shear reinforcement in each perimeter, rs  is the radial spacing of the shear reinforcement and 
( )ywd,ef ywdf  =  250 + 0.25d    f≤ , where ywd,eff  and ywdf  are respectively the effective design strength and the design yield 

strength of the shear reinforcement. 

2.2 MC2010 
MC2010 punching shear recommendations are based on the CSCT [11], [13], and so it relates punching resistance 

to the rotation in the so-called critical shear crack. The basic control perimeter u  is taken at a distance 0.5d  from the 
column face, where d  is the effective depth for shear considering support penetration, as illustrated in section 7.3.5.1. 
of MC2010 [14]. 

MC2010 reduces the design shear resistance by the multiple ek  to account for any eccentricity over the support. 
MC2010 allows  ek to be estimated as 0.9  for inner columns, 0.7  for edge columns and 0.65  for corner columns, for 
braced frames where the adjacent spans do not differ in length by more than 25%. ek  can also be calculated according 
to Equation 4 

e
u

ek =1/(1+ )b
′  (4) 

where e  ′  is the eccentricity of the shear forces resultant with respect to the centroid of the basic control perimeter, and 
ub  is the diameter of a circle with the same surface as the region inside the basic control perimeter. The punching shear 

resistance is calculated as Rd Rd,c Rd,sV  = V +V  where the design shear resistance attributed to the concrete, Rd,cV , is 
calculated according to Equation 5 

ck
Rd,c ψ e v

c

f
V =k k ud

γ
 (5) 

in which ckf  is in megapascals (MPa). The parameter ψk , accounting for the opening of the shear critical crack and its 
roughness, depends on the maximum rotation ψ  of the slab around the support region, and is calculated according to 
Equations 6 and 7 

ψ 
dg

1k =   0.6
 1.5 + 0.9ψdk

≤  (6) 

dg
g

32k =  0.75
16 + d

≥  (7) 

where gd  is the size of the maximum aggregate particles. For high strength and lightweight concrete, the rupture may 
occur in the aggregate particles, in which case gd  = 0 . The shear resistance provided by transverse reinforcement is 
calculated as Equation 8 

Rd,s sw e sw
d

V  =  A k σ∑  (8) 

where sw
d

A∑  is the cross-sectional area of all shear reinforcement within the zone bounded by 0.35 d and d from the 

border of the support region. swσ is the stress that can be mobilized in the shear reinforcement. 
The maximum punching resistance is limited by crushing of the concrete struts near the support region, according 

to Equation 9. 
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ck ck
Rd,max sys ψ v v

c c

f f
V  = k k ud     ud

γ γ
≤  (9) 

The coefficient sysk  accounts for the performance of punching shear reinforcing systems, and is taken as 2.4 for 
stirrups and 2.8 for studs, provided the radial spacing to the first perimeter of shear reinforcement from the column face 

os  is ≤ 0.5 d  and the spacing of successive perimeters of shear reinforcement 1s  is < 0.6 vd . 
LoA II calculates the rotations as Equation 10 

  1.5
yds Ed

s Rd  

fr  mψ =α
d E m

 
 
 

 (10) 

where sr  denotes the position where the radial bending moment is zero with respect to the column axis and can be 
approximated as x0.22L  or y0.22L  if x y0.5   L /L    2.0≤ ≤ , ydf  is the design yield strength of the flexural reinforcement, sE  
is the modulus of elasticity of reinforcement, α = 1.5 , Rdm  is the design average flexural strength per unit width of the 
support strip, and Edm  is the average bending moment per unit width in the support strip, which is assumed to be of 
width s s,x s,y minb  = 1.5 r .r    L≤ . In LoA III, α  from Equation 10 can be taken as 1.2, provided that both Edm  and sr  are 
calculated with linear elastic finite-element analysis (LFEA), though sr  should not be taken as less than sr0.67b  at edge 
and corner columns. Although not stated in MC2010, to account for twisting moments the reinforcement should be 
designed for the Wood moments [23] or equivalent. 

Level IV of approximation allows the rotation ψ  to be calculated with a nonlinear finite element analysis of the 
structure (NLFEA), accounting for tension stiffening, cracking, yielding of reinforcement, and any other significant 
non-linear effect that would help improving the simulation of the structure and its behaviour. 

2.3 NBR 6118 
Punching shear requirements according to Brazilian code NBR 6118 are very similar to those of EC2, previously 

described in section 2.1. Like EC2, the Brazilian code allows the use of equivalent frame method for the design of flat 
slabs when it is a reinforced concrete slab, in which the columns are arranged in regular orthogonal rows and with 
slightly different spans. The Brazilian code also locates the control perimeter at a distance 2d from the column face, as 
presented in section 19.5.2 of NBR 6118 [17]. The proportion of punching shear assumed to be resisted by concrete is 
calculated according to Equation 1. This portion is also reduced when shear reinforcement is considered, leading to 
Equation 11. 

( )
1
3Sd ck 1

sw
r ywd,ef

200V -0.10 100ρf 1+ u d
dd1.5A

s f
≥

    
           (11) 

However, the size effect term of (1+ 200/d )  is not limited to a maximum of 2.0, nor the flexural tension 
reinforcement ratio to a limit of 2% as recommended by EC2. NBR 6118 does not allow the use of fixed values, such 
as β  (EC2) and ek  (MC2010), to account for eccentricity over the support in any circumstances, as opposed to the 
others codes under analysis. Therefore, the design shear stress is calculated based on Equation 12 

Sd1

p

M kVv =  + 
u*d W  d

 (12) 

Where *u denotes the reduced control perimeter, k is a parameter dependent on the ratio between the column 
dimensions and provides the transferred moment to the column in punching shear, pW  is the plastic resistance module 
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of the control perimeter and Sd1M  the design moment transferred from the slab to the edge column in the plane 
perpendicular to the free edge. 

3 GENERAL ASPECTS 
In order to assess the impact of continuity, a representative flat slab was designed using the equivalent frame method. 

The floor plate is 250 mm thick and consists of 9 square bays spanning 7500 mm between column centrelines. The 
internal columns are 400 mm square in cross section. Edge and corner columns are 250 mm x 400 mm in cross section. 
Figure 1 shows a plan view of the slab which, although not shown, is considered to be braced with shear walls or steel 
bracing. The slab was designed for a single load case of all spans fully loaded as permitted by the UK National annex 
to EC2 [24]. The resulting support bending moments were redistributed downwards by 30% at the edge columns and 
20% at internal columns as required by the UK National annex to EC2 when designing for a single load case. 

The characteristic concrete cylinder and reinforcement yield strength were taken as ckf = 30 MPa  and ykf = 500 MPa , 
respectively. The design loadings were slab self-weight = 6.25 kN/m2, superimposed dead load = 1.5 kN/m2, imposed 
load = 2.5 kN/m2 and a perimeter load of 10 kN/m for external cladding. 

 
Figure 1. Plan view of the considered flat slab (Dimensions in mm). 

The resulting uniformly distributed design ultimate load, calculated with load factors of 1.35 for dead load and 1.5 
for imposed load, is 14.21 kN/m2. The hogging flexural reinforcement was designed for the peak bending moments at 
the centreline of the columns. The slab was divided into column and middle strips and the design bending moments 
were proportioned between the strips in percentage as 75:25 for hogging, and 55:45 for sagging moments as allowed 
by the EC2 and NBR 6118. The additional reinforcement required by the cladding load was distributed across the entire 
edge column panel width in the same proportion as the UDL (Uniformly Distributed Load). 

Surplus span rebar was provided for deflection control in accordance to EC2 span-to-effective-depth rules, which, 
for instance, increased the column strip sagging reinforcement ratio between columns A2 and B2 (refer to Figure 1) 
from 0.51% to 0.73%, or its middle strip sagging from 0.41% to 0.45%. Two thirds of the hogging reinforcement within 
the column strip was placed within a band over the columns of ¼ of the panel width. Details of the flexural 
reinforcement can be found in Soares [25]. The reinforcement effective depths were 1 d  = 212 mm  and 2 d  = 196 mm , 
calculated assuming 30 mm cover and 16 mm bars in both directions. A minimum area of 377 mm2/m was provided, 
calculated in accordance with EC2 as t0.0013b .d , where tb  is the width of the tension zone. No shear reinforcement was 
designed at this stage, as a comparative study focusing on this parameter is carried out later on. 
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4 CONTINUOUS SLABS OF SHERIF AND DILGER [6] 
Sherif and Dilger [6] tested two continuous flat slabs with a novel setup in which the panel extended to the points 

of zero shear, as shown in Figure 2. Further details of the test set up are given in Sherif [26]. The slabs measured 5000 
mm x 7500 mm on plan and were 150 mm thick. Both slabs had the flexural reinforcement depicted in Figure 3, with 
No. 15 bars (200 mm2) with yf  444 MPa= , and No. 10 bars (100 mm2) with yf  523MPa= . Slab S2 was reinforced with 
shear studs at both interior and edge columns in the arrangement shown in Figure 4. Slab S1 had no shear reinforcement. 

 
Figure 2. Specimen tested by Sherif and Dilger [6]. 

 
Figure 3. Flexural reinforcement for the specimens tested by Sherif and Dilger [6]. 

 
Figure 4.Shear reinforcement for slab S2 of Sherif and Dilger [6]. 
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The load was applied to the specimen at 16 points on the full panel and 8 points on the half panel to simulate an 
UDL. The columns extended 1.5 m (around half of the story height) above and below the slab and were heavily 
reinforced with six No. 25 (500 mm2) deformed bars. Table 1 gives more details of the specimens. 

Table 1. Details of specimens tested by Sherif and Dilger [6]. 

Slabs 
Column size 

(edge and 
internal) 

(mm) 
h (mm) d (mm) 

*
c2+3hρ  
% 

fc (MPa) 
Failure 
Load 

(kN/m2) 

Failure 
Mode and 
Location 

Failure 
Shear 

Force (kN) 
Remarks 

S1 250x250 150 114 1.41 28 15.54 
Punching at 

internal 
column 

399 No Shear 
Studs 

S2 250x250 150 114 1.41 33 19.97 Punching at 
edge column 164 

Studs at edge 
and internal 

column 
*: Reinforcement ratio within the width c2+3h 

4.1 Numerical Modelling 

The Sherif and Dilger [6] slabs were analysed with TNO Diana version 9.6 [27] using the following modelling 
assumptions: the slab was modelled with the eight-node quadrilateral isoparametric curved shell element. 
Reinforcement bars were modelled as embedded elements. The Von Mises yield criterion was adopted for 
reinforcement with no hardening. The integration scheme was 3 x 3 in plan with 9 points through the slab thickness as 
recommended by Vollum and Tay [28]. Concrete was modelled using the ‘total strain fixed crack model’ of Diana. 
Following the suggestion of Vollum and Tay [28], the concrete tensile was taken as 0.5 ctf , where ctf  is the mean 
indirect tensile strength. Linear tension softening was adopted in which the tensile stress reduced to zero at a strain of 
0.5 yε , where yε  is the reinforcement yield strain. 

Diana adopts the concept of a shear retention factor in its Total Strain Fixed crack models to account for 
the reduction in shear stiffness after cracking. Suidan and Schnobrich [29] suggests that it should lie around 
0.1~0.2, which gives good results for shear dominant failure cases as shown in Sagaseta [30]. Trautwein [31], 
also using the commercial software Diana, developed analyses in axisymmetric models of slabs used in 
experimental studies, with a shear retention factor equal to 0.2. The value adopted for the shear retention factor 
in this analysis was also 0.2. 

For behaviour in compression, the Thorenfeldt model [32] was adopted along with the four-parameter Hsieh-Ting-
Chen failure surface to simulate the increase in concrete compressive strength with increasing isotropic stress. Concrete 
compressive strength reduction due to lateral cracking was modelled in accordance with Vecchio and Collins [33]. A 
Quasi-Newton iterative solution procedure was adopted in conjunction with an energy-based convergence criteria with 
10-4 tolerance. The main aim of the NLFEA was to capture the deflected shape of the slab, allowing the punching 
resistance to be calculated with MC2010 LoA IV. 

Around the columns, the mesh was refined using 50 mm square eight-node quadrilateral curved shell elements 
compared with 100 mm square elements elsewhere. The connection between the refined and coarse mesh was made 
with six-node triangular curved shell elements, shown in Figure 5. The final mesh is presented in Figure 5. The columns 
were modelled with the twenty-node brick and element size of 100 x 50 x 50 mm. 

Figure 6 compares deflections from test data of Sherif [26] and NLFEA. The deflected shape was extracted along 
the slab centreline in the 7500 mm direction (Longitudinal), and the displacement was extracted at midway between 
the edge and internal column. Both slabs are reported to have failed in punching shear. The NLFEA gave very good 
estimates of the measured slab deflections up to failure. The analysis of S1 stopped fairly close to the flexural capacity 
as indicated by the yield line capacity in Figure 6. 

Sherif and Dilger [6] reports that specimens S1 and S2 failed in punching at the internal and edge column, 
respectively. Figure 7 shows the prediction of MC2010 LoA IV, with resistances calculated from Equations 5 ( Rd,cV ) 
and Equation 8 ( Rd,sV ) using a ek = 0.9  and ek  = 0.7  for internal and edge columns, respectively. 
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Figure 5. Mesh used for the NLFEA of Sherif and Dilger’s [6] tests. 

 

Figure 6. Comparisons between NLFEA results and experimental data from Sherif’s (1996) slab (a) S1 and (b) S2. 

In Figure 7, rotations relative to the column for both perpendicular directions on plan are depicted as 
‘Longitudinal’ when calculated from the longitudinal deflected shape, and ‘Transverse’ (in this case, the 
transverse rotations are equal to either side of the column due to symmetry), when calculated from the deflected 
shape along the slab edge (see Figure 5). Previous analysis has already shown that there is no significant 
difference between extracting the rotations from the shell elements or calculating them from the corresponded 
deflected shape [25]. 
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Figure 7.Column reaction-rotation relative to the column for the slabs of Sherif and Dilger [6] and resistance according to the CSCT. 

The CSCT is seen to give reasonable predictions for punching failure for the slabs of Sherif and Dilger [6] when 
adopting a fixed ek  (0.9 and 0.7 for internal and edge column, respectively). A similar conclusion was found by Soares 
and Vollum [19], when comparing experimental punching shear failure load with those calculated with the CSCT for 
both isolated specimens of El-Salakawy et al. [21] and continuous specimens of Regan [20]. The longitudinal direction 
had the largest rotations, thus critical to calculate punching resistance according to MC2010 for all specimens 
aforementioned. 

5 SUBASSEMBLY OF DESIGNED SLAB 
A parametric analysis of the flat slab designed in Section 3 was carried out with Diana. The slab was modelled in a 

series of subassemblies similar to that tested by Sherif and Dilger [6]. The subassembly shown in Figure 8 includes 
edge column 2A and internal column 2B (refer to Figure 1). 

The slab was modelled with eight-node quadrilateral curved shell elements with a size of around 50 mm square near 
the slab/column connection, and 150 mm square elsewhere. Six-node triangular curved shell elements were used to 
connect the refined mesh to the coarse mesh. The columns were modelled with elastic twenty-node brick elements 
measuring 150 x 50 x 50 mm, and were fully fixed at each end. Although unrealistic, this assumption has no significant 
influence on the NLFEA results since the columns were modelled elastically, which is representative of the lower levels 
of a tall building in which the axial column load is sufficient to prevent cracking. 

The analysis modelled the full column height of 3.75 m above and below the slab. The adopted characteristic 
concrete compressive strength was 30MPa. Symmetry was simulated with only rotational fixities as done for the 
analysis in Soares and Vollum [34] to avoid any additional in-plane forces. 

 
Figure 8. Subassembly of the designed flat slab. 
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5.1 Influence of Reinforcement arrangement 
A parametric study was carried out to investigate the influence of varying the reinforcement in the slab of the 

subassembly shown in Figure 8. Columns were modelled as elastic and extended 3.75 m above and below the slab. The 
ends of the columns were fully fixed. Figure 8 gives further details on the slab dimensions and adopted boundary 
conditions. The objective was to determine whether the influence of varying the flexural reinforcement in the 
subassembly was similar to that predicted for slabs with the geometry tested by Regan [20], discussed in Soares and 
Vollum [19]. 

Figure 9 and 10 show the baseline reinforcement arrangement used in the subassembly which was determined from 
analysis of the full slab shown in Figure 1 using the procedure described in Section 3. A minimum reinforcement area of 
377 mm2/m was provided where no reinforcement is shown, calculated according to EC2. Loads were applied as shown 
in Figure 8. Both UDL and cladding loads were increased proportionately until failure. This load case is critical for the 
internal column, but not the edge column where pattern loading consisting of the full factored load on the end of span and 
factored dead load on the internal span is more critical. The all spans fully loaded load case was adopted since the main 
objective was to compare the punching resistances given by EC2, NBR 6118 and MC2010 Levels II to IV. 

 
Figure 9. Longitudinal reinforcement designed for the subassembly. 

 
Figure 10. Transverse reinforcement designed for the subassembly. 
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In Figure 9, the support reinforcement ratio, normal to the free slab edge, is ρsup = 0.8% over a width of c2 + y (where 
y is the perpendicular distance from the slab edge to the inner column face and c2 is the parallel column dimension). 
Analyses were also carried out with ρsup doubled to ρsup = 1.0% and halved to ρsup = 0.5%. The span reinforcement ratio 
was also doubled from ρsup = 0.6% in to ρspan = 1.2%, and halved to ρspan = 0.3%. All nine slabs were loaded with a line 
load along the short external edge representing cladding. An additional analysis was carried out with reinforcement 
ratio of ρsup = 0.8% and ρspan = 0.6% and no cladding load, making a total of ten analyses. Table 2 gives more details of 
the slabs. 

Table 2. Details on the parametric study varying the reinforcement arrangement. 

ckf  30 MPa 

cγ  1.5 

ykf  500 MPa 

sE  200 GPa 

sγ  1.15 
 1d a 212 mm 

2d  b 196 mm 
Self-weight 6.25 kN/m2 

Superimposed dead load 1.5 kN/m2 
Imposed load 2.5 kN/m2 
Cladding load 10 kN/m 

Edge Column (2A) 250 mm x 400 mm 
Internal Column (2B) 400 mm x 400 mm 

ek  0.7 

dgk  0.89 
a Top and Bottom bars in the transverse direction. b Top and Bottom bars in the longitudinal direction. 

Figure 11 shows the resulting longitudinal rotations relative to the column, calculated from the longitudinal 
deflected shape (such as that presented in Figure 6), and the design shear force at the external column extracted from 
LFEA. The rotations were calculated as previously described. 

 
Figure 11. Longitudinal rotation of the subassembly’s edge column from the parametric study. 
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Figure 11 shows that, as for Regan’s [20] slabs (Soares and Vollum [19]) , longitudinal span reinforcement is 
predicted to have significantly greater influence on the longitudinal rotation at edge columns than longitudinal hogging 
reinforcement at the edge column. Figure 11 also shows the shear resistance provided by the concrete calculated 
according to MC2010 with ek  = 0.7 , chosen on the basis of good results for previous analysis of continuous flat slabs 
tested by Regan [20] (Soares and Vollum [19]) and Sherif and Dilger [6]. 

Figure 12 shows that the calculated eccentricity M/V at the edge column increased with load. A similar outcome 
was observed in the specimens by Regan [20] (Soares [25]) where the increase in eccentricity for the elastic column is 
explained by its increased stiffness compared to the column in Regan’s tests. In MC2010, the basic control perimeter 
is reduced by a multiple ek  to account for loading eccentricity. If ek  is calculated with Equation 4 of MC2010, the 
predicted punching resistance depends on the column flexural stiffness which depends on the column axial load. It is 
unclear whether this is the case in reality. In the limit, the maximum eccentricity is limited by the maximum moment 
that can be transferred to the column. 

 
Figure 12. Influence of varying reinforcement arrangement in the eccentricity of the subassembly’s edge column. 

6 CODE PREDICTIONS 

This section is used to compare predictions of levels II, III, IV of MC2010, NBR 6118, and EC2, for the slabs 
considered in the parametric study previously described. 

6.1 Critical direction for rotations 

According to MC2010, the punching resistance depends on the greater of the slab rotations relative to the column 
in the longitudinal and transverse directions. Soares and Vollum [19] show that longitudinal rotations (i.e. rotations 
calculated from longitudinal deflections) are critical for the specimens of El-Salakawy et al. [21] and Regan [20] in all 
cases. This finding is not true in general, and is partly a consequence of the specimen geometry and loading 
arrangement. Longitudinal rotations are also critical for the tests of Sherif and Dilger [6], but the difference between 
longitudinal and transverse rotations is much less than for Regan’s [20] slabs, since the specimens have slightly more 
realistic dimensions ratio. The subassembly shown in Figure 8 realistically models the direction of span in both the 
longitudinal and transverse directions as for the Sherif and Dilger’s [6] tests. 

For practical slabs, the critical direction can vary and depends on parameters including the reinforcement 
arrangement and magnitude of the cladding load. Figure 13 compares the longitudinal and transverse rotations with and 
without cladding load for slab ρsup = 0.8% and ρspan = 0.6%. The reinforcement is the same for both cases and is designed 
for the case with cladding. Interestingly, the critical direction for rotations in Figure 13 changes from longitudinal to 
transverse when the cladding load is included. The resistances in Figure 13 are calculated with Equation 5 and ek =0.7 . 
Table 3 summarizes the values of Rd,cV  calculated at rotations corresponding to the design ULS (Ultimate Limit State) 
load at the edge column, which was calculated with LFEA. 
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Figure 13. Comparison between longitudinal and transverse rotations with and without cladding loads for ρsup = 0.8% and ρspan = 0.6%. 

Table 3. Rd,cV  calculated with ek  = 0.7  with and without cladding load. 

Slabs 
VRd,c 
(kN) 

Longitudinal Transverse 
With Cladding Load 290 257 

Without Cladding Load 240 260 

Figure 14 compares longitudinal and right-hand side transverse rotations (greater than the left-hand side transverse 
rotation for all cases due to asymmetric transverse reinforcement), relative to the column, for all 9 slabs with cladding 
load. Also shown is the MC2010 punching resistance provided by the concrete calculated with Equation 5 for ek = 0.7 . 

It can be seen in Figure 14 that transverse direction is critical for all cases. Neither the span nor the support longitudinal 
reinforcement seems to have a significant impact on these transverse rotations, as shown in Figure 15. Longitudinal flexural 
reinforcement (span/support) have no influence on transverse rotations, as can be seen in Figure 15, though it can still influence 
punching resistance owing to shear redistribution around the control perimeter, as stated by Sagaseta et al. [35], which suggests 
that the boundary conditions adopted in punching shear tests could have a greater influence than considered up to now. 

 
Figure 14. Comparison between longitudinal and transverse rotations for the edge column of the subassembly parametric study. 
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Figure 15. Transverse rotations of the subassembly’s edge column from the parametric study. 

6.2 Comparisons between MC2010 Levels II, III, IV, EC2 and NBR6118 for edge columns 

The following section compares the areas of punching shear reinforcement required by the different levels of 
MC2010, NBR 6118 and EC2 for edge column A2 (refer to Figure 1). The effects of uneven shear were accounted for 
using the simplified β = 1.4  for EC2 and ek = 0.7  for MC2010 as allowed for braced frames. NBR 6118 does not allows 
the use of a fixed value, as stated in section 2.3, so the design stress was calculated based on Equation 12. All three 
codes adopt partial factor of sγ  = 1.15  for reinforcement. For concrete, EC2 and MC2010 adopt cγ  = 1.5  and NBR 6118 
adopts cγ  = 1.4 . flexV  was calculated with yield line analysis. 

For Level III, sm  and sr  were calculated in each direction with LFEA using the elements and mesh shown in 
Figure 8. Furthermore, sm  also included the twisting moments in accordance with Wood [23]. Figure 16 shows rotations 
for longitudinal and transverse directions from NLFEA, and calculated with LoA II and III of MC2010. It also shows 

Rd,cV  from Equation 1 of EC2, which is similar for NBR 6118, and the resistance curve of Equation 5 from MC2010 
using ek = 0.7 . MC2010, NBR 6118 and EC2 need Rd,cV  to calculate the required amount of shear reinforcement. All 
three codes were used to design shear reinforcement within a zone of 1.5d around the column for the design shear force 
of 420 kN. 

MC2010 requires a minimum area of reinforcement to satisfy Rd,s EdV > 0.5V . This was overlooked for all the LoA IV 
calculations as it is intended for assessment. Figure 16 also shows the maximum punching resistance, limited by 
crushing of the concrete struts around the column, Rd,maxV , from Equation 9 ( sysk = 2.8 ). Table 4 shows Rd,cV  for all LoA 
of MC2010 in both the longitudinal and transverse directions. The results in bold are the smallest, thus critical according 
to MC2010. Also shown in Table 4 are Rd,cV  from Equation 1 of EC2 and NBR 6118, flexV  from yield analysis, and the 
shear reinforcement required by each code and LoA for MC2010. 

Interestingly, the rotations in the transverse direction calculated with LoA III are slightly greater than LoA II. This 
is believed to be the result of the elastic shell elements overestimating torsion at the side of the column, which led to a 
greater s yy xym = M + M , and consequently greater rotations. Shear reinforcement requirements for LoA III almost double 

as a result of the transverse direction becoming critical. This issue merits further studies as reducing torsion stiffness in 
a LFEA of a shell-based model potentially reduces transverse rotations, but may affect rotations in the longitudinal 
direction. 

As can be seen in Figure 16 and Table 4, the critical direction varies with the level of approximation. Figure 13 and 
Table 3 shows that the omission of cladding load in the NLFEA swapped the critical direction from transverse to 
longitudinal, which led to a slightly greater amount of shear reinforcement required according to MC2010 LoA IV 
(refer to Table 4). 
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In most of the LoA II and III designs, the design shear force is very close to the maximum possible shear capacity 
which is limited by crushing of concrete near the support region according to MC2010’s limit of sysk = 2.8  for double 
headed studs. For LoA II, the assumption of sr = 0.22L  significantly overestimated the rotations for the analysis. LFEA 
suggests that the point of contraflexure is actually closer to sr = 0.15L  in the longitudinal direction and sr = 0.18L  in the 
transverse, which would result in smaller rotations. The overestimation of torsion from shell element-based models is 
enough to explain the poor performance of LoA III, as previously discussed. Analysis with LoA IV indicates that 
concrete crushing failure is not critical in reality for these slabs and that shear failure could be avoided through the 
provision of shear reinforcement as allowed by the UK National Annex to EC2 which limits R,maxV  to Rd,c2V . 

Though slabs with ρspan = 0.3% would likely fail in flexure as suggested by flexV  from Yield Line, and NLFEA, 
which stopped before the design load could be reached, they are included in Figure 17 for comparative purposes. 

 
Figure 16. Longitudinal and Transverse rotations of the subassembly slabs from the parametric study. Note: Slabs with ρspan = 0.3% didn’t 

reach the design load as would likely fail in flexure, therefore they are not shown in the figure. 
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Table 4. Rd,cV  and 
v

sw
1.5d

A∑  from MC2010 LoA II to IV, EC2, NBR6118, and flexV . Shear forces in kN. 

 

MC2010 

EC2 NBR 6118  ke = 0.7 

Longitudinal
Transverse  

v

sw
1.5d

A∑  [mm2] 

LoA IV LoA III LoA II LoA IV LoA III LoA II Rd,cV  v

sw
1.5d

A∑  

[mm2] 
Rd,cV  v

sw
1.5d

A∑  

[mm2] 
flexV  

ρsup = 1.0% 
-
-  

274.44
 144.22  

 
155.48

142.94  

- 

1358.52 1364.83 267.98 1107.72 313.97 1091.32 

424.77 
ρspan = 0.3% 

ρsup = 1.0% 
285

260  788.18b 546.37 
ρspan = 0.6% 

ρsup = 1.0% 
310

262  778.33b 759.68 
ρspan = 1.2% 

ρsup = 0.8% 
-
-  

246.43
144.22  

 
155.48

117.80  

- 

1358.52 

1488.67 260.09 1132.20 301.81 1126.4 

420.69 
ρspan = 0.3% 

ρsup = 0.8% 
290

257  802.96b 542.29 
ρspan = 0.6% 

aρsup = 0.8% 
260

240  254.95
172.55  886.70b 1218.97 542.29 

ρspan = 0.6% 

ρsup = 0.8% 
315

262  246.43
144.22  778.33b 1358.52 755.61 

ρspan = 1.2% 

ρsup = 0.5% 
-
-  

192.74
144.22   

155.48
79.59  

- 

1358.52 1676.90 252.21 1153.62 279.71 1190.19 

414.34 
ρspan = 0.3% 

ρsup = 0.5% 
275

255  812.81b 535.95 
ρspan = 0.6% 

ρsup = 0.5% 
309

262  778.33b 749.25 
ρspan = 1.2% 

a Without Cladding Load. b Smaller than the minimum reinforcement by MC2010 corresponding to Rd,s EdV > 0.5V  (1034.48 mm2). 

Figure 17 compares the amount of shear reinforcement within a zone of 1.5d around the column in relation to the 
longitudinal span reinforcement for all slabs with cladding load. According to MC2010 LoA II, III, NBR 6118, and EC2, 
the required area of punching shear reinforcement is independent of the span reinforcement ratio. However, Figure 17 
shows that even though LoA IV captures the influence of span reinforcement, the impact on required shear reinforcement 
is minimal, especially for slabs with ρsup = 1.0%. This is so since transverse rotations are critical for the considered slabs, 
which is not always the case. 

The impact of longitudinal support reinforcement is significantly greater for LoA II of MC2010 than LoA III and IV, 
NBR 6118, or EC2. Both LoA II and III, which are intended for design, required significantly more punching shear 
reinforcement than NBR 6118, and in some cases double the reinforcement required by LoA IV, which is intended for 
assessment. LoA IV requirements are very close to those of EC2 when the minimum reinforcement rule of MC2010 is 
implemented. 
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Figure 17. Shear reinforcement in 1.5d from the column required by MC2010, EC2 and NBR6118. 

7 CONCLUSIONS 

This paper investigated the impact of slab continuity through modelling assumptions, critical directions of rotations 
and code comparison on the punching resistance of an edge column from realistically proportioned flat slab floor plates. 
Elastic columns were considered in the punching shear assessments of the full-scale slab to simplify the analysis. The 
effect of this was to increase the moment transferred to the edge column but also to reduce longitudinal slab rotations 
calculated with NLFEA which were generally not critical for the considered slabs. 

The increase in M/V with load, due to moment redistribution from span to support, presented in Figure 12 has little 
impact on the reactions at edge columns, as stated by Soares [25]. The reason being that edge column moment is 
relatively small compared with that at internal support. The parameter that characterizes the eccentricity by the 
MC2010, ek , can be calculated according to Equation 4, therefore, different modelling assumptions can influence the 
moment transferred to the column, which leads to different values of ek . In accordance to Soares and Vollum [19] the 
use of the constant parameter   .  ek 0 7= , recommended by MC2010 for edge columns, leads to reasonable results, 
justifying its use during the analysis. The average moment sm  to be adopted in MC2010 LoA III, which is calculated 
from LFEA with shell elements, requires further study since it depends on the shear modulus adopted in the analysis. 

For the modelled full-scale flat slabs, longitudinal span reinforcement has a significantly greater impact on 
longitudinal rotations than longitudinal support reinforcement at the slab edge (Figure 11) as for Regan’s [20] 
specimens. The direction of greatest rotation varies with reinforcement arrangement and between the LoA in MC2010. 
However, the longitudinal reinforcement could still affect punching resistance due to shear redistribution around the 
control perimeter of the type proposed by Sagaseta et al. [35] for slabs with non-axis-symmetrical reinforcement. The 
impact on punching resistance was significantly less than observed for Regan’s specimens [20], partly because 
transverse rotations are critical for all cases. The analyses carried out in accordance with EC2, NBR 6118 and MC2010 
LoA II and LoA III showed that results for punching shear reinforcement are independent of the longitudinal span 
reinforcement, unlike the results obtained with MC2010 LoA IV, which is capable of capturing the influence of 
continuity and flexural reinforcement ratio in the span. For the considered full-scale slab, the area of shear reinforcement 
required within 1.5 d of the column face by MC2010 LoA IV is around 35% less than that by NBR 6118 and EC2. In 
some cases, the area of shear reinforcement required by MC2010 LoA IV is around half that required by LoA II and 
III, which are over conservative due to slab rotations being overestimated. 
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